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THE DECOMPOSITION OF MEROMORPHIC FUNCTIONS 
INTO RATIONAL FUNCTIONS OF 
UNIVALENT FUNCTIONS 


BY 
LYNN H. LOOMIS(*) 


1. Introduction. If f(z) is meromorphic at a point 2 then it is an elemen- 
tary fact that the multivalent character of f(z) in the neighborhood of 2» is 
like that of a power. By this we mean that for some integer m, the function 
—f (zo) (or if zo is a pole; for simplicity we assume f(z) to be 
regular at 29) is univalent in a sufficiently small circle | s—z0| <r. This prop- 
erty is clearly a local property. Let us consider other ways of expressing it. 
We may say that the map of a sufficiently small circle |z—29| <r under 
w=f(z) isa Riemann configuration (*) which can be imbedded in the Riemann 
surface of [w—f(zo)]”*. Or we may say that f(z) has a decomposition 
f(z) =fe(filz)), where €=f,(z) is univalent in a sufficiently small circle 
|z—zo| <r, and is the rational function [*+/(zo). 

It is the object of this paper to study the analogue in the large of the 
local property just described. That is, given f(z) meromorphic in a simply- 
connected region R, we shall investigate the decomposition f(z) =f2(fi(z)), 
where f2({) is a rational function, and { =f;(z) is univalent in R. In particular 
we shall answer the following questions. If f(z) is meromorphic in | s| <1, 
what are necessary and sufficient conditions that f(z) be decomposable as 
above? What modifications of these conditions are equivalent to restricting 
¢=fi(z) to mapping functions for special classes of simply-connected regions, 
say Jordan regions? What modifications are equivalent to restricting f2({) to 
special classes of rational functions, say polynomials? 

2. Survey. In this section we shall attempt to motivate the line of de- 
velopment pursued and indicate the nature of the theorems to be proved, as 
well as introduce whatever terminology will be needed and state what facts 
will be assumed. 

The general question which we have raised is this: given f(z) meromorphic 
in a simply-connected region R of the z-plane, what conditions are necessary 
and sufficient that f(z) can be decomposed, f(z) =f2(f:(z)), where fe(¢) is a ra- 
tional function, and {=f;(z) is univalent in R? It is evidently sufficient to dis- 
cuss the case where R is the unit circle | s| <1. For if R has only one boundary 


Presented to the Society, October 26, 1940; received by the editors June 25, 1940. 

(*) Society of Fellows, Harvard University. 

(?) The term Riemann surface is often taken to refer to the complete Riemann surface of a 
given analytic function. The term Riemann configuration is used to include both Riemann sur- 
faces in the above sense and pieces of Riemann surfaces. 
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point, or is the extended z-plane, then f(z) must be linear and f(z) must itself 
be a rational function. Excluding this trivial case, R has at least two boundary 
points and can be mapped onto the unit circle | z| <1. And the combination 
of the mapping function with f,(z) gives another univalent function. 

Now let us consider the properties of a function which has such a decom- 
position. In order to do this we shall need a notion of neighborhood for bound- 
ary points. By a half-neighborhood of a point zo on the boundary | z| =1 we 
shall mean the intersection of the unit circle | z| <1 with a circle |s—z0| <r. 
Note that a half-neighborhood of zo does not contain 29. By a rational surface 
we shall mean the Riemann surface of the inverse of a rational function. Now 
if f(z) is decomposable, it is trivially true that for every zo on |s| =1 there isa 
half-neighborhood whose map under w=f(z) is a Riemann configuration 
which can be imbedded in a rational surface. In our fundamental (and most 
general) decomposition theorem, proved in §3, this necessary condition will 
be proved to be sufficient. 

Along the circumference, however, the multivalent character of f(z) is not 
in general of the simple type occurring at interior points, where f(z) is like 
a power {*+c. Consider for example a plane simply-connected region in the 
¢-plane, of which not all boundary points are attainable. Then if f =f,(z) maps 
the unit circle |z| <1 onto this region, there is at least one point zo on | z| =1 
where f;(z) has more than one limiting value. Let w=f2({) be a rational func- 
tion having zeros of f/ ({) at two such limiting values. Then f2(fi(z)) is a de- 
composable function, but its multivalent character at Zo is not like that of a 
power. We shall say that f(z) is rationally-multivalent at zo if there is a neigh- 
borhood (half-neighborhood if zo lies on the boundary) of z. which w=f(z) 
maps onto a Riemann configuration which can be imbedded in a rational sur- 
face (i.e., if there is a rational function w=f2(¢) such that fr'(f(z)) is mero- 
morphic and univalent in a sufficiently small neighborhood of zo). If the Rie- 
mann surface of an mth root is sufficient for this imbedding (as it is, for in- 
stance, at all points of |z| <1) we shall say that f(z) is power-multivalent at Zo. 

Now let us consider the decomposition of f(z) with respect to each of the 
two functions into which f(z) is decomposed. The function ¢ =f;(z) is univaient 
on |z| <1 and is therefore a mapping function for a simply-connected region 
R of the {-plane. Now in the theory of conformal mapping, simply-connected 
regions are often classified according to how much is assumed about the na- 
ture of the boundary, the classification running as follows: general simply- 
connected regions (prime end theory), simply-connected regions all of whose 
boundary points are attainable, and Jordan regions(*). The corresponding 
mapping functions are respectively univalent in || <1, continuous on |s| <1 
and univalent in |z| <1, and continuous and univalent in |z| <1. We shall 


(*) A Jordan region is a region bounded by a Jordan curve. A Jordan curve is a simple closed 
curve; i.e., a one-to-one continuous map of a circle. A Jordan arc is a continuous one-to-one 


map of the closed unit interval [0, 1]. 
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deduce a different form for the decomposition theorem corresponding to each 
of these classes of regions (or classes of mapping functions); and also a form 
corresponding to the class of Jordan regions bounded by analytic curves (the 
class of mapping functions { =f,(z) regular and univalent on | s| <1). Two of 
these theorems are direct corollaries of the theorem for the most general case, 
and will be treated with that theorem in §3. But the theorem corresponding 
to Jordan regions is deeper and requires considerable development. 

This development is suggested by the rather remarkable theorem (which 
together with related theorems, we shall discuss in §4) that if f(z) is regu- 
lar in |z| <1, and if the limiting values of f(z) as |z|—1 all lie on a Jordan 
curve I of the w-plane, then f(z) can be decomposed as f(z) =f2(fi(z)), where 
¢=f(z) is a rational function of the form 


a; 


f(s) = <4, 


jor 1 — 


and f2({) is a mapping function for the inner Jordan region bounded by I. 
The rational functions of the form 


w = f(s) = KJ] , | a;| <1, 


1— 


will occur often in this paper, and we shall call them circular rational functions. 
They are the functions(*) which map the unit circle |z| <1 onto the circle 
| w| <|K| with each value taken precisely m times. 

One result of the above theorem is that f(z) is continuous on the closed 
circle | z| <1, and a second result is that f(z) is power-multivalent (in fact, 
locally univalent) along | z| =1. These conclusions suggest the following possi- 
ble generalizations. First, if f(z) is meromorphic in | s| <1, and if the limiting 
values of f(z) as z approaches the points of an arc y of | s| =1 lie on a Jordan 
arc I of the w-plane, then f(z) is continuous on yy. Second, under the same 
circumstances, if f(z) is continuous on ¥ then f(z) is power-multivalent along 
. In §5 we shall prove both of these statements, and from them, together 
with an earlier theorem, we shall have at once our best decomposition theorem 
(corresponding to the class of Jordan regions). 

We have not yet considered the rational function f2({) in any detail. It is 
fairly evident that in the cases considered so far (i.e., those involving f(z) 
meromorphic on | s| <1), nothing can be inferred about the nature of f2() 
beyond the fact that it is rational. But if f(z) is regular and bounded on 
|z| <1, then certain of the decomposition theorems can be proved for re- 
stricted classes of rational functions. To be explicit, all of the theorems whose 
premises include (perhaps implicitly) the continuity of f(z) on | s| 31 can be 


(*) See, for example, Julia, Principes Géométriques d’ Analyse, vol. 1, p. 54. 
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proved with f2({) restricted either to polynomials or to circular rational func- 
tions. The general theorem, however, cannot be proved in this case, as we 
shall show by an example. These theorems and this example will be taken up 
in §6. . : 

Before proceeding to the first theorem let us recall a few function-theoretic 
facts. 

First, the surfaces which we have called rational surfaces are precisely 
the surfaces composed of m extended planes joined around branch points 
whose total order is 2n — 2. For every rational surface has this construction (°). 
And conversely, any such surface is simply-connected (having an Euler- 
Poincaré characteristic of —2 as any subdivision will show)(*), and hence 
can be mapped by the fundamental mapping theorem onto a normal region(’), 
which must in this case be the extended plane. But any function meromorphic 
on the extended plane is rational. 

Second, the Riemann configurations onto which the circular rational func- 
tions map the unit circle |z| $1 (we shall call them surfaces of type II) are 
precisely those configurations composed of m circular discs | w| <M joined 
around branch points whose total order is m—1. For every surface of type II 
has this construction(*). And conversely, any such surface is simply-con- 
nected (with characteristic —1)(*) and hence mappable onto a normal region 
which in this case must be a circle. But any function which maps the unit 
circle onto | w| <M with each value taken precisely m times is a circular ra- 
tional function(!*). 

We shall also assume one or two results centering around the theorem of 
Fatou("") that if f(z) is regular and bounded on | s| <1, then the radial limit 
lim,.: f(re®) exists for almost all @. A direct corollary affirms the same result 
for f(z) univalent on |z| <1. Also in this connection we note the theorem of 
F. and M. Riesz(!*) that if f(z) is regular and bounded and not identically 
constant, then the points of | s| =1 where the radial limit is zero form a set 
of Lebesgue measure zero. Finally, by a theorem of Lindeléf("*), if f(z) is 


(®) See, for example, Julia, loc. cit., p. 60. 

(*) See Kerékjart6, Vorlesungen iiber Topologie, 1, pp. 143-147. 

(") The difficult fundamental theorem of uniformization is not actually needed here. It is 
sufficient to divide the surface in question into a finite number of plane pieces, and apply the 
theorem on the blending of the maps of contiguous or overlapping regions. See, for example, 
Bieberbach, Funktionentheorie, vol. 2, p. 171. 

(*) See Julia, loc. cit., pp. 54-56, 60. The rational surface of a circular rational function is 
symmetric with respect to inversion in the circle | w| =| K|, and any rational surface of sheets 
has branch points of total order 2n —2. 

(*) See Footnote 6. 

(*°) See Footnote 4. 

(#2) See Bieberbach, loc. cit., pp. 147-155. 

(*) See Bieberbach, loc. cit., pp. 155-156. 

(3) See Bieberbach, loc. cit., p. 21. 
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regular and bounded on | z| <1 and if lim,.., f(z) exists along two Jordan arcs 
lying in | s| <1 except for the common endpoint zo, then the two limits are the 
same and f(z) uniformly approaches the limit between the two arcs. 

A Jordan arc which lies in a region R except for a single endpoint which 
lies on the boundary of R is known as a Jordan cut of R. A Jordan arc which 
lies in R except for both endpoints which lie on the boundary of R is known 
as a Jordan crosscut of R. On a general Riemann configuration W a Jordan 
cut will be defined as a semi-open Jordan arc, whose open end converges to the 
boundary of W in such a way that its projection on the extended w-plane con- 
verges to a point. 

We need to make one more general remark. As long as we consider mero- 
morphic functions, such notions as limit, continuity, Jordan arc, etc., must be 
extended to allow infinite values. This extension is the usual one, geometrized 
by projecting to the Riemann sphere, and considering limits, continuity, Jor- 
dan arcs, and so on, in the ordinary sense for the corresponding sets of points 
there. 

3. The fundamental decomposition theorem. We prove first a lemma. 


LemMa 1. If a Riemann configuration W can be divided by a Jordan crosscut 
into two Riemann configurations each of which can be imbedded in the Riemann 
surface of the inverse of a rational function, then W itself can be so imbedded. 


Proof. Let y, with endpoints A and B, be the crosscut dividing W into W; 
and We, and let W; and Wz be imbedded in rational surfaces R; and Rz re- 
spectively. Cut each of R; and R; along 7, and join the left of y on R; to the 
right of y on Re, and vice versa. (Here left and right are used simply to desig- 
nate the two sides of +.) 

It is obvious that the above construction can change branch point order 
only on y. Let p and g be the orders of the branch points at A of R, and R; re- 
spectively, with the convention that, for instance, p=0 if R; has no branch 
point at A. Then R; and R, have respectively +1 and g+1 sheets joined 
around A. The new surface R has p+g¢+2 sheets joined around 4A, i.e., has 
a branch of order p+-¢+1 at A. Now consider an interior point C of y. The 
construction given carries the two copies 7; and 7:2 of y on R; and R; into two 
copies forming a closed curve on R. The two points C; and C2 on ¥: and 72 
correspond to distinct points of R. Hence the total order of the two branch 
points remains the same. For, although the branch points at both C,; and C, 
may be changed in the construction, the total number of sheets joined around 
these two points does not change. Thus the method of joining R; and Rz de- 
fined above has increased by 2 the total order of the branch points over that 
for the two surfaces separately (an increase of 1 at each of A and B). 

Let the number of sheets of R; and R, be m and n respectively. Then, 
since R, and R; are rational, they have branch points of total order 2m—2 
and 2n—2 respectively. Hence on the new surface R the total order of the 
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branch points is 2(m+-n)—2. Thus R is rational and the lemma is proved. 

In the next proof we shall use the fact that R has points exterior to W. 
For instance, one of the two copies of y on R crosscuts W and the other lies 
outside of W. 


THEOREM 1. If f(z) is meromorphic in |z| <1, then a necessary and suff- 
cient condition that it can be decomposed, f(z) =fe(fi(z)), where fe({) is a rational 
function and {=f,(z) is regular, bounded and univalent on | z| <1 is that f(z) 
be rationally-multivalent at every point of |z| =1. 


Proof. We need consider only the sufficiency. If f(z) is rationally multi- 
valent along |z| =1 then every point of |z| <1 has a neighborhood (half- 
neighborhood for points of |z| = 1) whose map under w=f(z) can be imbedded 
on a rational surface. By the Heine-Borel theorem we can choose a finite num- 
ber of these neighborhoods and half-neighborhoods covering | z| <1. If ge(¢) 
is a rational function such that ¢ = gz4(f(z)) is univalent in one of these neigh- 
borhoods, then for almost all boundary points of this neighborhood lim gz*(f(z)) 
exists as z approaches the boundary along the interior normal. Thus the radial 
limit lim,.; f(re*) exists for almost all 8. We can therefore effect a decomposi- 
tion of | z| <1 into a finite number of cells, bounded by Jordan arcs and Jor- 
dan cuts of |z| <1, such that the maps of the latter under w=f(z) are Jordan 
arcs and Jordan cuts of the Riemann configuration W onto which w=f(z) 
maps the circle | z| <1. These divide W into a finite number of simply-con- 
nected Riemann configurations (the maps of the cells of |z| <1) each of which 
can be imbedded on a rational surface. By an induction on Lemma 1, W itself 
can be imbedded on a rational surface R. Let f2({) be a rational function map- 
ping the extended {-plane onto R. Then f(z) =fr'(f(z)) is univalent on | | <1, 
and f(z) =fe(fi(z)). Since R contains points exterior to W, the function f2(¢) 
can be chosen so that f,(z) is regular and bounded in |z| <1. 

In each of the following two theorems one part is trivial, while the other 
part is an immediate consequence of Theorem 1. 


THEOREM 2. If f(z) is meromorphic in |z| <1, and continuous in |2| <1, 
then a necessary and sufficient condition that it can be decomposed as in Theorem 
1 is that f(s) be power-multivalent at every point of |z| =1. 


THEOREM 3. A necessary and sufficient condition that f(z) be meromorphic 
in | z| <1 is that f(z) be decomposable as in Theorem 1 with f,(z) regular and 
univalent in |2| $1. 


Theorem 2 follows from the fact that if f(¢) is continuous on |2| <1 then 
rational-multivalency along |s| =1 implies power-multivalency. For if the 
map of a half-neighborhood of go (| o| = 1) can be imbedded in a rational sur- 
face R, then, by the continuity of f(z) at zo, a small enough half-neighborhood 
will involve at most one branch point of R. Theorem 3 is even more direct, 
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for a function is power-multivalent at any point where it is meromorphic, and 
thus f(z) is power-multivalent on the closed circle |z| <1. 

If we view the decomposition of f(z) with regard to the kind of plane 
simply-connected region for which { =f;(z) is a mapping function, then Theo- 
rems 1, 2 and 3 correspond in that order to general simply-connected regions, 
simply-connected regions all of whose boundary points are accessible (attain- 
able), and Jordan regions bounded by analytic curves. The corresponding 
theorem for general Jordan regions will be developed in §5. 


THEOREM 4. If f(z) is meromorphic in |2| <1, then a necessary and suffi- 
cient condition that f(z) can be decomposed as in Theorem 1 is that there exist a 
univalent function 2z=f;({) mapping a simply-connected region G of the {-plane 
onto | z| <1 such that f(f:({)) ts meromorphic in a simply-connected region G; 
of the {-plane containing the closure G of G. 


Proof. The condition is obviously necessary ; we need only take f;(¢) =f7'(). 
On the other hand, suppose that there exists such a function z =f;(¢). Consider 
an analytic Jordan curve J in G, containing G in its interior. (We can find J by 
mapping G; onto the unit circle | z| <1. The map of G is bounded away from 
the circumference and hence is interior to some circle |z| =r<1; then J may 
be taken as the image of | z| =r.) We have f(fs(¢)) meromorphic on and within 
J, and thus by Theorem 3 we can find a decomposition f(f3(¢)) =fe(g:(¢)) where 
fe and g; are rational and univalent respectively. Then 


= = fa(fil2)) 


where =g.(fx'(z)) is univalent on | s| <1. 

4. Miscellaneous decomposition theorems. In this section we shall prove 
two interesting theorems which are, in a certain sense, natural predecessors 
of the theorems of the next section. 


THeoreM 5. If f(z) is meromorphic in |z| <1, and if the set S of limiting 
values of f(z) as |z|—+1 contains no value assumed by f(z) in |2| <1, then f(z) 
can be written f(z) =f2(fi(z)) where § =f,(z) is a circular rational function, and 
w=f,(z) is a mapping function for a simply-connected region in the w-plane 
whose boundary is precisely the set S. 


Proof. Let O be the set of values assumed by f(z) in |z| <1. By hypothesis 
the boundary of O is S; moreover S is a continuum. Therefore O is a simply- 
connected region of the w-plane. If {=fr'(w) maps O conformally onto 
<1, then [=f,(z) =fr'(f(z)) maps | s| <1 into <1 and the set of limit- 
ing values of f=f;,(z) as | z| —1 lies on \¢ | =1. From this it follows that f,(z) 
is a circular rational function. For f:(z) can have only a finite number of zeros 
in |z| <1, and if g(z) is a circular rational function having the same set of 
zeros, then ¢ =f,(s)/g(z) is a regular function which does not vanish in | s| <1, 
and whose limiting values as |s|—>1 again lie on |¢| =1. But this function 
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must be identically constant. Thus ¢ =f;(z) is a circular rational function, and 
f(s) =fe(fi(z)), which completes the proof of the theorem. 

Now if f(z) is regular in | z| <1, and if its limiting values lie on a Jordan 
curve of the w-plane, we do not need to assume that the limiting set contains 
no value taken on by f(z) in | s| <1. The proof of this theorem depends on the 
following geometric formulation of the principle of maximum modulus: 


If f(z) is regular in |z| <1, and if the limiting values of f(z) as |z|-+1 form 
a bounded set S in the w-plane, then every value which f(z) assumes in | 2| <1 
is separated by S from infinity. 

For if a value wo =f(zo) with | zo] <1 is not separated from infinity by S, 
there is an arc joining wp to » which contains no point of S save perhaps the 
endpoint wo. If w traces this arc starting from wo, then z traces an arc lying in 
| z| <1, which contradicts the boundedness of f(z). 


TuEoreM 6. If f(z) is regular in |z| <1, and if the set S of limiting values 
of f(z) as | z|—>1 lies on a Jordan curve T of the w-plane, then f(z) can be ex- 
pressed f(z) =fe(fi(z)) where § =f,(z) is a circular rational function, and w=f2(¢) 
is a mapping function for the interior of T. 


For all the points of I’ are accessible from infinity, and thus, by the geo- 
metric principle formulated above, the values of f(z) in || <1 lie inside I. 
If {=fr'(w) maps this interior Jordan region onto lt | <1, we have just as 
in Theorem 5 that ¢=fi(z) =fr'(f(z)) is a circular rational function, and that 
f(2) =fr(filz)). 

Coro.iary 1. In either of the above two theorems if some value is assumed 
by f(z) precisely once in | s| <1, or is a limiting value of f(z) at precisely one 
point of |z| =1, then w=f(s) is a mapping function for a simply-connected re- 
gion of the w-plane whose boundary is the set S. 


Coro.iary 2. In either of the above two theorems f(z) can be expressed as in 
Theorem 1 as a rational function of a mapping function. 


Corollary 1 is obvious, and Corollary 2 follows from the fact that f(z) is 
locally univalent along |z| =1 in both theorems. 

5. Decompositions involving mapping functions for Jordan regions. In 
this section we shall consider the generalization of Theorem 6 in which the 
ssa of that theorem are assumed on only part of the circumference 

2| =1. 

THEOREM 7. If f(z) is meromorphic in |2| <1, and if the limiting values of 
f(s) as |z|-+1 along an arc y of |z| =1 lie on a Jordan arc T of the w-plane, 
then f(z) is continuous on the interior of +. 


Proof. Let zo be an interior point of y and let wo be a limiting value of f(z) 
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at go. Choose a sequence {z;} in |z| <1, converging to zo, and having the fol- 
lowing properties: (1) f(z:)—>wo, (2) all f(z;) lie off T and on the same side of T 
(if wo is an.endpoint of I this condition is vacuous), (3) no f(z;) is a value of 
f(z) at a zero of f’(z). All of this can be gotten from an original sequence satis- 
fying (1) by slight displacements and the selection of a subsequence. 

Let J be a Jordan arc of the w-plane having no point in common with [ 
except for an endpoint at wo, and let J contain all the f(z;) and contain no 
value w’ assumed by f(z) at a zero of f’(z). (This last is possible because such 
values w’ are at most denumerable and can accumulate only on I.) 

Now consider a half-neighborhood R of z, and its bounding arc y’ on 
| z—z0| =r. By Fatou’s theorem and the theorem of F. and M. Riesz, we may 
take r so that at the endpoints of ’, f(z) has definite radial limits, different 
from each other and from wo. But then there are at most a finite number of 
points on y’ where f(z) takes the value wo, and we remove these by changing 
y’ to a new circular arc with the same endpoints, lying in R sufficiently close 
to y’. We shall call this new arc and its neighborhood of zg» respectively y’ 
and R. 

Since f(y’) does not contain wo, it has no point in common with a suffi- 
ciently small circle | w~—wo| <p. All of J from some point on lies in this circle, 
and contains the maps f(z;) of all 2; from some i on. Let J now denote this 
subarc, and the 2; this subsequence. Then no point of J except w» is a limiting 
value of f(z) as approaches the boundary of R. Therefore, starting at each 2;, 
as f(z) traces J in both directions from f(z;) the point z traces in R a simple 
arc J; containing 2;. Since all the limiting values of f(z) lie on I’, there can be 
at most a finite number of the J;, and some one, say J:, contains an infinite 
number of the 2;. But then J; is a Jordan arc with endpoint 2, because, by 
just the argument we have been giving, every half-neighborhood of z) contains 
all of J; from some point on. 

Thus for every limiting value wo at zo there is a Jordan cut J to zo such 
that as z—2» on J, f(z)—+wo. But then all limiting values at zo are the same 
(Lindeléf) and f(z) is continuous at zo, which proves the theorem. 

The following fact will prove useful in the next theorem. If wo is not an 
endpoint of I’, let J’ be a Jordan curve lying in the circle | w—wo| <p, such 
that a subarc of [I containing wo crosscuts the interior of J’ and divides it 
into two Jordan regions R; and R:. We assert that the map of R under f(z) 
covers at least one of R; and Rz. For no limiting value of f(z) along the bound- 
ary of R lies in R; or R. And R contains points (of J:) mapping into one of R; 
and Rs. 


TueEoreo 8. If f(z) is meromorphic in the unit circle || <1 and continuous 
on a closed arc y of the circumference |z| =1, and if the values which f(z) as- 
sumes on y lie on a Jordan arc T of the w-plane, then f(z) is power-multivalent 
at every point of 1, the interior arc of y. 
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Proof. Our general scheme of proof here is to continue f(z) over 7; in such 
a way that the new function F(z), defined on a region containing 7, is an 
interior transformation. The power-multivalency of f(z) along 7 is an im- 
mediate consequence of this property. 

Let R,, be a Jordan region in the w-plane which contains I as a crosscut. 
Let 7’ be a Jordan crosscut of | s| <1 having the same endpoints as y, and 
let ’ be chosen so that, in the Jordan region R/ bounded by y and y’, f(z) 
takes only values lying in R,. (We can do this as follows. Since T can always 
be made a little longer, we can assume that only interior points of T are cov- 
ered by f(z) on 7:1. But then, by the continuity of f(z) on y, each point of 7; 
has a half-neighborhood whose map lies in R,; and we can draw y’ on these 
half-neighborhoods.) Let R/’ be the reflection of R/ in |z| =1, and let R, be 
the Jordan region R} +7:+R/’. We now define a function F(z) over R, as 
follows. Let the two Jordan regions into which [ divides R, be R and R,’’, 
and consider a homeomorphism between the closures of R, and R,’ which 
leaves [' invariant. Let the value of F(z) at a point of R/’ be defined as the 
homeomorph of the value of f(z) at the inverse point in R/. And if z lies in 
Ri +7, let F(z) =f(2). 

We shall show that w=f(z) is an interior transformation. First, F(z) is ob- 
viously continuous. Second, F(z) maps no continuum of R, onto a point w, 
of Ry. For the set of points of R/+R/’ which map onto , is isolated in 
R! +R!’ (by the definition of F(z) and the analyticity of f(z) in R/). And if 
f(z) is not identically constant, the set of points on y:1 which map onto w, is 
nondense on 7. Finally, F(z) takes any open set in R, into an open set of R,. 
For the map of a neighborhood of z (in R,) contains a neighborhood (in R,) 
of F(z). This follows for z in R/ +R!’ from the analyticity of f(z) in R/ and 
the definition of F(z), and for z on 7: from the remark at the end of the previ- 
ous theorem and the definition of F(z). But then F(z) has the properties which 
define an interior transformation; and therefore, by the fundamental theorem 
on interior transformations(™) F(z) has at every point of R, the property 
which we have called power-multivalency. In particular, f(z) is power-multi- 
valent along 7: (with respect to half-neighborhoods in | s| <1). 

We have at once from Theorems 1, 7 and 8: 


THEOREM 9. If f(z) is meromorphic in | s| <1, then a necessary and sufficient 
condition that f(z) be decomposable as in Theorem 1, where { =f,(z) is a mapping 
function for a Jordan region of the £-plane, is that for every zo on | s| =1 there 
is an integer n and an arc ¥ of | s| =1 containing 2, such that for some wo the 
limiting values of [f(z)—wo]* as |2z|—+1 along y lie on a Jordan arc T of the 
w-plane (wo and T depending on 29). 


It will be easily verified that Theorems 7 and 8 remain valid if we replace 


(*) See Stotlow, Principes Topologiques de la Théorie des Fonctions Analytiques, pp. 108-116. 
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the single arc I' by a finite collection of Jordan arcs having only-a finite num- 
ber of points of intersection. Theorem 9 could of course be rephrased in this 
respect, but Theorem 9 is complicated enough already, and we shall use this 
generalization only in the following theorem. 


THEOREM 10. If f(z) is meromorphic on || <1, and if the limiting values of 
f(z) as |2| +1 all lie on a closed curve of the w-plane with at most a finite number 
of self-intersections, then f(z) can be decomposed as in Theorem 1, where ¢ =f,(z) 
is a mapping function for a Jordan region. 


This theorem follows immediately from Theorem 1 and from Theorems 7 
and 8 in the more general form mentioned above. 

We close this section with the generalization of Theorem 5 in which the 
conditions of that theorem are assumed only locally along the circumference 
| z| = 1. With these weakened assumptions we can still effect, as in Corollary 2 
of that theorem, a decomposition of the kind in Theorem 1. 


THEOREM 11. If f(z) ts meromorphic in | s| <1, and if for every 2 on | s| =1 
there is a half-neighborhood R with boundary arc y on |z| =1, such that the set 
of limiting values of f(z) as z—+y in R contains no value assumed by f(z) in R, 
then f(z) can be decomposed as f(z) =f2(f:(z)) where { =fi(2) is a univalent func- 
tion mapping | s| <1 conformally onto a bounded simply-connected region G of 
the §-plane, and f2({) is a rational function which is locally univalent (no multiple 
pole of f2(¢) or zero of f/ (§)) on the boundary of G. 


Proof. The half-neighborhood R is bounded by the arc ¥ of |z| =1 and 
a circular arc y’ of |s—z9| =r. By hypothesis we may assume that the values 
of f(z) on the interior of y’ are distinct from the limiting values of f(z) along 
. The latter set forms a continuum S of the w-plane which contains no point 
of the set O mapping from R. Then QO lies in a simply-connected region O’ 
bounded by S, and if w=f.(¢) maps the unit circle \¢ | <1 onto O’, then the 
limiting values of { =f,(z) =fr4(f(z)) along y lie on the Jordan curve |{| =1. 
By Theorems 7 and 8, f;(z) is continuous and power-multivalent along 7, and 
since by hypothesis f(z) assumes no value in R which it assumes on 7, f(z) is 
locally univalent along the interior of y. Hence f(z) is locally univalent along 
7, and likewise along the whole of |z| =1. But then the required decomposi- 
tion is possible by Theorem 1. 

6. The function f(z) regular and bounded in |z| <1. In this section we 
shall consider the decomposition of f(z) with respect to special classes of ra- 
tional functions. It is evident that we can make no restriction on f2(¢) so long 
as we leave f(z) meromorphic on | s| <1. But if we consider f(z) regular and 
bounded in | s| <1, then in certain cases we can confine f2({) to polynomials 
or to circular rational functions, as we shall proceed to show. 


LEMMA 2. If a simply-connected Riemann configuration W can be divided 
by a crosscut into two Riemann configurations each of which can be imbedded in 
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a surface of type 11, and if all the boundary points of W are attainable, then W 
itself can be so imbedded. 


Proof. This lemma is similar to Lemma 1 but more difficult. Let y with 
endpoints A and B be the crosscut dividing W into W; and W2, and let W, 
and W, be imbedded in surfaces (of type II) / ; and R: respectively. We shall 
take R; and Rz over the same circle | w| <M of the w-plane. If we join R, 
and R, just as in Lemma 1, we shall have W imbedded in a disc surface R 
which has one too many branch points to be a surface of type II. 

Let J; and J: be Jordan cuts on R; and R; respectively which run from B 
to the circumference | w| = M and have no points in common with W; and W; 
respectively. Such J; and J: exist, for if a bounded plane simply-connected 
region G has all its boundary points attainable, then every boundary point 
of G can be joined to infinity along a Jordan arc having no point in common 
with G. In R, J: +J:2 forms a non-dividing Jordan crosscut. If we can find a 
surface R’ of type II which also contains J:+J2 as a Jordan crosscut, then by 
cutting each surface along Ji:+J:2 and joining the left of J:+J:2 on R to its 
right on R’ and vice versa, we construct a new surface which contains W and 
which is obviously of type II. 

To find such a surface R we consider again R; and R:. The surface R; con- 
tains J, and R; contains J;. Now if we can find a cut J which lies on each of R; 
and R; and runs from B to the boundary, and which touches J; and J: only 
at B, then by cutting R; and R; along J and joining them together around B 
(the left of J on R, to its right on R, and vice versa) the resulting surface 
will be of type II and will contain J,;+J2 as a Jordan crosscut. We accord- 
ingly seek such a J. 

Let C be a point on y having maximum distance from B (measured on the 
w-plane) and let J’’ be the straight line segment from C to the boundary 
| w| = M in the direction of a line from B to C. (If J’’ meets a branch point 
of R; it may be continued on any one sheet joined there.) Now if .”’ is the arc 
of y between B and C, then the Jordan cut J=J'+ J” lies on both R, and Re. 
But in general J=J’+ J" will intersect J; on R; at points other than B. 

We avoid this difficulty by suitably enlarging R,. If we cut R,; along J 
and join it to a model of R; similarly cut (the left of J on R, to its right on 
the model, and vice versa) we get a surface of type II containing two images 
each of J; and J. We assert that if m models of R,; be added to R; in this way, 
each cut along J, and all joined cyclically around B (the left of J on R; to 
its right on the first model, its left on the first model to its right on the second 
model, and so on until finally its left on the mth model to its right on R,) then 
for some integer m the resulting surface of type II, Ri, contains a pair J; and J 
having only the point B in common. 

For on R, J; does not cross J’ (since the points on one side of J’ lie in Wi, 
while J; is outside of W;). Hence a subarc of J; between two intersections of J; 


| 

; 

$ 
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with J’’ has a definite integral order on R; with respect to J’, and since J; 
is a Jordan arc, there is an integer N which is greater than the order of every 
such subarc. If N models of R; are added as described above, the resulting 
surface (of type II) has N+1 copies of J which are ordered cyclically so that 
if a given copy of J; meets the mth and the (m+-7)th copies of J’’, then on Ri 
a subarc of J; has order of at least j with respect to J’. But then there is some 
copy of J’’, and hence of J=J'+J"’, which the given copy of J; does not 
meet. 

Similarly we find a surface of type II, R/, containing J=J'+J" and J: 
with only the point B in common. If we now join Rj and Rj as indicated 
earlier, we have the required surface R’, which completes the proof of the 
lemma. 


THEOREM 12. If f(s) is regular and bounded in || <1 then Theorem 2 holds 
with f2({) taken either as a polynomial or as a circular rational function. 


The proof for the representation of f(z) in terms of the circular rational 
function follows from Lemma 2 just as the proof of Theorem 1 followed from 
Lemma 1, and consists mainly in showing that the Riemann configuration W 
onto which w=f(z) maps the unit circle | s| <1 can be imbedded in a surface 
of type II. But any surface of type II can be completed to a rational surface 
of a polynomial by adding the exteriors of the m discs | w| < M joined around 


a single branch point of order n—1 at infinity. Therefore the Riemann con- 
figuration W can be imbedded in a rational surface of a polynomial, and this 
completes the proof of the theorem. 

Classified by the type of mapping function occurring in the decomposition, 
this theorem corresponds to Theorem 2 rather than to Theorem 1. The ana- 
logues of Theorems 3 and 10 are also theorems, and follow immediately from 
Theorem 12 (and Theorems 8 and 9). The analogue of Theorem 1, however 
(and hence also the analogue of Theorem 4), is not a theorem, as we shall 
show by the following example. 

Consider the circles | w+i| =1 on the w-plane. If both are cut at w=0, 
and are suitably placed on the rational surface R having two sheets and 
branch points at +i, they can be joined to form a simple smooth closed curve 
which is described like a figure-eight. Now consider the circles | w+i| =1+}. 
On R these can be taken to form a second figure-eight, having no point in com- 
mon with the first, such that the two together bound a band S in the shape of 
a figure-eight. This band is doubly-connected and is homeomorphic with the 
annulus }< | z| <1 in the z-plane. We can define a simply-connected region in 
the annulus by means of a spiral with an infinite number of turns which ap- 
proach || =1. Consider, for instance, the spiral z= (1—e~*)(cos x+ sin x), 
0<x< «©. That part of it which lies in the annulus defines such a simply- 
connected region W’, and this in turn defines in S a simply-connected region 
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W bounded by a curve which traces an infinite succession of figure-eights, 
and approaches the figure-eight over the pair of circles | wti | =1. 

But then any surface R’ of type II which contains W must contain a sim- 
ple closed curve consisting of the figure-eight over the circles | wtt | = 1 traced 
a finite number of times. This is impossible, for such a curve would not di- 
vide R’, whereas every simple closed curve on a surface of type II divides it. 

The region W can be mapped from the unit circle | s| <1 by a rational 
function of a mapping function. But since W cannot be imbedded in a surface 
of type II, the rational function cannot be taken as a polynomial or a circular 
rational function. This completes our demonstration. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 
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RESTRICTED LIE ALGEBRAS OF CHARACTERISTIC p 


BY 
N. JACOBSON 


In an earlier paper(') [3] we noted certain identities which connect addi- 
tion, scalar multiplication, commutation ([ab]=ab—ba), and pth powers in 
an arbitrary associative algebra of characteristic p (#0). These lead naturally 
to the definition of a class of abstract algebras called restricted Lie algebras 
which in many respects bear a closer relation to Lie algebras of characteristic 
0 than ordinary Lie algebras of characteristic p. 

As is shown in the present paper any restricted Lie algebra 2 may be ob- 
tained from an associative algebra by using the operations mentioned above. 
In fact 2 determines a certain associative algebra U, called its u-algebra, such 
that 2 is isomorphic to a subalgebra of U;, the restricted Lie algebra defined 
by 2; and if ¥ is any associative algebra such that %; contains a subalgebra 
homomorphic to 2 and & is the enveloping algebra of this subset then WU is 
homomorphic to %. The algebra U has an anti-automorphism relative to 
which the elements corresponding to those in % are skew. For ordinary Lie 
algebras an algebra having these properties has been defined by G. Birkhoff 
[2] and by Witt [5]. In their case however, the associative algebra has an 
infinite basis even when the Lie algebra has a finite basis whereas here Ul has 
a finite basis if and only if 2 has. Consequently every restricted Lie algebra 
2 with a finite basis has a (1-1) representation by finite matrices. The theory 
of representations of 2 can be reduced to that of the associative algebra U. 
Thus, for example, there are only a finite number of inequivalent irreducible 
representations. 

The most natural way to obtain a restricted Lie algebra is as a derivation 
algebra of an arbitrary algebra 4, i.e., as the set of transformations D: a—aD 
in such that 


(a+ b)D =aD + dD, (aa)D = (aD)a, (ab)D = (aD)b + a(bD). 
If A= is itself restricted (ab = [ab]) the derivations which satisfy 
p—1 
= [[aD, aja] --- a] 


are called restricted. They are precisely the derivations of 2 which can be ex- 
tended to derivations of the u-algebra U1. Hence their totality is a restricted 
Lie algebra Do. Using Do and 2 we may define a restricted holomorph §p of &. 
Ho is a restricted Lie algebra. 


Presented to the Society, September 12, 1940; received by the editors June 30, 1940. 
(‘) Numbers in brackets refer to the bibliography at the end of the paper. 
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The considerations in the present paper apply for the most part to re- 
stricted Lie algebras with an infinite basis as well as to those with a finite 
basis. A special result, however, for Lie algebras with a finite basis is that the 
nilpotency of 2 implies that of the u-algebra (§6). In a later paper we hope 
to discuss certain classes of simple restricted Lie algebras with a finite basis. 

1. Restricted Lie algebras. Definitions. If %{ is an associative algebra and 
the commutator [ab] =ab—ba, it is well known that 


[ab] = — [ba], + [o[ca}] + [cled]] = 0. 
If, in addition & has characteristic p (#0) then the following identities hold: 


DP 
(a + b)? = a? + bP + s(a, d), ]o]--- b] = [ab], 
where s(a, b) =5s:(a, 6) +52(a, 6) + - - - +5p-1(a, 5) and the (p—7)s;(a, b) is the 
coefficient of in 
[---+ [a,\a +5], \a0+5],---, ra +] 


({3], and [6]). We are thus led to define a restricted Lie algebra 2 over a field ® 
of characteristic p as a vector space over © in which operations [ab] and a!! 
are defined such that 


(1) [ab] = — [ba], + + [c[ad]] = 0, 

(2) bs + bs] = [ab:] + [abs], 

(3) [abla = [a, ba] = {aa, 5], ain , 
(4) (a + = gle) + + s(a, d), 

(5) (aq) = glrlgp, 


—— 

(6) [abd]d]--- 6) = [abt]. 

A subspace % of & is a subalgebra if BDb'! and [b:b2] for all 5, bi, ds in 
%. B is an ideal if it contains also [ba] for all 6 in B, a in &. Acorrespondence 
a—a* between two restricted Lie algebras is a homomorphism if 
(a+ 6)S=a5+5, (aa)S=a5a, = [c5d5], 
(7) = 


If S is (1-1) it is an isomorphism and if besides S is a correspondence within 2 


it is an automorphism. 
If x1, (possibly infinite) is a basis for 2, then [xix;] 
xl =) (finite sums) where 


(8) = — LD reat + Do + = 0, 
q q 


r @ 


| 
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These equations are equivalent to 
= — [xj], 


+ + = 0, = [--- --- 25), 
respectively. The y’s and y’s are the constants of multiplication of 2. If a—a% 
is an isomorphism between 2 and 2, x¥, xf, - - - form a basis for 2° and the xf 
have the same constants of multiplication as the x,’s. On the other hand if 
M is any restricted Lie algebra with basis yi, ye, - -- in (1-1) correspondence 
with the x; such that =D then it is readily seen that 
the correspondence )_x,;a;—)_yia; is an isomorphism. 

We have noted above that any associative algebra & of characteristic p 
becomes a restricted Lie algebra &; when [ab] is defined as ab—ba and 
A homomorphism between and a subalgebra of ©, the algebra 
of mXn matrices, is called a representation. Irreducibility, decomposability, 
equivalence, etc., of representations are defined as usual. As is well known 
these depend on the irreducibility, etc., of the enveloping algebra of the repre- 
senting matrices. 

2. The u-algebra of a restricted Lie algebra. Let x:, x2, - - - (possibly in- 
finite) be a basis over ® of a vector space &. We set [xix;]=)oxgyqi; and 
x?!=>"x,ues where the y’s are y’s satisfy (8) and (9). Then for a=)>x,ai, 
b=) (finite sums) we set [ab] =) Evidently (8) implies that 2 
is a Lie algebra relative to [ab]. Equation (9) is equivalent to 


P 


] = [--~ x5]. 
We shall show that & is a restricted Lie algebra relative to a suitable definition 
of all, 

Let & be the vector space with the basis xf'x? - - - xs", x;20 integers and 
at least one x;>0, m=1, 2, - - - . If only a finite number of monomials are be- 
ing considered we may write them in terms of the same x’s. A product 

is defined by repeated “straightenings,” i.e., substitutions for xx; when i>j 
of the expression xx; +) xxyusj. It has been shown by G. Birkhoff [2] and 
by Witt [5] that this product is uniquely defined in % and is associative. 

Let be the ideal in having the basis y;=x? Since 
(10) = [--- -- + = J, 
ys commutes with every linear b and hence with every element of %. 

If the term x - - - x%* has degree 2p in x; we may replace x? by y:+x!". 
After a finite number of such substitutions we may write any a=) x{' - - - x 
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in the form - - - Where <p and the w’s are polyno- 
mials in yi, Ya. Thus any b=) in has the form 
+ a polynomial in y;, - - , With noconstant term. 


Now 
(pl, m 


AL An [p], 
1 ) 


Pp An, P 


where the terms not indicated have degree <)_\;+p)_m;. Consider the terms 
of maximum degree N =)_\;+ p>, in b where we suppose b and hence one - 
of the v’s is #0. Since at least one m >0, N >p. Two terms of maximum degree 
are different if An} mn) An my , ). 
Hence these terms occur only once and can not cancel off. It follows that 
when 3 is written in its normal form x‘ - - - x%*p,, .. 4, at least one of the x’s 
has degree >p. Thus the classes {x}" - - - 2*}, omitting - - - x,°}, 
determined by the elements x}' - - - x" modulo % form a basis for the difference 
algebra U=%/B. 

Since the classes {x,}, {x2}, - - - are linearly independent and [{x;} {x;} ] 
the correspondence {x:}a; is an isomorphism be- 
tween % and an ordinary Lie subalgebra {2} of Uj. Since {x;}?= {x?} = {x?!} 
{xr} mri, {g} isa (restricted) subalgebra of U,. Hence if we define ()_x;a;) 
as the element corresponding to {>> x,a;} *, becomesa restricted Lie algebra 
in which x” is as originally given. 

If 2 is a restricted Lie algebra to begin with, then the correspondence 
is an isomorphism. Now suppose 4:0; is a homo- 
morphism between & and &, a subalgebra of B, where we suppose that any 
element of & is a polynomial in the elements of 2. We have 


is a homomorphism between & and %(?). Because of the second set of equa- 
tions x? —x!! are mapped into 0 and so our correspondence induces a homo- 
morphism between U=%/B and B. This mapping is an extension of the 
homomorphism between & and &. Thus we have proved the following theorem. 


THEOREM 1. If 2 is a restricted Lie algebra there exists an associative alge- 
bra U having the following properties: 1. 2 is isomorphic to a subalgebra {2} 
of Ur. 2. UW is the enveloping algebra of {2}. 3. If 2 is homomorphic to a subalgebra 
R of any B, where B is the enveloping algebra of 2, then WU is homomorphic to B. 


This theorem shows that conditions (1) to (6) are characteristic of the 
functions a+5, aa, [ab] and a” in an associative algebra of characteristic p. 
The above considerations show also that equations (8) and (9) on the con- 


(*) See [2] or [5]. 
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stants y and yp insure that the vector space ¢ be a restricted Lie algebra. If P 
is an extension of the field ® the extended vector space of elements of the form 
Doxiti, £ in P, is a Lie algebra over P. We denote this extended algebra as 2P 
since, as is easily shown, it does not depend on the particular choice of basis. 
In the remainder of the paper we shall denote a!*! by a? when there is no risk 
of confusion and shall call U1 the u-algebra of &. 

Suppose x;, - - - x:,, is a monomial in & and the first x; in this product 
occurs in the 7;th place. Then we may straighten this term by interchanging 
x, successively with the 7,—1 terms in front of it and obtain a polynomial in 
the x’s having one term x:x;, - - - x;,, of degree m. We define the rank of 
xi, °° + Xs, inductively as (r,;—1) plus rank of x;, - - - x;,. A monomial of rank 
0 is said to be in canonical form. Then 1;2%22 - - - 21». Consider the corre- 
Evidently J is linear. We wish to show that it is an anti-automorphism. For 
this purpose it suffices to prove that 


Suppose this holds for all products of (m—1) or less x’s and also for products 
of m x’s whose ranks are less than those of the given monomial. Then 


where we may suppose that if the rank r of the original term is >0 that of 


Since (<7! = — (x<?!—x2), J sends the ideal into itself and therefore 
induces an anti-automorphism in 1 =%/®%. The elements {x;}a; of {2} are 
skew relative to the anti-automorphism. 

By property (3) of Ul any representation of 2 determines a representation 
of Ul and conversely. Questions of irreducibility, equivalence, etc., for 2 are 
reducible to the corresponding questions for U. If 2 has a finite basis x, 
Xa, U has the basis {x} } Q:<p) of p*—1 elements. Since 
U has a (1-1) representation in some ®,,, m =p", the same is true for &. 


THEOREM 2. Every restricted Lie algebra with a finite basis has a (1-1) repre- 
sentation. 


The number of inequivalent irreducible representations (0) of U is equal 
to the number of simple components of U/N, MN the radical of U. This implies 
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THEOREM 3. There are only a finite number of inequivalent irreducible repre- 
sentations of a restricted Lie algebra with a finite basis. 


Example. %, the restricted Lie algebra with the basis x, y, 2 such that 
[xy] = [xz] = [yz] = Q, x? = y? = = 


U has the basis x*y/z*, i, 7, k<p such that the above relations hold, it being 
understood that [xy]=xy—~y«x, etc. It is readily proved that U is a direct sum 
of p algebras with bases x*y/ such that 


ye =f, x? = y? =f, 


where 1, --- , —1in turn. If {=0 this algebra is nilpotent. Otherwise 
it is isomorphic to ®,. Hence there are (p—1) inequivalent irreducible repre- 
sentations of &. 

Theorem 2 is valid for Lie algebras of characteristic 0 though its proof 
given by Ado [1] is considerably more complicated than the present one. 
Theorem 3 is not true for algebras of characteristic 0. It is not known whether 
either of these results holds for ordinary Lie algebras of characteristic . 

3. Ideals. Nilpotency. If B is an ideal in 2 we define the sum, scalar prod- 
uct and commutator of the classes @ modulo $ as usual by 


a1 + a = a; + a2, da = aa, 


If a; —a2=bEB then b). Since b? and s(a2, we see 
that a,;=a,($) implies a?=a}(B). Hence the definition (4)?=a? is unam- 
biguous and together with the above operations it defines =2/%, the differ- 
ence algebra of & relative to B, as a restricted Lie algebra. The correspondence 
a—d is a homomorphism between & and &. Conversely we may show in the 
usual manner that if 2 is homomorphic to the restricted Lie algebra &, 
&=L/B where Q is the set of elements mapped into 0 by the homomorphism. 

If B; and B, are subspaces of 2 we denote their sum as §,+ B: and their 
commutator, i.e., the smallest space containing all [b:b2], b:\EB1, 22 EB: by 
[%,B,]. Conditions (1), (2) and (3) imply 


Set = [€2],---, and define to be the smallest sub- 
space containing all where =(a”"')?. Thus and 
, < etc. Hence if we define 


we have 2=%,2%2%2 - - - . By induction on j one readily establishes 
gta, 


Since 


| 
| 
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pt 


we have 


This leads readily to 


(13) [2:2] S Lins, 


In particular 2; is an ideal in 2 and 2; 2 On the other hand from 
the definition of 2; we have 2; < [&;_:2]+27_,. Hence 2;= [&;.2]+27_,. It fol- 
lows that if ---. If for N sufficiently large, 
2 is nilpotent. The smallest N for which this holds is called the index of nil- 
potency. If £y=0, 2°"°=0 and 2!1=0. Conversely if 2'"1=0 and it 
is readily seen that 2,=0 fort=r+s—1. 

4. Restricted derivations. The most natural instances of restricted Lie 
algebras are the derivation algebras(*). We recall that if & is an arbitrary alge- 
bra (not necessarily associative) then a derivation D is defined to be a trans- 
formation a—aD in & such that 


(14) (¢+))D=aD+5D, (aa)D=(aD)a, (ab)D = (aD)b + a(bD). 
If & has characteristic p the set D of these transformations is closed under 
addition, scalar multiplication, commutation and pth powers. Thus ®D is a 
restricted Lie algebra. If & is associative 

p—1 
= + + --- + = [-- - [aD, Je] --- 
It is therefore natural to confine our attention in the case that &= is a re- 
stricted Lie algebra to the derivations called restricted such that 


p—1 

(15) =[--- [aDa]a] ]. 

Suppose D is a linear transformation in 2 such that [xx;]D=[x,D, x;] 
+ [x;:, x;D], x1, x2,--- a basis for &. Then D is a derivation. If xf - - - x%, 
«;=1, 2,---, isa basis for the Birkhoff-Witt algebra & we define the linear 
transformation D in U by setting 

(*) Cf. Jacobson [3]. 

(*) In general 


bar! + abar* + +++ + arb = [baa] --- a). 
See [3, p. 209]. 
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(a_D). 
By an induction similar to that of §2 we can show that 


(16) 


holds. Hence D is a derivation. 
Now suppose 


=[--- [xD, xi] 


Then (x!?!—x?)D =0 and D maps the ideal 8 whose basis is x?! — x? into itself. 
It follows that D induces a derivation in 1 =%{/% and hence is a restricted 
derivation in 2. We have shown also that any restricted derivation is deter- 
mined by a derivation of the u-algebra. The converse of this is clear. Hence we 
have proved 


THEOREM 4. A linear transformation D in & is a restricted derivation if and 
only if [xix;|)D = [x.D, x;)+ [xi,x;D] and =[- - - [xD, x;] - - - xs] for any 
basis x1, X2,---. Every restricted derivation is induced by a derivation of the 
associative u-algebra U of 2. The set of restricted derivations forms a restricted Lie 


algebra. 


The last statement follows immediately from the second. The set of re- 
stricted derivations will be denoted by Do. A consequence of the first part of 
Theorem 4 is that the restricted derivation algebra of &p is Dop. 

For any three elements a, 5, / in 2 we have 


[a + 6,1] = [at] + [or], 2] = = [[at]o] + 


[ot] = [--- a). 


Thus the transformations L: a—[al] are restricted derivations which we call 
inner. The other parts of (1) to (6) show that the derivations corresponding to 
1, +4, la, [hie], 1? are respectively Li:+L2, La, [LiL2], Hence the inner der- 
ivations form a subalgebra § of Do and & is homomorphic to § under the 
correspondence /—>L. The elements c mapped into 0 are those which satisfy 
[ac ]=0 for all a and form the center € of 2. Hence FL/C. Since 


[al]D — [aD, 1] = [a, ID], 


[LD]€§ for every L in § and D in Dp, i.e., § is an ideal. 

Let $o be the vector space which is a direct sum of 2 and Do. The elements 
U of So are uniquely representable in the form a+D, a in 2, D in Do. Hence 
if x1, x2, -- - isa basis for 2 and Dj, Ds, - - - one for Do, x1, x2, - - - ; Di, De, - - + 


is a basis for Ho. 
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We define commutation in $o by 
(18) [a + D, b+ E] = [ab] + aE — dD + [DE]. 
It is readily seen that this satisfies conditions (1), (2), (3)(®). We also have 


[oDj]---D;] = [--- -- Ds] = [DD5], 


[--+ [Uas]--- a6]  [--- [UD;] --- Dj] = [UD;], 
for all U in So. Hence, by §2, the definition 


(19) + = + + s(x, D) 
> turns §po into a restricted Lie algebra called the restricted holomorph of &. 
Thus (a+ D)?=a?+D?+s(a, D) in Ho. 

5. Relations to ordinary Lie algebras. Suppose %, and % are restricted 
Lie algebras and a—a‘ is a mapping of %; into & such that 


=aSa, = [0504]. 


Then 
[- [xa] eee = [- [x5a5] ove aS | = [x5(a5)?], 
[x, = 
Hence (a”)5 — (a5)? the center of If €. =0, S is a homomorphism. Next 
we suppose D is a derivation in 2 =). This implies that 
[--+ [xDe]--- 0] +[--- oD]a]--- a] 
+---+[--- [[xa]e]--- aD] 
= [xD, + [x, [--- [eD, 
since if A is the transformation x—|xa] and B is the transformation 
x—[x, aD], 
BA?! + [[BA]A]--- A]. 
On the other hand [xa?]D= [xD, a?]+ [x, a?D]. Hence - - [aD, a] 
- ++ a@] is in the center € of 2. If €=0 every derivation is restricted. 
If B is a subset of 2 closed with respect to addition, scalar multiplication 


and commutation, then 8* =8+%°+%*"+ --- is the smallest subalgebra 
of 2 containing B. If [B2]<B, B* is an ideal. 


(®) Cf. Zassenhaus [6, p. 57]. 
(°) See Footnote 4. 


24 N. JACOBSON [July 


An ordinary Lie algebra & whose center is 0 may always be imbedded in 
a restricted Lie algebra. For let D be the derivation algebra of &. Since the 
center of & is 0 the set § of inner derivations forms an ideal of D (regarded as 
an ordinary Lie algebra) isomorphic to If ---, F* is a re- 
stricted Lie algebra containing §. Since [[u[--- [uv] --- ], 
v| - - - v]€§ for any u, v in § the ordinary Lie algebra §*/§ is commutative. 

Suppose & is a restricted Lie algebra and a—A an absolutely irreducible 
representation of the ordinary Lie algebra determined by &, i.e., aa—Aa, 
a+b—A+B, [ab|--[AB]. We assume also that the representing matrices 
all have trace 0 and p { m where m Xm are the dimensions of the matrices. 
We assert that our representation is one of the restricted Lie algebra. For if 
we have [XB]=[--- [XA] ---A]=[XA?]. Hence A?7—B=1p and 
since tr A?=tr B=0, A?=B. 

6. Algebras with a finite basis. In this section we suppose & has a finite 
basis. For any element a there is a least integer m such that a, a”, - - 
are linearly independent but depends on a, - , a?” Then 
+--+ +aam=0 or f(a)=0 where f(A) 
lows that a?"*'=(a»")?, a®"**,.-- are linear combinations of a, - - - 
and hence these elements form a basis for the subalgebra generated by a. 

A polynomial having the form of f(A) has been called a p-polynomial by 
Ore. The following facts were established by Ore: (1) A necessary and suffi- 
cient condition that f(A) be a p-polynomial is that its roots form a modulus 
(group under addition) with each root having multiplicity p*, k fixed. (2) Any 
polynomial ¢(A) is a factor of a p-polynomial f(A). The f(A) of least degree 
with leading coefficient 1 is unique and is a divisor of any other p polynomial 
divisible by ¢(A)("). Thus suppose a—A is a (1-1) representation of 2 and 
(A) is the minimum polynomial of the linear transformation (or matrix) A. 
Then the ~-polynomial f(A) associated with a is the one of least degree di- 
visible by (A). 

An element a is nilpotent if a?” =0 for some p”. The least integer p™ for 
which this holds is the index of a. 


THEOREM 5. If 2 is a Lie algebra with a finite basis and contains only nil- 
potent elements, then 2 is nilpotent. 


Since 2 has a finite basis the index of any a is Sp* where n is the dimen- 
sionality of 2. Hence a®*=0 and if A is the linear transformation x—[xa], 
A»*=0. Thus 2"=0 and as has been shown by Zorn [8], 2 is nilpotent when 
regarded as an ordinary Lie algebra, i.e., {'! =0. It follows as in §4 that & is 
nilpotent. 

The algebra 2 >%,=2")+4 2». If M is a subspace such that L2>MZ>Lo, M is 
a nilpotent ideal and 2/M is commutative and has all of its elements 0 nil- 


(") Ore [4, p. 581]. 
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potent of index p. We choose J? so that dim P{=n—1 and let x, x3, --- , Xn 
be a basis for It with d, x2, - - - , x, a basis for 2. 


THEOREM 6. The u-algebra of a nilpotent Lie algebra with a finite basis is a 
nilpotent associative algebra. 


The theorem is trivial if 2 has 1 dimension. Suppose it true for algebras 
of order n— 1. Choose I? and d, x2, - - - , Xx, as indicated. Then the u-algebra Ul 
is generated by d, x2,---, x, and the u-algebra GB of Mt is generated by 
X%2,-*:*, Xs. B is nilpotent. The elements of 11 have the form 


u = + do, + --- + + dBi + + --- + 


=[--. [vd 
is defined to be 2i+s+«:1+ --- +x,. Hence the weight of each term of u is 
Since 


(x2) a” (x1) (x1+1) 
eee d = dv, + 


where 


(xg+1) 


+: -+0 M1 
the weight of a product u,u2.--- u is 2k. If the index of nilpotency of B 


is m and d® =0, then every term of weight =>mp* is 0. Thus U is nilpotent of 
index <mp*‘. 

A consequence of this theorem is that the irreducible representations of a 
nilpotent restricted Lie algebra are all 0. Hence any representation has mat- 
rices in triangular form with diagonal elements 0 if the basis is properly 
chosen. 
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CONFORMAL UNITARY SPACES 


BY 
N. COBURN 


I. Introduction. In this paper, we shall study the relations between uni- 
tary spaces of m dimensions K, and ’K, whose fundamental tensors are re- 
lated by the conformal transformation. 

In §II, we develop the notation and some of the fundamental concepts of 
hermitian geometry. Section III deals with the relation between the paths of 
conformal unitary spaces. It is shown that (1) two unitary spaces, both without 
torsion (symmetric connection), cannot be conformal; (2) if two unitary spaces are 
conformal, then their paths correspond ; (3) conversely, if two unitary spaces, one of 
which is without torsion, are in a restricted correspondence of paths and if an uni- 
tary orthogonal ennuple of K,, corresponds conformally to an ennuple of 'K,, (see 
Definition 2), and if a certain curvature affinor 'C.,8 vanishes, then the two spaces 
are conformal. 

The paper concludes with a study of some particular conformal unitary 
spaces. We define the terms: (1) unitary k-space; (2) k-spaces which are k-con- 
formal. We then prove the theorems: (1) the affinor 'C,,8 is a conformal in- 
variant of all k-spaces which are k-conformal; (2) if two unitary spaces are 
conformal and the affinor 'C,;8 is a conformal invariant, then the spaces are 
k-spaces. A particular type of k-space with symmetric connection has been 
studied by Mitrochin, Fuchs, Bergman and others. 

II. Notation('). Consider the “points” determined by assigning arbitrary 
values to the complex quantities £* (x, y* real) 


(2.1) P=xr+tip, 


These points build a complex space of m dimensions X, (real topological 
X>2,)(*). Associated with (2.1) are the conjugate quantities 


(2.2) (P)* = = — iy, = 
Let us denote partial derivatives by 
(2.3) = 3/d%, Oye = 


then from (2.1) by the composite function theorem(*), we find for functions 


Presented to the Society, February 24, 1940; received by the editors June 2, 1940. 

(‘) Since most of the references are to Einfiihrung in die neueren Methoden der Differential- 
geometrie by J. A. Schouten and D. J. Struik; vols. 1, 2; P. Noordhoff; Groningen, Batavia; 
1935, 1938; we shall merely indicate volume, page and equation number. 

(*) II, pp. 225-251. 

(*) The equations (2.4) are obtained as follows: 
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of and respectively, 
= — 109/09"), 
= /dx* + idp/dy). 


Consider the allowable coordinate transformations with nonvanishing 
Jacobian ° 


(2.5) & = iy’. 
The corresponding conjugate equations are 
(2.6) = — iy”. 


We now introduce the unit affinor whose intermediary(*) components are 


(2.4) 


(2.7) Ay = Aw wee 

Evidently, if a star (*) after a symbol denotes the conjugate (i.e., replacing £* 
by &* and 7 by —4), then 

(2.8) Ape: 


This is a general notation which we will employ in the case of any affinor (also 


for the connection (2.15)). 
We next consider a function of position in X,, 0(£*, &"), which is ana- 


lytic(®) in £*, * considered as independent variables. Such a function is called 
“semi-analytic.” On the other hand, an analytic function $(£*) of £* alone is 
called “analytic”; all the functions studied in this paper will be assumed to 
be “semi-analytic” or “analytic.” The question arises as to the value of 
0§"/dE*. As is easily seen, such a derivative depends on the ratio dy*/dx°. 
In order to eliminate such a possibility, it will be desirable to consider £*, £* 
as independent variables, i.e., 


(2.9) = 0, = 0. 


We now formulate a definition of the operators 0,, 0,« which will check with 
(2.9) and (2.4) and which will replace any previous conceptions of these opera- 
tors. 


ay 

By multiplying the second equation by (—i) and adding these two equations, the first equation 
of (2.4) is obtained. See Uber unitére Geometrie by J. A. Schouten und D. van Dantzig, Mathe- 
matische Annalen, vol. 103 (1930), p. 324, footnote. 

(*) I, p. 22. 

(®) On the elementary solution---,T. Y. Thomas and E. W. Titt, Journal de Mathé- 
matique, vol. 18 (1939), p. 218 for definition of analytic “real” function. We assume a corre- 
sponding definition for analytic “complex” function. 
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FUNDAMENTAL DEFINITION. For any “semi-analytic” function @ (and for the 
“analytic’’ functions the operators O,« will be defined by 


(2.10a) 8,0 = — ia0/ay), 
(2. 10b) 3,00 = 3(00/dx* + i100/dy*). 


Replacing @ by £** in (2.10a) and using (2.2), we see that the first equality 
of (2.9) is valid. The second equality of (2.9) is obtained by replacing @ in 
(2.10b) by &*. Hence the definitions (2.10) are consistent with the equations 
(2.9). Thus &, &* are independent variables with respect to differentiation. 
We note that 0(£*")"/d =0, identically in 

One further question remains to be answered. “Is (2.10) identically satis- 
fied in x*, y*?” The answer is in the affirmative. We give a proof for a semi- 
analytic function of one complex variable and its conjugate (2, 2*). Since @ 
is semi-analytic, we can expand @ in a convergent power series of terms 2"s*™. 
Applying the operator 0, to this term, we obtain 


(2.10c) O(2"z*™) /dz = 


Now if the expression 2"z*” is written as f(x, y)g(x, y) and substituted into the 
right-hand side of (2.10a), we obtain 


(2. 10d) (g/2)(af/dx — idf/dy) + (f/2)(dg/dx — idg/dy). 


From our observation at the conclusion of the preceding paragraph, we see 
that the second set of terms in (2.10d) vanishes. Furthermore, (2.10a) reduces 
to (2.4) (an identity) when ¢=f=2". That is, 


(2.10e) 4(0f/dx — idf/dy) = nz", 


Hence (2.10c) and (2.10d) coincide and (2.10a) is an identity in x, y. The 
argument can be generalized to any number of variables. 

We can now see why an analytic function ¢(£*) of £* alone is called “ana- 
lytic.” From (2.9), we have 


(2.11) dyed = 0. 


But upon expanding ¢ into real and imaginary parts (6 =u+iv) and using the 
right-hand side of (2.10b), we find from (2.11) 


(2.12) — av/ay*= 0, + du/ay = 0. 
These are the generalized Cauchy-Riemann equations. The conjugate equa- 
tion to (2.11) is 

= 0. 


Evidently, any equation implies a conjugate equation. In the future, we shall 
indicate the validity of the conjugate by the abbreviation “conj.” It is to 
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be noted, on the formal side, that in passing to the conjugate, indices are 
starred. The star of a starred quantity removes the original star. 

We now introduce the vector v*(£*,£>") of the first type with the transforma- 
tion law 

x 

(2.13) 
Associated with each such vector is its conjugate, or vector of the second 
type v**, with transformation law 
(2.14) = Ayo. 
The theory can be extended to affinors of any mixed valence. 

Let us introduce a connection in X, by means of the n* quantities T, 
which are functions of position. Then, we define the covariant differential of 
a contravariant vector by 


(2.15) = dv + Trev dt’, conj. 


The IX, transform in a well known manner(*) under (2.5). We now write for 
a covariant vector 


(2.16) bw, = dw, — , conj. 
By expanding the ordinary differential of a vector, we obtain 
(2.17) dy = + conj. 


If we define the covariant derivative of w,, v* by means of 


(2.18) = 9,0 ye, = — Tarte, 
(2.19) Ved = = OyeW,, CODj., 
then 

(2.20) = + conj., 

(2.21) bw, = dV, wy, + conj. 


An hermitian X, with a covariant derivative defined by (2.18), (2.19) is de- 
noted by K,. 
We now introduce an hermitian tensor with hermitian symmetry 


(2.22) Oye = (Aye) = ayer, 


the (’) indicating the transpose matrix. If we condition a+ by requiring 
that 


(*) I, p. 75, (7.4). 
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(2.23) Barge = O = — + — , 

then the space K, becomes a unitary K,. For such a space, from (2.23), we 
can prove(’) 

(2.24) = — = 0, conj., 

(2.25) = — = 0, conj. 


The a,* is now a fundamental tensor and can be used to raise and lower in- 
dices through the V operator; that is, if 


(2.26) = dyer, conj., 

then 

(2.27) = conj. 

If we define the contravariant fundamental tensor a*** by 


(2.28) Cre = Aj, COnj., 


then (2.24), (2.25) may be solved for the connection 


(2.29) Tin = = 


ox® 


For the curvature affinor, we have the components(8), 


(2.31) Ryn = + Conj., 
(2.32) = CONj. 


The sign [ ] on the indices means that the alternating product is to be formed; 
the sign () enclosing indices means that the symmetric product is to be 
formed; the sign | | implies that indices enclosed are not to be included in 


any alternating or symmetric product(°). 
For unitary K,, we find from (2.29) (*°) 


(2.33) Rin = 0, conj. 


Next, we introduce the torsion affinor 


(2.34) Sa = Tat, conj. 


(7) II, p. 234, (21.40). 
(®) II, p. 233, (21.33). 
(*) I, pp. 14, 15. 

(**) II, p. 235, (21.43). 
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T? this affinor does not vanish in K,, then we may say that K, has torsion. 

Finally, we introduce an unitary-orthogonal ennuple('') at each point P 
of K,. We may denote these vectors by u(£, £") (subindex k=1, --- , m) 
where 


i i 
(2.35) = ; = 8, conj. 


Here 6 is the Kronecker symbol. We note that at each point P there are 
co *(=—1)/2 such ennuples. Let ’K, be another unitary space also mapped by 
the variables £*. We say that the point P(£*) of K, corresponds to the point 
’P(&) of ’K, and conversely. Let ‘u>(#*, subindex k=1, - - - , m, denote 
an unitary orthogonal ennuple at ’P(£*). We now form the definitions 


DEFINITION 1. We shall say that two ennuples of K, and 'K,, at correspond- 
ing points P and 'P are corresponding ennuples if functions a(&*, £*), subindex 
j=1,---, m, exist so that 


(2.36) ‘ty =a ‘th, not summed on j. 


DEFINITION 2. If the a (subindex j) are all equal, we say that the two ennuples — 
correspond conformally. 


III. Conformal unitary spaces; correspondence of paths. Consider two 
unitary spaces K,, ‘K, both mapped by the variables —* and whose funda- 
mental tensors are related by 


(3.1) ‘Gye = CON}. 
Here ¢ is a function of £, £°. Taking the conjugate of (3.1) and using (2.22), 
we see that a is real. Hence, 


DEFINITION 3. Two unitary spaces whose fundamental tensors are related by 
(3.1) where o is real will be said to be conformal. 


By use of (3.1) and (2.29), we find 


(3.2) = Tian + log ¢, conj. 


We shall now prove the theorem 


THEOREM 1. Unitary spaces Kn, 'Kn, both without torsion, cannot be con- 
formal, unless K,, and 'K,, are the same space. 


For if these spaces were conformal, then (3.2) would be valid. By our as- 
sumption, the connections of both spaces are symmetric. Thus 


(*) I, p. 235. 
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(3.3) Aun log ¢ = 0, conj. 
By expanding, we find 
(3.4) 0, log ¢ = 0, conj. 


Hence ¢ is a constant. Such a conformal transformation takes K,, into itself. 

We shall assume in the future that at least one of the unitary spaces K,, 
'K, has torsion. If only one of these spaces has torsion (K,), then from (2.35), 
(3.2) we see that 


(3.5) =— Pr = log o, conj. 

The connection of K, is then said to be semi-symmetric(*). In the general 
case, we may write (3.2) in the form 

(3.6) Toa) = + conj. 


If we denote these symmetric parts of the connection by 


(3.7) = Tow = conj. 


and replace the vector p, by 
(3.8) gx = pr/2 = A log a/2, conj.; 
then (3.6) becomes 


(3.9) = + 2A conj. 
But, the equations (3.9) are well known in the theory of paths. These equa- 
tions state that the paths of K, and ’K, correspond(*). Hence, we have the 
theorem: 

THEOREM 2. If two unitary spaces are conformal, then their paths corre- 
spond. 

This last theorem has no equivalent in the theory of real spaces. 

We shall now prove a converse of Theorem 2. Consider two unitary spaces: 
’K, without torsion; K, with torsion. Let us assume that the paths of these 
spaces correspond. Hence the connections of these spaces are related by 


(3.10) = Tin + 24 Gq», conj., 
where 


(3.11) = conj. 


(#) I, p. 82, (7.27). 
() II, p. 176, (18.1). 
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In our work, we shall find it useful to consider the particular correspondence 
of paths for which g,(£*, £*") is a gradient vector. Hence, we define: 


DEFINITION 4. The particular correspondence of paths determined by (3.10) 
when q 1s a gradient vector of a real scalar function of position shall be called 
restricted correspondence of paths. 

The curvature affinors determined by the connections occurring in (3.10) 
may be found from (2.31), (2.32). With the aid of (3.10), we find that these 
affinors are related by(™) 


(3.12) "Rin = Ran + 2A regan — conj., 
(3.13) "Raw = Re + 2(Vrqu)Ar, conj., 

where 

(3.14) Gen = — + CON). 


In these equations, the V, (superindex s) represents covariant differentiation 
with respect to the connection occurring in the right-hand side of (3.10). Fur- 
thermore, by (2.33), the left-hand side of (3.12) vanishes. Finally, we define 


the affinors 


(3.15) = CODj., 


(3.16) 
We may now state our theorem as: 


THEOREM 3. If two unitary spaces, 'K, without torsion, K, with torsion 
are given, and if (1) the paths of these spaces are in restricted correspondence, 
(2) the affinor ‘C2 vanishes, (3) one arbitrary unitary orthogonal ennuple at 
one arbitrary point P of K, is conformal to the corresponding ennuple at the 
corresponding point 'P of 'K,, (see (2.36)), then the two spaces are conformal. 


By assumption (1), the equation (3.10) is valid. Substituting (2.29) into 
(3.10) and transvecting with ’a,4*, we find 


= "Rape utay CON). 


(3. 17) + + "Brat Gus conj. 


We shall consider (3.17) as a system of partial differential equations in ‘a)a 
where I, (superindex s) and g, are considered as known. The integrability 
conditions of (3.17) are 


(3.18) 8 Oras = 0, conj., 
(3. 19) 8 = 0, conj. 


(*) II, p. 240, (21.62). 
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Our method of procedure is to show that because of our assumptions, the 
equations (3.18), (3.19) are identically satisfied. It then follows that there ex- 
ists an unique solution for ‘a,,« which by (2.22) contains n(m+1)/2 constants 
of integration. From (3.11), (2.29) the equation (3.17) may be written in the 
form 


(3.20a) Or) ae = (8 + Qr + conj. 


Since the connection of ’K, is symmetric, (3.20) may also be written in the 
form 


(3.20b) rar = (8 + CONj. 
This last set of equations constitutes a system of linear homogeneous partial 
differential equations. For, we can write (3.20b) in the form 
(3. 20c) Oy — A,r ‘Grae = 0, conj., 
where A;;’ are known functions of £* defined by 
(3. 20d) Ay = @ + Aug, + Argu, Conj. 
If n(n+1)/2 particular integrals of (3.20c) are denoted by 


(3.21a) "Arar, k=1,---, n(n + 1)/2, 


then the general solution of (3.20c) is given by 


(3.21b) ‘hae = k=1,---, (n+ 1)/2; conj.; 


where c, subindex k, are arbitrary complex constants. By substitution, we see 
that one particular solution of (3.20a) or (3.20c) is 

(3.21c) = CONj., 

where ¢ is a real solution of 

(3.21d) log = 2q,, conj. 

Since q, is the gradient of a real scalar ¢, the solution of (3.21d) for ¢ is given 
by 

(3.21e) log ¢ = 26 + f(") +5, 

where s is an arbitrary constant and f is an arbitrary function. The conjugate 
equation of (3.21d) yields 

(3.21f) log ¢ = 26 + g(®) + +. 


This last result follows from the facts that ¢, ¢ are real; 7 is an arbitrary con- 
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stant and g is an arbitrary function. Upon taking the conjugate of (3.21e), 
we find 


(3.21g) + f*(P) = + 


Since £*, =" are independent, the functions f, g both vanish. Furthermore, 
s=r and s is real. Thus is given by 


(3.21h) o = 


real S is a real arbitrary constant. 
The general solution of (3.20c) can now be written as 


(3.22a) = + k=2,---, 1)/2; conj. 


Note, that o contains an arbitrary constant. We now use condition (3) of our 
theorem to show that c (subindex k=2, - - - ) must be zero. At P, we ex- 
pand ‘a)_+ (superindex k) in terms of the ennuple and find 


(3.22b) = titer, conj. 


By substituting (3.22b) into (3.22a) and transvecting with the u, “+ vectors, 
we obtain by use of (2.35) and (2.36)—where all a’s are equal— 


(3.22c) 
(3.224) = (aa*—o), k= 2,---,n(n+1)/2. 


We can evidently fix the arbitrary constant in ¢ so that the right-hand side 
of (3.22d) vanishes at some point P. Let us assume that the c (subindex k) 
are not all zero. Then the [n(#+1)/2—1] solutions ‘a,,+ (superindex k) are 
linearly related at P. Since the ‘a),+ (superindex k) satisfy a system of linear 
partial differential equations, these ‘a),- are not independent in K,. It will 
be shown in (3.41) that the integrability conditions of (3.20a) are identically 
satisfied in virtue of condition (2) of our theorem. Hence, from the theory of 
linear differential equations, (3.20a) has m(m+1)/2 independent integrals 
y,*, ‘dy,* (superindex k). Thus c (subindex k) must vanish and the only 
solution of (3.20a) under the condition (3) of our theorem is 


(3.23) = COD). 


Thus, we have reduced our problem to showing that the conditions (3.18), 
(3.19) are identically satisfied. We first consider (3.18). From (3.17), we find 


(3.24) 
+ + (8 + CON). 
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With the aid of (3.17), we see that the third term on the right-hand side of 
(3.24) vanishes. We next simplify terms two and four: 


ex ae 8p an ae 


Upon substituting these simplifications into (3.24) and using (2.31), (3.14)» 
we obtain 


(3.27) = Rod “ear + Gris’ — CON). 
From (3.12), (3.27) we find 


(3.28) = conj. 


Since the right-hand side of (3.28) vanishes for a unitary 'K,, we see that the 
conditions (3.18) are identically satisfied. 

The verification of (3.19) requires considerable computation due to the 
unsymmetric character of the indices. We shall list the principal steps. By 
taking the conjugate of (3.9) and using (2.30), we find 


(3.29) Oye’ = Once a conj. 


By differentiation of (3.29), 


+ + One) Que +. conj. 
We simplify terms two, three and five of the right-hand side by means of 
(3.17), 


(3.32) a’ Gre = + "Daye conj., 
(3.33) = + + COnj. 
From (3.17), by differentiation, we get 


(3.30) 


+ + (Oye’ One) da + conj. 


For the terms two, three and five of (3.34), we obtain 


(3.34) 


(3.36) (Oye’ dare) + "Gaye + conj., 
(3.37) = | + + 'AyeGreJa, CON}. 
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When we subtract (3.30) from (3.34), we find that the set (3.31), (3.32), 
(3.33) cancels against (3.35), (3.36), (3.37). And we obtain 


= — ar)’ Gos 


(3.38) 


This equation may be simplified by transvection and use of (2.32) into 


2’a Gyre = Ray'a ‘One — Rya 


3.39 


Upon replacing the first and second terms of the right-hand side by their 
values as determined by (3.13), and using (3.15), we find 


(3.40) = — "Rea, conj. 


From (3.40), (3.16), these last integrability conditions are equivalent to 


(3.41) cf = 0, conj. 


Hence our theorem is proved. 

The extension of this theorem to K,, 'K, both with torsion is not possible. 
For then the term ‘S,X’a,ae must be added to the right-hand side of (3.17); 
the argument (3.20, 3.21) is then no longer valid. 

IV. Conformal unitary k-spaces; a conformal invariant. We first define a 


unitary k-space by 


DEFINITION 5. If the fundamental tensor of a unitary space K, can be written 
in the form daye=BO.0, log k, where k is real and B is an arbitrary function of 
£', £" then K,, shall be said to be a unitary k-space. 


From (2.29), we see that those k-spaces for which 8 =1 have a symmetric 
connection. Such spaces have been studied by Mitrochin, Fuchs, Bergman 
and others('5). The class of k-spaces with real 8 are evidently conformal to 
those k-spaces for which 8 = 1 (fixed k). Hence by Theorem 1, the connections 
of the class of k-spaces with real 8 (6 not constant) possess torsion. 

If we fix the function k, but allow to vary, then we obtain a set of such 
k-spaces. In particular, we consider those 8B which are the product of a real 
function and an initial 6;. Any two spaces of such a set are conformal to each 
other. We define a subset of such spaces by the following: 


(5) Uber die Verinderung der Kriimmung von Hyperflichen bei Pseudokonformen Abbild- 
ungen, by I. Mitrochin, Bulletin de |’ Institute de Mathématiques et Mécanique a I’ Université 


Koubycheff de Tomsk, vol. 1 (1937), no. 3. 
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DEFINITION 6. All unitary k-spaces (fixed k) whose fundamental tensors are 
related by 


(4.1) ‘Oye = Conj., 
where a is any real number, will be said to be k-conformal. 


This definition imposes the following restrictions on 8. Consider two k- 
spaces 


(4.2) Oye = B00, log k, conj., 

(4.3) = log k, conj.., 

If these k-spaces are k-conformal, then 

(4.4) kB; = Bo. 

Evidently, the ©! k-spaces whose first fundamental tensors are 
(4.5) B10 0, log k; log k; log k, etc., 


are k-conformal to each other when a, a’, etc., are any real numbers. We now 
prove the theorem 


THEOREM 4. The affinor C8 is a conformal invariant of all unitary k-spaces 
which are k-conformal. ~ 


From (3.16), (3.10), (2.32), we find for any two unitary conformal spaces 
2p 8 8 
(OyeT + A + con). 
Simplifying (4.7) with the aid of (3.16), we obtain 


= Cages +10 One + 
- Maeda conj. 


(4.8) 
Since our spaces are k-spaces and k-conformal, then (4.2), (4.3), (4.4) are 
valid. Furthermore, from (3.8) 

(4.9) gre = log conj. 

Hence from (4.1), where c=k*, and (4.3), we find 

(4.10) Ougre = log k = conj. 

From (4.9) conj., we have 

(4.11) = log k = conj. 


{ 

| 
j 
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From (4.10), (4.11), we find the important relation 
(4.12) = Augre, CONj. 
Upon substituting (4.11), (4.12) into (4.8), we see that 


(4.13) = Cust , con). 


Hence our theorem is proved. 
We may also prove the converse theorem: 


THEOREM 5. If two unitary spaces are conformal and the affinor C.,8 is a 
conformal invariant, then the spaces are k-spaces. 


From (4.8), we find that the condition (4.13) is equivalent to the two con- 
ditions 
(4. 14) = Ougr, conj., 
(4.15) = p dye, CON). 
From (3.8), we find 
(4.16) log ¢ = 2p conj., 
where a is real. Hence our theorem is proved. 


UNIVERSITY OF TEXAS, 
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ON A GENERALIZED FORM OF PLATEAU’S PROBLEM 


BY 
R. COURANT 


1. Introduction. In the variational problem of Plateau and in its general- 
ization by Douglas, minimal surfaces S of least area are sought whose bound- 
ary I shall consist of monotonically described curves in euclidean space with 
coordinates x1, x2, x3('). These surfaces are represented parametrically by posi- 
tion vectors r(u, v) in a parameter domain B of the u, v-plane with the bound- 
ary C, in such a way that f is continuous in B+C and maps C monotonically 
on I’. For the formulation of the problem and for the usual existence proof 
the monotonic character of the mapping of C on I is essential(?) (and implies 
as a consequence, incidentally, that C and T correspond to each other in a 
one-to-one way). However, from a geometrical viewpoint the restriction im- 
posed on the parametric representation of the boundary is not natural. There- 
fore we replace the Plateau problem, here called Problem I, by another 
problem differing from the former by considerably weaker boundary con- 
ditions which do not stipulate continuity and monotonicity of the boundary 
mapping. This new “Problem I1,” to be formulated presently, is solved by 
the method developed in connection with “free boundaries” (*). It is the pur- 


pose of the present note to prove that the solutions of the Plateau Problem I° 
also solve the new Problem II; in other words, our widening of the range of 
competition does not affect the value of the minimum area. That this result 
is not obvious appears from the example at the end of this paper. We confine 
our proof to the case of a simply-connected surface S whose parameter-do- 


Presented to the Society, April 27, 1940; received by the editors May 22, 1940. 

(‘) The restriction to three dimensions is not essential; the reasoning applies equally well 
in m dimensions. 

(7) References— 

[1] J. Douglas, Minimal surfaces of higher topological structure, Annals of Mathematics, (2), 
vol. 40 (1939), p. 205 ff. 

[2] R. Courant, The existence of minimal surfaces of given topological structure under pre- 
scribed boundary conditions, Acta Mathematica, vol. 72 (1940), p. 51 ff. 

[3] R. Courant, The existence of a minimal surface of least area bounded by prescribed Jordan 
arcs and prescribed surfaces, Proceedings of the National Academy of Sciences, vol. 24 (1938), 
pp. 97-101. 

[4] R. Courant and N. Davids, Minimal surfaces spanning closed manifolds, Proceedings 
of the National Academy of Sciences, vol. 26 (1940), pp. 194-199. 

[5] R. Courant, Plateau's problem and Dirichlet’s principle, Annals of Mathematics, (2), 
vol. 38 (1937), p. 679 ff. 

[6] R. Courant, Conformal mapping of multiply connected domains, Duke Mathematical 
Journal, vol. 5 (1939), p. 814 ff. 

(*) See [2], [3], [4]. 
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main B is the unit circle. The generalization to topologically higher cases does 
not present any new difficulty. 

2. Problem II. Generalized minimizing sequences. In the unit circle B 
with the circumference C we consider “admissible vectors” r(u, v), or in polar 
coordinates r(r, 8), defined by the conditions: r is continuous and has piece- 
wise-continuous(‘) first derivatives in B; the boundary of rf is on the pre- 
scribed Jordan curve [ in the x-space—this means that all limit points of 
t(u, v) are on I as (u, v) tends to C; finally, instead of a monotonic mapping 
of C on I’, we require that the curve r(r, @) for fixed r shall be continuously 
deformable into the simply described curve T in such a way that for r suffi- 
ciently near to 1 this deformation can be effected within an arbitrarily small 
neighborhood of I’. This topological condition is equivalent to the condition 
that, if H is any fixed simple polygon which is simply linked with I’, the curve 
t(r, 0) shall, for r sufficiently near to 1, be simply linked with H(°). 

Problem II requires constructing an admissible vector for which the 
Dirichlet integral 


attains a minimum value d. The existence of admissible vectors with finite 
D(z) is assumed, and certainly assured if IT is rectifiable(*). 

Problem I differs from Problem II by the restricting assumption that r 
is continuous in B+C and maps C monotonically on L. If & is the minimum 
value of D(r) in Problem I we certainly have k 2d, since vectors admissible 
in I are admissible in II. Our goal is to prove d=k. 

In [2] and [4] it is shown that Problem II is solved by a minimal surface 
S. This solution is obtained as the limit of a sequence of vectors r, whose 
members satisfy the conditions of admissibility except that the boundary of 
rt, need not be exactly on I but may be on a manifold I’, which tends to 
as m increases, such that the maximum distance of points of I’, to I tends to 
zero. Sequences of this type are called “admissible sequences.” The smallest 
lower limit of D(r,) for all such sequences is, as seen in [4], the same value d 
as for minimizing sequences of strictly admissible vectors. An admissible se- 
quence f, for which D(r,)—d is called a generalized minimizing sequence. 

3. Proof of the main theorem. For the proof we shall apply a general de- 
formation method(’) and a theorem on conformal mapping(*). To avoid non- 


(*®) This means that in any closed subdomain the continuity may be interrupted at a finite 
number of points or arcs with continuously turning tangent. 

(5) As to the essential character of such linking conditions, compare [2], [4]. 

(5) See, e.g., [2], p. 54, Footnote 2. 

(7) See [5], pp. 695, 707, and [6], p. 820. 

(*) Also applied in [2] and [5]. 
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essential technical complications we make the assumption that I is piecewise 
smooth, i.e., consists of a finite number of arcs having tangents continuous 
including the end-points. 

In [2] and [4] it is shown that every generalized minimizing sequence fr, 
can be replaced by such a sequence of harmonic vectors, which has a subse- 
quence converging to a solution of II. The parameters u, v of each vector may 
be so chosen that the origin always corresponds to a point on the polygon H. 
In [2] and in the previous literature the following theorem on Problem I is 
established: if I’, is a sequence of simple polygons converging to I’ in the 
Fréchet sense, and if 3, is admissible in Problem I for T’,, then the solution 3 
of I for T satisfies the inequality 


D(3) lim inf D(j,). 


The goal of this paper is therefore attained if we construct a generalized mini- 
mizing sequence for II consisting of such vectors 3,(u, v) which map C con- 
tinuously and monotonically on I’,, and hence are admissible in the varia- 
tional Problem I for the contour I,. 

The construction of 3, will proceed in two steps. If the harmonic vector 
r(u, v), or in polar coordinates r(r, #), isa solution of Problem II with D(r) =d 
and if r,<1 is a sequence of radii tending to 1, then r,(r, 0)=r(r/ra, 9) is 
certainly a generalized minimizing sequence; the boundary f,(1, @) is an ana- 
lytic curve A, which, for given small «=e, and sufficiently large r,, will be 
everywhere nearer to I then ¢€/2. 

We inscribe in T a polygon I’, whose edges have a length between e'/? and 
2e'/2. By choosing the vertices of I’, on I and by choosing a suitably large 
unit length in the x-space we are sure that for sufficiently small ¢e the distance 
from every point of I’, to I is less than €/2, therefore to A, less than e. (Here 
the piecewise smoothness of T is used to ensure that the distance between 
and I, is small of a higher order than the edges of I’,.) For e«=€, we choose a 
sequence tending to zero, so that I’, tends to I in the Fréchet sense; rn, fn, An 
are defined accordingly. 

Now the first step of the construction consists in replacing the sequence fr, 
by another generalized minimizing sequence »,(u, v)=),(7, 6) such that », 
is continuous in B+C and maps C on the polygon I’, instead of on A,. »,(1, 4) 
is piecewise analytic in 6 but not necessarily monotonic. The second step 
consists in showing that the sequence y, may be replaced by another general- 
ized minimizing sequence 3, with the same properties as y,, but mapping C 
monotonically on I’,. Our main theorem will then be proved. 

We start with the second step, assuming that the sequence 9, has already 
been constructed. If »=»,(r, 6) has piecewise analytic boundary values 
y(1, 0) which describe the polygon I’, not monotonically, there are but a 
finite number of “stationary” 6-intervals along which y is a constant and 
a finite number of “folds,” i.e., parts of I’, which are described more than 
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once and in different directions. We eliminate the stationary intervals and 
folds successively by conformal mapping. If AoA1: 0:.50<4:, is a stationary 
interval s on C, we map the circle B conformally on another unit circle B’ 
with a slit s’ so that the slit s corresponds to the arc s. This mapping trans- 
forms » in B into y’ in B’—s’ and, because of the invariance of the Dirichlet 
integral, we have 


= Da(v). 


But, since ’ is constant on s it is continuous in B’ including its boundary. 
Denoting B’ and y’ again by B and », we have replaced »=y, by another 
vector with the same properties and at the same time reduced the number of 
stationary intervals by one. Repeating this process we eliminate in y all sta- 
tionary intervals. 

The folds are treated in a similar way. Suppose the interval s: ApPA: on C 
corresponds to a fold such that the arcs AoP and PA; are mapped analytically 
on the same portion of an edge of I',, each arc monotonically but the two arcs 
with different sense of description. Then those points on AoP and PA, which 
have the same image point on I’, correspond to each other by an analytic 
transformation of 6. Hence, according to a procedure used in previous publi- 
cations(*) (sewing theorem) we can identify such corresponding points by con- 
formal mapping. Namely, we can map B on a unit circle B’ with an analytic 
slit s’ so that the interiors of the arcs ApP and PA; correspond to the two 
edges of s’ and that corresponding points on s go into opposite points on the 
two edges of s’. The end-points Ao, A, P are transformed into points or pos- 
sibly into analytic slits. Again, ) is transformed into y’ in B’—s’ and the 
reasoning proceeds as above, since 9’ remains continuous in B’ after erasing s’. 
In this way, by a finite number of steps, all the folds are eliminated without 
any change of the Dirichlet integral. We therefore obtain, starting from ), 
a new generalized minimizing sequence 3, as stipulated. 

The remaining step, i.e., the construction of », from 2,, is done by a gen- 
eral variational method(!*). We consider the influence of certain deformations 
of the whole x-space on the variational integral. In our case these deforma- 
tions are to affect only the neighborhood of I. They deform the analytic 
curve A, given by 1r(r,, 8) into the polygon I’,. Considering those points in 
the x-space which are images under 1,(u, v) of points in B, we transform 
t,(u, v) into a vector ,(u, v), and we shall see to it that y, is again a general- 
ized minimizing sequence. Our transformations will be described as composed 
of a finite number of “pinching processes” : 

(a) First, “5-pinching around a point P” is defined as follows: assuming P 
to be the origin x; =x:=x;=0, we define, for a given small 6 and ¢=#(6) >1, 


(*) See [2], p. 57 ff. 
(*) See [2], p. 81. 
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the vector 
= P(r) xi, 
where r?=)>x7 and 
p=1 for r>#; p=0 for 


r 
for 


with ¢ =1/log ¢. In other words, the deformation pinches the 5-sphere around 
P into P, leaves points outside of the larger sphere with the radius ¢6 un- 
changed, and moves every point on a straight line towards P. Substituting 
for x; functions of u and v we obtain y; as functions of u and v and thus a vec- 
tor v). 

To compare the Dirichlet integral of » with that of r we consider in B 
the subset B* where p<1, i.e., those points u, v whose images under r(u, v) 
are nearer to P than #5. Let D* =Dz- denote the Dirichlet integral over B*. 
We then have, since |z| =r, |x*| <r, |p| <1(, 


1 i i, 1 


t=1 


1 
f t 30° + 
hence 
1 


which shows that for small ¢ the influence of the transformation on the Dirich- 
let integral is small. We may write 


1 
(2) Diy) f (1+ + 


where »=0 outside B* and 
(3) | n| < 30(8) 
elsewhere. 


(“) The coordinate indices are written as superscripts here and immediately below. 
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(b) Secondly, we introduce “5-pinching around a straight segment,” for 
which, without restriction of generality, we may choose 


Si = x3 = 0; | 
t =t(6) and o are defined as above and we assume 
|lal>ws. 
We define the transformation for | x:| <a by 
%1, Y2= ys = P(p)xs, 


with p? =x3+-23 and p(p) as above. For x1 >a and x: < —a the transformation 
is defined as 6-pinching around the point x: =a and x; = —a on the segment s, 
respectively. By this pinching an essentially cylindrical bar around s with two 
half-spherical ends is contracted into s. 

Again a simple appraisal shows that, for the subdomain B* of B to which 
vectors r affected by our pinching correspond, we have the same inequality 
(1) or (2) as in the pinching around a point. 

(c) By carrying out successively N pinchings around different points and 
lines, possibly with different values of 6=6;, we obtain from rf a vector 9 with 


1 2 > 2 2 
pw s+ f (1 + 


where the 7; are defined as above. If no more than two quantities 7; differ from 
zero at the same point, we have 


D(y) (1 + 3c)*D(z) 


where o now denotes the largest value 1/log ¢, employed in our pinchings. 
(d) In applying the preceding results we consider, as above, a sequence 
of small values e=€, tending to zero, and corresponding polygons I, and 
analytic curves A, representing the boundary of r,. We transform, for suffi- 
ciently large m and small ¢=€,, r, into another vector ),, as follows: with 


8 
r=e/8 § = 7%, c= 
log 


we perform a 5-pinching around each vertex of I’,. For small values of € these 
deformations do not interfere with each other and transform I’, into itself, 
since the edges of I, are all longer than r*=e'/? and the angles between 
adjacent edges remain above a fixed positive bound. We then subject each 
edge of I’, except the ends, already pinched into the vertices, to a 6-pinching 
as under (b). In this deformation we choose as s a symmetric part of the edge 
by cutting off from each end the length 37° so that, if /2=7‘ is the length of the 
edge, we have 
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2a = 1 — +, 6 = 73, 71, = 


Here the dimensions are again so balanced that for sufficiently small ¢ no 
interference with another edge occurs. Moreover it is obvious that the suc- 
cession of all our pinchings results in a piecewise analytic deformation of fr, 
into a vector 9, such that the analytic curve A, is transformed into I, and 
that the condition for the inequality (1) is satisfied for r=2,, )=Yn, T=, 
=8/log e<'. Hence the y are again a generalized minimizing sequence. The 
proof of our main theorem is thereby completed. 

4. Remarks. While every solution of I is proved to be a solution of II, 
the converse is not necessarily true. The following example demonstrates that 


for certain prescribed Jordan contours [' the absolute minimum in the gen- 


eralized problem can be attained by a vector r(u, v) which maps the circle C 
in a continuous but non-monotonic way on I’, such that on a part of I a fold 
is formed. 

We consider a simply-connected minimal surface S with a branch point 
similar to that of the Riemann surface of w'/? and furnishing the absolute 
minimum for a Plateau Problem I(!*). Any continuous, non-self-intersecting 
curve I on S obviously bounds a simply connected minimal surface T on S 


() Apparently no instance of a minimal surface with branchpoint has been pointed out 
explicitly in the literature. However, the following procedure provides infinitely many examples: 
We start with a triangle OAB where OA and OB are straight segments of equal length forming 
an angle of 120 degrees and AB an arc (e.g., circular or polygonal) not in a plane with the points 
O, A, B. This triangle bounds a minimal surface M’ of least area. Now, by reflecting M’ suc- 
cessively on its straight edges issuing from O we obtain after 5 reflections a minimal surface M 
of the desired type with O as branchpoint and with three straight lines of self-intersection at 
angles of 120 degrees. That any simply connected portion S of M including the branchpoint O 
and having a piecewise smooth boundary curve furnishes an absolute minimum for the area, is 
inferred, for sufficiently flat triangles OAB from the classical theory. Our figure shows only the 
one line of self-intersection which is used for the construction. 

Dr. C. L. Siegel in Princeton called the author's attention to a paper by B. Stessmann, 
Periodische Minimalflichen, Mathematische Zeitschrift, vol. 38 (1934), pp. 417-442, in which 
the Example 4 leads to a surface of the type described above. According to a personal communi- 
cation, Professor Rad6, using the principle of reflection, likewise has constructed an example of 
a simply connected minimal surface with branchpoint, bounded by a knotted clover-leaf curve. 
(This footnote was added January 15, 1941.) 
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solving Problem I for the boundary I. Figure 1 represents such a surface S 
topologically but with some metric exaggeration; for the sake of clarity, the 
curve I is indicated by a heavy line. The line T goes through the branch point 
and follows along a segment of a line of self-intersection c of S. T is repre- 
sented separately in Figure 2. The portion T on S to the right of I’ has the 


Fic. 2 


minimum area k for Problem I. On the other hand we may, instead, cut the 
surface T along the line of intersection c as far as c coincides with T’. T then 
becomes another simply connected domain T’ with the same area and the 
same boundary I’, except that the part of I along this cut now is described 
once in one direction and twice in the other, as indicated in the Figure 3. 
T is therefore a solution of II which is not a solution of I. 
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PENCILS ON AN ALGEBRAIC VARIETY AND A NEW 
PROOF OF A THEOREM OF BERTINI 


BY 
OSCAR ZARISKI(‘) 


Introduction. A well known theorem of Bertini-Enriques on reducible lin- 
ear systems of V,_;’s on an algebraic V, (i.e., linear systems in which each 
element is a reducible V,_,) states that any such system, if free from fixed 
components, is composite with a pencil. The usual geometric proof of this 
theorem is based on another theorem of Bertini, to the effect that the general 
V,-; of a linear system cannot have multiple points outside the singular locus 
of the variety V, and the base locus of the system. This geometric proof has 
been subsequently completed and presented by van der Waerden under an 
algebraic form [3]. 

In this paper we give a new proof of the theorem of Bertini on reducible 
linear systems and we also extend this theorem to irrational pencils, i.e., pen- 
cils of genus p>0. Our proof does not make use of the second theorem of 
Bertini just quoted. In the case of pencils (linear or irrational), we first ob- 
serve that a pencil {W} on V, is defined by a field P of algebraic functions 
of one variable which is a subfield of the field = of rational functions on V,. 
The whole proof is then essentially based on the simple remark that the pencil 
{ W} is composite with another pencil {W}, defined by a field P, if and only if P 
is a subfield of P. This property is a straightforward consequence of the geo- 
metric definition of composite pencils. As a matter of fact we prefer to define 
composite pencils by this property. At any rate, it is then true that a pencil 
{W} is non-composite if and only if the corresponding field P is maximally 
algebraic in 2. In the light of this approach to the question, the theorem of 
Bertini on reducible pencils is almost a direct consequence of the well known 
fact that an irreducible algebraic variety V, over a ground field K, is abso- 
lutely irreducible if K is maximally algebraic in the field of rational functions 
on V. 

In the case of linear systems of dimension >1 the proof is even simpler, 
provided use is made of a certain lemma (Lemma 5). This lemma is, however, 
of interest in itself. 

A sizable portion of the paper (Part I) is devoted to the development of 
the concept of a pencil and of the basic properties of pencils in the abstract 
case of an arbitrary ground field (of characteristic zero). 


Presented to the Society, January 1, 1941; received by the editors July 1, 1940. 
(*) Guggenheim Fellow. 
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PENCILS ON AN ALGEBRAIC VARIETY 


I. PENCILS oF V,_;’s ON A V, 


1. Divisors of the first kind. Let V be an irreducible algebraic r-dimen- 
sional variety in a projective m-space, over an arbitrary ground field K of 
characteristic zero. We shall assume that V is normal in the projective 
space(*). Let 2 be the field of rational functions on V. Since V is normal, 
any irreducible (r — 1)-dimensional subvariety I of V defines a prime divisor 
of i.e., an homomorphic mapping of upon (21, ©), where is the 
field of raticnal functions on [’. There is also an associated (r — 1)-dimensional 
valuation B of =/K, whose valuation ring % is the quotient ring Q(T) of I’). 
It is well known that B (being of dimension r—1) is a discrete valuation of 
rank 1, i.e., its value group is the group of integers. If 7 is an element of = 
and if its value vg(7) in the valuation B is a (a a positive, negative, or zero in- 
teger), we shall say that 7 has order a at the prime divisor &, or along the variety 
I’. We shall also say that 7 vanishes to order a at f, or along I, if a>0, and 
that 7 is infinite to the order —a at §, or along TI, if a<0. 

The prime divisors f defined as above, by means of irreducible subvarie- 
ties of V of dimension r —1, shall be referred to as divisors of the first kind (with 
respect to V(*)). Dealing with the given normal variety V, we shall only deal 
with prime divisors of the first kind with respect to V. Concerning these we 
state the following well known theorem (Krull [1, p. 137, Vollstandigkeits- 
eigenschaft }) : 


(*) For the definition of normal varieties see our paper [4, p. 279, 283]. Our assumption 
implies that V is normal in the affine space, for any choice of the hyperplane at infinity. It is this 
weaker condition that really matters in our present treatment, rather than the condition that V 
be normal in the projective space. The restriction to normal varieties (either in the projective 
or in the above affine sense) is a sound principle from the standpoint of birational geometry. 
We have proved, in fact, that normal varieties exist in every class of birationally equivalent 
varieties. We have also associated with any given variety V a definite class of projectively re- 
lated normal varieties, the derived normal varieties of V [4, p. 292], and therefore results proved 
for these can be readily restated as results concerning the original V. Finally, we point out that 
the class of varieties which are normal in the above affine sense includes the class of varieties 
which are free from singularities (in the projective space). 

(8) We choose as hyperplane at infinity any hyperplane which does not contain I. Let 
:, +++, &, be the nonhomogeneous coordinates of the general point of V. Since the subvariety T 
is not at infinity, it is given by a prime ideal p of the ring o=K[£,, - - - , &:]. This ideal is (r —1)- 
dimensional and is minimal in 0. Since V is normal, the ring 0 is integrally closed in its quotient 
field 2. Therefore the quotient ring 0» (=Q(T)) is a valuation ring £2. The residue field of the corre- 
sponding valuation B is the quotient field of the residue class ring 0/p, and hence coincides 
with 2;. The homomorphic mapping of 2 upon 2; defines the prime divisor ¥. 

(*) The notion of a prime divisor of the second kind with respect to V is defined as follows. 
Any prime divisor $ of = is by definition a homomorphic mapping of = upon (2;, ©), where 21 
is a field of algebraic functions of r —1 variables. By a proper choice of the hyperplane at infinity 
we may arrange matters so that none of the coordinates & is mapped upon the symbol «. The 
elements of the ring 0 (see Footnote 3) which are mapped upon the zero element of = form then 
a prime ideal p in 0, and this prime ideal defines an irreducible subvariety I of V. If I is of di- 
mension r—1, then our divisor § is of the first kind and is uniquely determined by I. If I is 
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If an element n of = is transcendental over K, then the set of prime divisors 
of the first kind along which n is infinite is finite and non-empty. 


A divisor of the first kind will be by definition a power product 
A=P" - - - where Pi, ---, Ba are prime divisors of the first kind and 
where a, ---, @ are positive, negative, or zero integers. If all the a are 
positive integers or zero, then W is said to be an integral divisor. 

YW is said to be a principal divisor if there exists an element 7 in the field = 
such that 7 has order a; at $; (¢=1, 2, - - - , h) and order 0 at any other prime 
divisor of the first kind. Notation: &=(m). 

2. Definition of a pencil. Let P be a subfield of 2 containing the ground 
field K and being of degree of transcendency 1 over K. By means of such a sub- 
field P we proceed to define a collection { W} of (r—1)-dimensional subvarie- 
ties W of V, and namely one W for each place, or prime divisor, of P/K. 

Given an (r—1)-dimensional irreducible subvariety T of V, let $ be the 
corresponding prime divisor of =/K and let B be the valuation defined by $. 
The valuation B induces a valuation B, in the field P. The valuation B, is 
either the trivial valuation, in which every element of P (different from 0) 
has value zero, or B, is a non-trivial valuation. In the first case, the mapping 
of P in the divisor $ is an isomorphism. In the second case, P is mapped by $ 
homorphically upon a field which is algebraic over K. This mapping defines a 
place, or a prime divisor p of P/K; it is the prime divisor which is also directly 
defined by the non-trivial valuation B,. We say in this second case that the 
irreducible (r —1)-dimensional subvariety I’, or the corresponding prime di- 
visor 2, corresponds to the place » of P/K. 

It is not difficult to see that there is at most a finite number of irreducible 
V,-1's which correspond to a given place » of P/K. In fact, let t be an element 
of P whose order at the place p is positive. Then it is clear that the prime di- 
visors of the first kind which correspond to p must be among those prime fac- 
tors of the principal divisor (¢) whose exponents are positive. The number of 
such prime factors is finite, since, by a previously stated theorem, 1/¢ is in- 
finite only at a finite number of prime divisors of the first kind. 

We shall see later that to each place p there corresponds at least one irreduc- 
ible V,.,0n V. 

Let T,---, I be the irreducible V,,’s on V which correspond to the 


of dimension Jess than r —1, then § is of the second kind with respect to V. There exist infinitely 
many prime divisors $ of the second kind leading to one and the same irreducible subvariety T 
of dimension <r—1. 

It is well known that a prime divisor f of =/K defines a discrete valuation B of ©, of rank 1. 
The valuation ring & of B is the set of all elements of = which are mapped upon elements of 2;. 
Our condition on the choice of the hyperplane at infinity implies that oC 2. The subvariety 
is called the center of the valuation B on V. A prime divisor $ of £/K is of the first kind with re- 
spect to V if and only if the center of the valuation defined by $ is a subvariety of V of dimen- 
sion r—1 (and not less). 
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given place p of P/K. Let ¢ be a uniformizing parameter at p. We attach to 
each I; a multiplicity hi: namely, h; shall be the order to which t vanishes along 
T;. It is clear that h; is a positive integer and that it is independent of the 
choice of the uniformizing parameter ¢(5). We regard the variety 


Wo = ATi +--- + 


as the total subvariety of V which corresponds to the place p. We define the 
pencil {W} as the totality of all W, obtained as » varies on the Riemann sur- 
face of P/K. 

3. Adjunction of indeterminates. In order to derive the basic properties 
of pencils, we proceed to give an explicit construction of the pencil { Ww} based 
on Kronecker’s method of indeterminates. Let &, - - - , &, be, as before, the 
nonhomogeneous coordinates of the general point of V(°). We introduce the 
r—1 forms: 


= +--+ + #=1,2,---,r—1, 


where the n(r—1) elements u;; are indeterminates. These indeterminates we 
adjoin to the field 2, getting a field 2*= Z(un, The 
field =* is a pure transcendental extension of 2, of degree of transcendency 
n(r—1) over 2. We also consider the fields: 


p* = P({us;}, {ns}), 
K* = {ns}). 


The elements m, - - - , Nr-1 are algebraically independent over the field P({ u;;}). 
For, if m,---, m1 and the u;; satisfied an algebraic relation with coeffi- 
cients in P, then by specializing the u;;, u;;—>c;;EK, we could get an algebraic 
relation over P between any r—1 of the elements £;(7). This is impossible, 
since = is of degree of transcendency r—1 over P. 

From the algebraic independence of the 7; it follows that =* and P* have 
the same degree of transcendency over K, and that P* is of degree of tran- 
scendency 1 over K*. Hence: 


(® If é’ is another uniformizing parameter at p, then ¢’/¢ has order zero at p, and conse- 
quently #’/t has also order zero along Tj. 

(*) Generally speaking, the proper procedure would have been to use the homogeneous co- 
ordinates of the general point of V (Zariski [4, p. 284]), thus avoiding special considerations for 
divisors of infinity (i.e., prime divisors of the first kind, at which at least one of the elements & 
is infinite and which therefore correspond to the irreducible components of the section of V 
with the hyperplane at infinity), However, the use of homogeneous coordinates would have re- 
quired introductory definitions and proofs concerning homogeneous prime divisors and similar 
concepts associated with homogeneous coordinates. The size of such an introduction would be 
out of proportion to the limited object of this paper. We therefore prefer to deal with nonhomo- 
geneous coordinates, also because in the present case the special considerations for the divisors 
at infinity are very simple and brief. 

() See van der Waerden [2, lemma on page 17]. 
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>* is an algebraic extension of P*. If K* is taken as ground field, then P* is 
a field of algebraic functions of one variable. 


Given a prime divisor p of the field P/K, we shall want to extend p toa 
prime divisor of the field P*/K*. This extension is based on the following 
lemma, which we shall use also later on in a different connection: 


Lemma 1. Let Q* = Q(x, - - - , Xm) be a pure transcendental extension of a 
field Q (i.€., x1, «+ + » Xm are algebraically independent over Q). Given a valuation 
B of Q, there exists one and only one extended valuation B* of Q* such that the 
B*-residues of x1,---, Xm are #~ and are algebraically independent over the 


residue field of B. 


Proof. Let B* be a valuation of 2* satisfying the conditions of the lemma, 
and let n*=f(x1, Xm)/g(x1,---, Xm), gE Q[x1, xm], be an arbi- 
trary element of 2*. Some of the coefficients of the rational function f/g may 
have negative values in B. However, if we divide through f and g by a coeffi- 
cient of minimum value, we get a rational function whose coefficients have 
finite B-residues, not all zero. We may assume then that the rational function 
f/g already satisfies this condition. Let us assume that the B-residues of the 
coefficients of the denominator g are all zero. Then the B*-residue of 
- ,%Xm) is zero, since the B*-residues of ---, Xm are # On the 
other hand, the B-residues of the coefficients of the numerator f are neces- 
sarily not all zero. Hence the B*-residue of f is different from zero, since the 
B*-residues of x1, - - - , X are algebraically independent over the residue field 
of B. Consequently the B*-residue of n* is ~. 

On the other hand, assuming that the B-residues of the coefficients of g 
are not all zero, we conclude in a similar fashion that the B*-residue of g is 
#0, while the B*-residue of f is # ©. Hence the B*-residue of n* is # ~. 

Hence the valuation ring 2* of B* consists of all quotients f/g such that the 
B-residues of the coefficients are all finite and the B-residues of the coefficients of 
g are not all zero. This shows that B* is uniquely determined. On the other 
hand, the set of all such quotients is a ring 2* satisfying the condition that 
if n*C&*, then 1/n*C&*. Hence &* is a valuation ring. It is then immediately 
seen that the corresponding valuation B* of {* is an extension of B (i.e., 
2*/7) Q is the valuation ring of B) and satisfies the condition of the lemma. 

We point out that the value group of B* is the same as the value group of B 
and that the residue field of B* is a pure transcendental extension of the residue 
field of B, the adjoined transcendentals being the B*-residues of x1, - - - , Xm. The 
proofs of these assertions are straightforward. We also wish to point out ex- 
plicitly that B* depends on the particular set of generators x:,--- ,Xmof 2*/Q. 
Thus, the set of generators ¢x:, X2, - - - , Xm, CC Q, defines an extended valua- 
tion of Q* which is different from B*, whenever vp(c) #0. 

We apply the above lemma to the fields P, P*, of which the second is a 


| 
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pure transcendental extension of P. As generators of P*/P we take the ele- 
ments u;; and 7;. Let p be a prime divisor of P/K, B, the corresponding valua- 
tion of P, B* the extended valuation of P*. If A; is the residue field of By, 
then {nf}) is the residue field of where the uf and are 
the B;*-residues of the u;; and 7;. The field A; contains a subfield simply 
isomorphic to K, which we may identify with K. The fields K({ug}, {nf}), 
K({«:;}, {n:}) are simply isomorphic, in view of the algebraic independence 
of the residues uj, n¢ with respect to A,. Hence the valuation B* defines a 
prime divisor p* of the field P*/K*, i.e., if K* is taken as ground field and if P* 
is regarded as a field of functions of one variable. Hence we have associated 
with each prime divisor » of P/K a prime divisor p* of P*/K*: 


(1) p—p*. 


Since B¥ is an extension of B,, it is clear that distinct prime divisors of P/K 
extend to distinct prime divisors of P*/K*. 

We now consider the field 2*. It is an algebraic extension of P*. Hence 
the prime divisor p* factors into a power product of prime divisors of =*/K*. 
Let 


(2) p 


The following sections are devoted to the proof of the following assertions: 

(A) Each prime divisor B* (i=1, 2,--- , m) induces in = a prime divisor 
YP; of the first kind. 

(B) The prime divisors $1, - - - , Bm are distinct. 

(C) If T; is the irreducible V,_1 defined on V by the prime divisor $;, then 
-- - is the member W, of the pencil {W} which corresponds to the 
place » of P/K (in the sense of the definition given in §2). 

4. The induced prime divisors $;. We consider one of the prime divisors 

* in (2), say $*, and we denote by B* the valuation of 2* defined by $¥. 
In 2, a subfield of =*, B* induces a valuation B. Since 2* is of degree of tran- 
scendency (r—1)m over 2, the residue field of B* can be at most of degree of 
transcendency (r—1)n over the residue field of B(*). Since the residue field of B* 
is an algebraic extension of K*, it is of degree of transcendency (r —1)n+(r—1) 


(8) The proof of this assertion is immediate. Let, quite generally, =* be an extension field 
of a field £, of degree of transcendency p over 2, and let B and B* be respectively a valuation 
of = and an extended valuation of =*. Let us assume that the residue field of B* is of degree of 
transcendency 2p over the residue field of B. We consider p elements w, - - - , w, of 2* whose 
B*-residues w;, +--+, w» are algebraically independent over the residue field A of B. It is clear 
that on, - - - , w, are algebraically independent over 2. Hence, by the remark at the end of the 
proof of Lemma 1, it follows that the residue field of the valuation induced in the field 
Z(wi, , wy) by the valuation B*, is A(w,*, - , Now is an algebraic extension of the 
field Z(wi, « - + , wp). Hence the residue field of B* is an algebraic extensions of A(w;*,- -- , «,*), 
and therefore its degree of transcendency over A is exactly p. 
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over K. Hence the degree of transcendency of the residue field of B over K 
must be not less than r—1. On the other hand, $* induces in P the non-trivial 
prime divisor p. Hence B, as a non-trivial valuation, is of dimension r—1. It 
defines in = a prime divisor 2. Thus the prime divisors Bi, - - - , BR induce in 
=/K prime divisors Bi, --- , 

We next show that the prime divisors Bi, -- - , Bn are of the first kind with 
respect to V. Let us consider for instance the divisor $;. We examine separately 
two cases, according as the center of §; (i.e., of the corresponding valuation 
[see Footnote 4]) on V is or is not at finite distance. 

First case. The center of 3 is at finite distance (i.e., it does not lie in the 
hyperplane at infinity). In this case the B-residues &¥*,--- , &* of &,---, & 
are all different from «. Let “4, nf be the B*-residues of the elements u;;, 7:. 
These B*-residues are algebraically independent over K. On the other hand 
we have: =ugti+ --- Hence r—1 of the elements £* must be 
algebraically independent over K. This shows that the center of $; on V is 
of dimension r—1, whence f; is of the first kind. 

Second case. The center of 3; is at infinity. In this case some of the elements 
£; have negative values in B. Without loss of generality we may assume that 
0>va(t:)=min ve(—,)). We consider the following projective 
transformation of coordinates: 

(3) & = 1/h, ti = 
With respect to the new nonhomogeneous coordinates £/ the center of ; is 
at finite distance. To show that §; is of the first kind, we have to show that 


among the B-residues £{*, &*,---, &* of the &/ there are r—1 which are 
algebraically independent over K. To show this we observe that we have: 


tf 


(4) n= 


Hence passing to the B*-residues and noting that the B-residue of & is zero 
we find: 


(5) + wits + Winks = 0. 
These relations show that the r—1 elements uf belong to the field K({ ug}, 
j>1; &*,---, &!*). Since the (r—1)n elements u§ are algebraically inde- 
pendent over K, r—1 of the residues £*, - - - , &, * must be algebraically inde- 
pendent over K, q.e.d. 

Thus assertion (A) is fully established. ° 

5. Proof of (B). Let us consider one of the divisors B;,---, Bn, say P1, 
and let, as before, B be the corresponding valuation of 2, while B* is the valu- 
ation of =* defined by $*. We know that B* is an extended valuation of B. 
We also know that >* is a pure transcendental extension of 2. By Lemma 1, 
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B* is uniquely determined by B if a set of generators of 2* over 2 is known 
whose B*-residues are algebraically independent over the residue field of B. 
Since B¥*, - - - , B& are distinct divisors, the assertion (B) will be proved if we 
show that it is possible to exhibit such a set of generators which depend only on B. 
Let us first suppose that the center of B is at finite distance. The residue field 
of B is the field K(é¥*, - - - , &,.*), where the &¥ are the B-residues of the §;. 
Since the field K({ ug}, {ni }) is of degree of transcendency (r—1)n+(r—1) 
over K and since this field is contained in the field K({ug}, &,---, &°), it 
follows that the (r—1)m residues ug are algebraically independent over the 
field K(é*, - - - , &,*) (since this last field is of degree of transcendency r—1 
over K). Hence, if the center of B is at finite distance, the (r—1)n elements uj; 
form a set of generators of the desired nature. 

Let us now assume that the center of B is at infinity, and let, say, 
0>va(t:)=min - - - , va(En)). In this case the B*-residues uy of the u;; 
are not algebraically independent over the residue field K(&*, - - - , &,’*) of B, 
in view of (5). However, the elements u;;, 7>1, and m, - - - , 7-1 also form a 
set of generators of =* over 2. We assert that the B*-residues of these elements 
are algebraically independent over K(&/*, - - - , £.*). To show this, we observe 
that in view of the relations (5), the field 


contains the subfield K({ ug}, m', - - - , n--1). Since this last field is of degree 
of transcendency (r—1)n+(r—1) over K, and since K(é*,---, &*) is of 
degree of transcendency r—1 over K, it follows that the (”—1)r residues of 
ug (j>1), - are algebraically independent over K(&*, - - - , &,/*), 
q.e.d. 

The proof of assertion (B) is now complete. 

6. Proof of (C). Let T:, - - - , I’, be the (r—1)-dimensional irreducible sub- 
varieties of V which correspond to the prime divisors $1, ---, Bu. Let W, 
be the member of the pencil {W} which corresponds to the place p of P/K, 
in the sense of the definition given in §2. Since each prime divisor $*, and 
hence also each §;, induces in P/K the prime divisor p, # follows that 
T;,---, are components of W,. 

Let ¢ be an element of P which has order 1 at p. Then #, considered as an 
element of P*, also has order 1 at p*. In view of (2), ¢ has order h; at $*. Since 
the value group of the valuation of = defined by §; is the same as the value 
group of the valuation of =* defined by $* (see remark at the end of 
the proof of Lemma 1), it follows that ¢ has also order h; at $;. We conclude 
that I’; is an h;-fold component of W, (in the sense of the definition of §2). 

To complete the proof of (C), we have to show that if I is an irreducible 
component of W,, then I’ coincides with one of the varieties T), - - - , 'n. Let 
¥ be the prime divisor of = defined by I and let B be the corresponding valua- 
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tion of 2. Let B* be the extended valuation of B in =* defined by the following 
condition: (1) if T is at finite distance, then the B*-residues of the (r—1)n 
elements u;; are algebraically independent over the residue field of B; (2) if 
is a divisor at infinity, and if, say, =min (va(é), - -- , vs(En)), 
then the B*-residues of the (r—1)n elements u;;(j>1), m, - -, are alge- 
braically independent over the residue field of B. 

In view of Lemma 1, the valuation B* is well defined in either case. 
We assert that the B*-residues of the elements u;;,; are algebraically independ- 
ent over K. 

Proof. First case. $ is a divisor at finite distance. Let ug, ;, &; de- 
note B*-residues of the corresponding elements u;;, i, &; We have 
ni =uati+ ---+ugé.. By our construction of B*, the elements ug are 
algebraically independent over the field K(é¥, - - - , &,.*). The rest of the proof 
is based on the van der Waerden lemma quoted in Footnote 7 and is identical 
with the proof that m, - - , 7-1 are algebraically independent over P( { 

Second case. is a divisor at infinity, and 0 = min (vp(é1), - - -,vB(En)). 
By our construction of B”, the residues uj, 7 >1, are algebraically independent 
over the field K(&*, - - - , &’*), where the are given by the relations (3) (*). 
By a specialization argument similar to the one used in the preceding case 
and based on van der Waerden’s lemma, it follows that the r—1 forms 
ugt:*+ are algebraically independent over the field K({uj}, 
j>1). But these forms are equal to the elements —ug, in view of the rela- 
tions (5). Hence the (r—1) elements u* are algebraically independent over 
K. On the other hand, the residues n¥*, - - - , n#1 are, by hypothesis, alge- 
braically independent over the field K(&/*,--- , &,/*; {u*}, j>1). Hence a 
fortiori these residues are algebraically independent over the subfield K( { u* } ), 
and this proves our assertion. 

The fact that the B*-residues ug, ni are algebraically independent over K, 
implies that B* is a valuation of 2* over the ground field K*, i.e., B* defines a 
prime divisor $* of Z*/K*. This prime divisor $* lies over a definite prime di- 
visor *p* of P*/K*. To show that $* coincides with one of the prime divisors 
Gi, - - - , BS, it is only necessary to show that *p* = p*. Now both p* and *p* 
induce in the field P/K one and the same prime divisor, namely p, since, by 
hypothesis, [ is a component of W,. In view of Lemma 1, the relation 
*»* = p* will follow if we prove that the residues of the (n+1)(r—1) elements 
uij;, ni in the divisor *p* are algebraically independent over the residue field 
of the divisor p. But this is obvious, since this last residue field is algebraic 
over K and since we have just proved that the B*-residues of the elements 
ui j, ni are algebraically independent over K. This completes the proof of asser- 
tion (C). 

7. Order of W,. Let + --- i=1, 2,--+-,7, where the 

, (*) Note that since V is normal, K(#i*,---, & *) is the residue field of B, and also that 
& *=0. 
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mr elements u;; are indeterminates. We define the order of V as the relative 
degree [2({ui;}):K({uij}, m,---, m)]. If we apply this definition to each 
irreducible component I’; of W,, we can speak of the order of W,: it shall be, 
by definition, the sum of the orders of T;, - - - , x, each counted to its multi- 
plicity - , hm, respectively. 

Given a field Q of algebraic functions of one variable, over a ground field 
K, and given a prime divisor p in Q/K, by the degree of p we mean the relative 
degree [A:K], where A is the residue field of p. 

From this definition it follows immediately that the prime divisor p of 
P/K and the extended prime divisor p* of P*/K* have the same degree, since 
the residue field of p* is a pure transcendental extension of the residue field 
of p (see Lemma 1 and the application to the fields P, P*, §3). Let d be the 
common degree of p and p*. Let di, - - - , dn be the degrees of the prime di- 
visors B**, - - - , B% respectively. It is well known that the relation (2) implies 


(6) vd = Indi + + 


where v is the relative degree [2*: P*]. The relation (6) has a geometric inter- 
pretation, namely, that the right-hand side hydi+ --- +indin is the order 
of W,. To prove this, we have to show that d; 1s the order of T;. 

Proof. First case. 1; is at finite distance. The nonhomogeneous coordinates 
of the general point of I’; are é*, - - - , &,.*, where the &* are the residues of 
the £ in the valuation B defined by the prime divisor $:. The field 
A=K(é¥, - - - , &,*) is the residue field of B. The residue field of the extended 
valuation B* in is (§5) K(é*, - - - , {ug } ). The degree of is the rela- 
tive degree 


ds = [A({us;}:K({ uss}, {ne })]. 


Since the ug are algebraically independent over A, the relation above shows 
that d; is also the order of I. 

Second case. is at infinity, and 0>v,() =min (vp(é), - - - , va(&,)). In 
this case the general point of I; is (£/*, &*, - - -, &,/*), where the &/ are defined 
by the transformation (3). But since £/*=0, I; actually lies in an S,_, (in 
the hyperplane at infinity of S,), and the general point of T; is (*, - - -, &,*). 
The field A =K(é*, - - - , &,’*) is the residue field of B. By §5, the residue field 
of B* is A( {ug}, 7>1; {n*}), and we have 


dy = [a({us;}, > 1; {me 


Since n#*, - - - , n*~1 are algebraically independent over the field A( { uy },j>1), 
we can also write: 


dy = [a({us;}, 7 > > 1; 


The assertion that d; is the order of I’; now follows from the relations (5). 
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In view of (6), we may now state the following result: the quotient 


order of W, 
degree of 


is the same for all members of the pencil {W}. In the particular case when K 
is algebraically closed, the degree of p is always 1, and hence all the members 
of the pencil {W} have the same order. 

8. The base points of the pencil { W}. A point A of V is said to be a base 
point of the pencil {W} if every W, is on A. Let A be a point of V and let 
Q(A) = be the quotient ring of A. We consider the intersection R= $(\P. 
We prove the following theorem: 


A is a base point of { W} if and only if the ring R is an algebraic extension 
of K. If A is not a base point of { W}, then there exists one and only one W, which 
passes through A. 


Proof. Let us first assume that R contains elements which are transcen- 
dental over K, whence R is of degree of transcendency 1 over K. Since V is nor- 
mal, $% is integrally closed in 2. Consequently 

(a) R is integrally closed in P. 

Since every element of P is algebraic over R, it follows by (a) that 


(b) P is the quotient field of R. 

Let w be an arbitrary element of R. Since $ is the quotient ring of a zero- 
dimensional ideal, there exists a polynomial f(w), with coefficients in K, such 
that f(w) is a non-unit in §. Hence 1/f(w) C$, whence 1/f(w) is an element of 
P which is not in R. Therefore 

(c) Ris a proper subring of P. 

The non-units of $ form an ideal. Hence also 

(d) The non-units of R form an ideal. 

Since P is a field of algebraic functions of one variable, the properties (a), (b), 
(c), (d) of R imply that R is a valuation ring. Let p be the corresponding 
prime divisor of P/K. 

If W is a member of the pencil and if W¥ W,, then W does not pass through 
A. For, let T be any irreducible component of W. The quotient ring Q(T) 
is the valuation ring of the valuation defined by TI’ (see Footnote 3). Since 
W=# W,, the intersection Q(T) P is different from R (this intersection is the 
valuation ring associated with a prime divisor of P/K different from p). Hence 
Q(T) \PDR, whence Therefore A is not on T’. Since this holds true 
for any component [ of W, A is not on W, as was asserted. 

The variety W, passes through A. Let t be a non-unit of R. Then ¢ is also a 
non-unit of §. Therefore at least one prime factor in the numerator of the 
principal divisor (¢) must arise from a minimal prime of 3. This minimal 
prime corresponds to an irreducible (r—1)-dimensional variety I’ passing 


| 
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through A. The order of ¢ along [ is positive, whence the valuation of 2/K 
defined by T induces in P/K a non-trivial valuation. The corresponding prime 
divisor of P/K must coincide with p, since Q(T) DQ(A)DR. Hence I is a com- 
ponent of W,, and thus W, is on A. 

Let us suppose now that R is an algebraic extension of K. Let p be an 
arbitrary prime divisor of P/K. Let ¢ be an element of P which has positive 
order at p and nonpositive order at any other prime divisor of P/K. It is well 
known that such elements ¢ exist. The element ¢ is transcendental over K. 
Hence 1/t(.R, and consequently 1/t{ $3. This implies that one of the prime 
factors in the numerator of the principal divisor (¢) must arise from an irre- 
ducible subvariety I (of dimension r—1) which passes through A. Since ¢ 
has positive order along I’, it follows as before that I’ is a component of some 
member of the pencil, and this member must be W,, since p is the only prime 
divisor of P/K at which ¢ has positive order. Hence W, is on A. Since p was an 
arbitrary prime divisor of P/K, we conclude that A is a base point of the pencil 
{W}. This completes the proof of our theorem. 

It is not difficult to see that the base points of the pencil { W} form an alge- 
braic subvariety of V, of dimension <r—2. To see this, we fix an element ¢ 
in P which is transcendental over K. Let Mi,---, M, and Ni,---,N- be 
the irreducible (r — 1)-dimensional subvarieties of V along which ¢ has respec- 
tively positive or negative order, and let H be the intersection of the two 
varieties M,+ ---+M, and Ni+---+WN,. Clearly, H is of dimension 
<r—2. We assert that H is the base locus of the pencil {W}. Namely, if A 
is a base point of {WwW}, then, by the preceding proof, neither ¢ nor 1/¢ can 
belong to the quotient ring Q(A), since both ¢ and 1/¢ are transcendentals 
over K. Consequently the point A must lie on at least one of the varieties 
M; and also on at least one of the varieties N;. Therefore A is on H. Con- 
versely, assume that A is on H, and let, say, A be on M, and J,. It is clear 
that M, belongs to some member W, of the pencil, such that ¢ has positive 
order at p. Similarly Ni belongs to some member W,, of the pencil such that ¢ 
has negative order at p’. Hence the point A lies on two distinct members of 
the pencil, W, and W,-, and consequently A is a base point. 

Remark. Pencil with fixed components. Let I be a fixed (r —1)-dimensional 
subvariety of V and let {W} be a pencil. It is convenient to regard also the 
collection of varieties W’ = W+T>) as a pencil. All members of this new pencil 
{ W’} have a fixed component, namely Ip. The base locus of { W’} is naturally 
no longer of dimension Sr —2, since I itself is a part of the base locus. 

The pencils considered heretofore are pencils without fixed components. 


II. THE THEOREM OF BERTINI FOR PENCILS 


9. Composite pencils. Let {W}, {W*} be two distinct pencils on V, both . 
free from fixed components, and let P, P* be the corresponding subfields of =, 
of degree of transcendency 1 over K. 
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DEFINITION. The pencil {W} is composite with the pencil {W*} if Pisa 
subfield of P*. 


The geometric significance of this definition is straightforward. If P is a 
subfield of P*, then P* is an algebraic extension of P, since both have degree 
of transcendency 1 over K. Given a prime divisor p of P/K, it factors in P*/K: 


(7) 


where, if p is of degree d and p# is of degree d*, then pid*¥+ - -- +p,d*=vd, 
y= [P*:P]. Consider the varieties W,, If I’* is an irreducible component 
of W,., then I’* is also a component of W,, since p¥ lies over p. Moreover, if 
I’* occurs in Wy; to the multiplicity 4;, it must occur in W, to the multiplicity 
hipi, since if an element of P has order 1 at p, it has order p; at p¥. Finally, 
if T is an irreducible component of W, and if $ is the corresponding prime 
divisor of 2, then $ induces in P the prime divisor p. Therefore § must induce 
in P* one of the prime divisors p*, and consequently [ is a component of one 
of the varieties W,*. We conclude that 


Wo = +--+ + 


i.e., if the pencil {W} is composite with the pencil { W*}, then every W consists 
of a certain number of members of the pencil {| W*}. 

In general this number p;+ - - - +p, depends on W,. But if K is algebrai- 
cally closed, then d=d¥=1, whence pit ---+p,=v, the relative degree 
[P*:P](*). For particular prime divisors p it may happen that pi+ - - - +p, 
=1, i.e., that W, itself is a member of the pencil { w* } . This can happen even 
for infinitely many prime divisors p. But it is easily seen that there always 
exist infinitely many prime divisors p for which pit --- +p,>1, so that ina 
composite pencil there always exist infinitely many W, which are reducible over 


(*°) There is one case in which our definition of composite pencils must be slightly modified. 
It is the case in which = is a field of functions of one variable. Since = itself is of degree of tran- 
scendency 1, it can be taken as field P and it therefore defines a pencil of zero-dimensional 
varieties on the curve V. This pencil is nothing else than the Riemann surface R of 2, and every 
other pencil on V would be, according to our definition, composite with R. To avoid this un- 
desirable conclusion, one must define composite pencils on an algebraic curve (i.e., composite 
involutions of sets of points) by the condition that the field P defining the pencil is not a maximal 
subfield of =. 

(") Proof. Let x be a transcendental element of P and let G and S* denote the rings of 
integral functions of x in P and in P* respectively. Let w be a primitive element of G*, with re- 
spect to P, which is not algebraic over K, and let D be the discriminant of the base 
1, w,-++,w”", Let p* be a prime G*-ideal at which the residue of w is an element of K and 
such that D#0 (p*). There exist infinitely many such prime ideals p* since K contains infinitely 
many elements and since the numbers of prime divisors of P* which are at infinity with respect 
to G* is finite. Let finally p*M G =p. The assumption D #0 (p) implies that 1, w,---, w” 
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The condition that {W} is composite with {W*} implies, at any rate, 
that the field P is not maximally algebraic in 2, since P* is a proper algebraic 
extension of P. Conversely, if P is not maximally algebraic in 2, and.if P* 
denotes the relative algebraic closure of P in 2, then P* is of degree of tran- 
scendency 1 over K, and the pencil { W} is composite with pencil {W*} de- 
fined by P*. Hence, a pencil {w} is composite (with some other pencil) if 
and only if the field P which defines it is not maximally algebraic in 2. 


10. Theorem of Bertini (for pencils). If a pencil { Ww} , free from fixed 
components, is not composite, then all but a finite number of members of the pencil 
are irreducible varieties (over K). 


For the proof we first establish two very simple lemmas, probably well 
known. 


LemMA 2. If P is a maximally algebraic subfield of a field = and if 
Xm) is a pure transcendental extension of X, P(x1, - -, Xm) 
is maximally algebraic in =*. 


Proof. It is clearly sufficient to prove the lemma for m=1. Let then 
=* = (x), x a transcendental over 2, and let t=f(x)/g(x) be an element of 
(x) which is algebraic over P(x). We assume that f(x) and g(x) are relatively 
prime (in 2 [x]). We have to prove that ¢ is an element of P(x). Consider first 
the case t€Z (whence f and g are elements of 2). Since ¢ is algebraic over 
P(x), it must be already algebraic over P, since otherwise x would be algebraic 
over P(#), and this is impossible, since P(#)C 2. Hence ¢€ P, since P is maxi- 
mally algebraic in 2. 

Let us now assume that ¢ is not in 2. Then #, being a transcendental over 
2, is a fortiori transcendental over P. But ¢ is by hypothesis algebraic over 
P(x). Consequently x is algebraic over P(t). Let f(x)=aox"+ --- +@n, 
g(x) =box"+ - - - +5,; do, bo not both zero, and a;, 2. Then 


x"(bot — ao) + --- + (bat — a,) = 0, 


is the irreducible equation for x over X(t) (since f(x) and g(x) are relatively 
prime in [x]). The » roots of this equation are among the conjugates of x 
over P(t), since P(t) C Z(t). Consequently, the quotients 


byt — a; 


= #=1,2,---,m, 
bot — ao 


are algebraic over P(t). 
Without loss of generality we may assume that b)>~0 (we may replace ¢ 
by 1/t). If we write down the algebraic equation for {; over P(t), then after 


constitute an G»-module basis for Gp». Hence if w=c(p) and if A, A* denote the residue fields 
at p and p* respectively (A=G/p, A*=G*/p*), then A*=A(c), i.e., A*=A, since cE KCA. 
This of course implies that S*p ¥p*, because G *p = p* would imply the relation [A*:A] =». 
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clearing the denominators we get an algebraic equation for ¢ over 2. This 
must be an identity, since ¢ is transcendental over 2. If we equate to zero the 
leading coefficient of this equation in ¢, we find that b;/bo is algebraic over P. 
But since P is maximally algebraic in =, it follows that b;/bo is an element of P. 
Hence we may write g(x) =bo-g:(x), where gi(x) E P[x]. 

If also a9 0, then replacing ¢ by 1/t we conclude in the same fashion that 
f(x) =aofi(x), fi(x) E P [x]. We have now 


bo g:(x) 


Since ¢ is algebraic over P(x) and since fi(x)/gi(x) € P(x), it follows that ao/bo 
is algebraic over P(x). But since ao/b)9€ =, it follows by the preceding case 
that ao/bo)€ P, whence ¢€ P(x). If ag =0, then we replace ¢ by c+? where cE P 
and c#0. Then c++# is a quotient of two polynomials, (cg+/f)/g, of the same 
degree. By the preceding case a0, it follows that c+tC P(x), whence also 
t€ P(x). This completes the proof of the lemma. 


Lemma 3. Let f(x1, , Xn) be an irreducible polynomial in P[x:, - - - , xn], 
where P is a field, and let = denote the field P(é1, - - - , En) defined by the equation 
f(&, - ++, &.)=0. If P is maximally algebraic in then the polynomial 
f(x1, - , Xn) ts absolutely irreducible. 


Proof. It is sufficient to prove that f remains irreducible for any finite 
extension 2 of P. The lemma is trivial when the field Q is a pure transcen- 
dental extension of P: Q=P(1, - - - , um). Moreover, in this case, if =* de- 
notes the field Q(é&, - - - , &,), then 2* is a pure transcendental extension of 2, 
namely: 2* = D(u, - - - , um). Since P is maximally algebraic in 2, it follows, 
by the preceding lemma, that Q is maximally algebraic in 2*. We conclude 
that it is sufficient to prove the lemma for finite algebraic extensions of P. But 
in this case the lemma follows from a more general result concerning the be- 
havior of prime ideals under algebraic extensions of the ground field (Zariski 
[5, Theorem 3, p. 198]). 

11. Proof of the theorem of Bertini. The notation being that of §3, let 
¢ be any element of 2* and let 


(8) F({uis}, {ne}, =0 


be the irreducible equation for { over the field P* (= P( { uss}, {ns } )). We may 
assume that F is an irreducible polynomial in P[{ui;}, {n}, ¢]. Since 2* isa 
pure transcendental extension of = and since, by hypothesis, P is maximally 
algebraic in =, it follows, by Lemma 2, that P is also maximally algebraic in 
=*. Hence, a fortiori, P is maximally algebraic in the field P({ui;}, {ni}, 9), 
a subfield of =*. By Lemma 3, we conclude that the polynomial F is absolutely 
irreducible: 
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Let a, b,--+- be the coefficients of the general polynomial in the argu- 
ments {u;:;}, {n:}, ¢, of the same degree as F (a,b, - - - are indeterminates). 
Let do, bo, - - - be the corresponding coefficients of F (ao, bo, - - - are elements 
of P). There exists a finite number of finite sets of polynomials in a, 5, ---, 
with rational coefficients, say 


{Gi(a, b,-- +), Gis(a, i, #=1,2,---,9, 


with the following property, that if F*({us;}, {ne}, ¢) is a polynomial, of 
the same degree as F, with coefficients a, 8,--- in some field Q, a neces- 
sary and sufficient condition that F* be reducible in some extension of Q is 
that Ga(a, B,---)=Gie(a, B,---)=--- =0, for at least one value of 7 
(¢=1, 2,---, p). Since F is absolutely irreducible, it follows that for each 7 
at least one of the elements 


Gix(ao, bo, - - - ), Gia(ao, bo, 


is different from zero. These are elements of P. If then p is a prime divisor of 
P/K, and if a¢*, d¢*, - - - denote the residues of ao, do, - - - at p, then in the first 
place for all but a finite number of divisors p the residues a¢g*, bi*, - - -_ will be 
all finite. In the second ‘place, if an additional finite set of prime divisors p is 
avoided, the expressions Gi(ag*, - - - ), Gie(ac*, - - ) will aot be all 
zero, for any i=1, 2, - --, p. Hence the resulting relation between the B*- 
residues uj, ¢*: 

(9) F*({uis}, {nv}, ¢°) = 0 

remains absolutely irreducible, and in particular is irreducible over the residue 
field A of p. Here B* is the valuation of =* defined by one of the divisors $¥ 
in (2), say by B*. 

, Let now £ be a primitive element of 2* over P*. Then F is of degree v 
in {, where y= [2*: P*]. Again, with the exception of a finite number of di- 
visors p, the equation (9) will also be of degree v in {*. Since this equation is 
irreducible, it follows that the relative degree of the residue field A* of B* 
with respect to the field A({uf}, {7*}) is at least v. But this last field is the 
residue field of the prime divisor p* of P*/K*, and the relative degree in ques- 
tion cannot therefore exceed the relative degree [=*: P*]. Hence 


(10) [a*:a({uis}, {ne })] = ». 

Now the relative degree [A:K] is equal to d, where d is the degree of p. Since 

the u%, n* are algebraically independent over A, it follows that A({u*}, {n7}) 

is also of relative degree d over the field K({ug} ; {n# } ). Hence, by (10), 
[a*:K({ {nz })] = yd. 

But the left-hand side of this relation is the relative degree d, of $i*. Hence 
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d,=vd. Comparing with the relation (6) of §7, we conclude that m=1, h,=1, 
whence W, =I), and W,, is an irreducible subvariety of V. Since this holds true 
for all but a finite number of prime divisors of P/K, the proof of the theorem 
of Bertini is complete. 

12. Absolutely irreducible members of a non-composite pencil. In this 
section we wish to prove the following theorem: 


If K is not maximally algebraic in X, then every irreducible subvariety of V 
is absolutely reducible. If K is maximally algebraic in 2, and if { W} is a non- 
composite pencil free from fixed components, then a W, is absolutely reducible 
if the degree of pis >1, while, with a finite number of exceptions, all W, corre- 
sponding to prime divisors of degree 1 are absolutely irreducible. 


For the proof of this theorem, we first recall the definition of absolute irre- 
ducibility. An irreducible variety V in an S,(x1, - - - , X,), over a ground field 
K, is given by a prime ideal p in the polynomial ring $ =K[x, - - - , x. ]. The 
variety V is absolutely irreducible if p remains prime under any extension K* 
of the ground field K; i.e., if $*p is prime, 3* =K* [x, - - - , x,]. In the con- 
trary case, V is absolutely reducible. We now derive a necessary and sufficient 
condition for absolute irreducibility: : 


LEMMA 4. A necessary and sufficient condition in order that V be absolutely 
irreducible is that K be maximally algebraic in the field = of rational functions 
on 

Proof. The condition is sufficient. If K* is an algebraic extension of K, then 
the sufficiency of the condition follows from the quoted theorem in [5, p. 198]. 
If K* is a pure transcendental extension of K, K*=K(m,---, tum), S*p is 
prime unconditionally. Moreover, if $*p=p*, then the quotient field 2* of 
&*/p* coincides with the field 2(u, - - - , um), a pure transcendental extension 
of =. By Lemma 2, if K is maximally algebraic in 2, K* will be maximally - 
algebraic in =*. Hence p* remains prime under any algebraic extension of K*. 

The condition is necessary. Let 0 be an element of 2 which is algebraic 
over K, and let F(@)=0 be the irreducible equation for @ over K. Let 
6,,- ~~, 0-1 be conjugates of @ over K, where g is the degree of F. We take 
as field K* the field K(@, @;, - - - , 0,1). Since 9G Z, there must exist a quotient 
(6, , xa]), (p), such that (p). This equa- 
tion factors in 3*: - - - =0 (3*p). Now, by hy- 
pothesis, $*p is prime. Hence one of the factors ¢—@ (0.=0@) must be in 
3*p. Since $*p is invariant under all automorphisms of K* over K, it follows 
that all the g factors ¢—0@wW must be in $*p. This implies that g is 1, since 
6,0; if i*j and since Y40 (p). Hence @€K, and this shows that K is maxi- 
mally algebraic in 2. 


(*) In Lemma 3 we have proved the sufficiency of this condition in the special case of prin- 
cipal ideals (f). 
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We now pass to the proof of the theorem stated at the beginning of this 
section. 

Let us first assume that K is not maximally algebraic in = (whence V it- 
self is absolutely reducible). Since V is normal, the relative algebraic closure 
K of K in = must be contained in the integrally closed ring o=K[fi, - - - , En]. 
Hence K is also contained in the quotient ring 0/p of any prime o-ideal p. 
Hence K is not maximally algebraic in the field of rational functions on the 
subvariety defined by p. Thus we conclude that in the present case V does, 
not carry at all absolutely irreducible subvarieties. Note that the hypothesis 
that V is normal was essential in the proof. 

We now consider the more interesting case in which the ground field K 
is maximally algebraic in 2. Let p be a prime divisor of P/K, of degree d>1. 
We show that not only W, but also any irreducible component T of W, is ab- 
solutely reducible. Namely, the field A of rational functions on T is the residue 
field of the prime divisor $ defined by I (since V is normal). Since f induces 
in the field P the given prime divisor p, A contains the residue field of p. But 
since d >1, this last residue field is a proper algebraic extension of K. Hence K 
is not maximally algebraic in A, and [ is absolutely reducible. 

There remains to consider the prime divisors p of degree 1. For these it is 
not difficult to see that the construction used in the proof of the theorem of 
Bertini actually leads to varieties W, which are not only irreducible over K 
but are also absolutely irreducible. In fact, in the first place we have the ab- 
solutely irreducible equation (9). The coefficients of this equation are ele- 
ments of the residue field of p, i.e., in the present case, elements of K. The 
absolute irreducibility of (9) implies, by Lemma 4, that K is maximally alge- 
braic in the field K({ug}, {n¥}, ¢*). In the second place, we may assume 
(avoiding a finite set of prime divisors p) that the equation (9) is of degree v 
in ¢, where y= [2*: P*]. Then the field K({ug}, {n*}, ¢*) coincides with the 
residue field A* of $#* (since this residue field is at most of relative degree v 
with respect to the residue field of p*, and since this last residue field is 
K({ug}, {n*})). We conclude that K is maximally algebraic in A*. Since 
the field A of rational functions on the irreducible W, is a subfield of A*, it 
follows that K is maximally algebraic in A and that consequently W, is ab- 
solutely irreducible (Lemma 4). 


III. LINEAR SYSTEMS OF ARBITRARY DIMENSION 


13. Definitions. A pencil { Ww} ts linear if the corresponding field P is a 
simple transcendental extension of K (if {W} has fixed components, P is the 
field which defines the pencil obtained from { W} by deleting these fixed com- 
ponents). 

Let us assume that {w} is linear, and let P=K(#), ¢ a transcendental 
over K, € 2. From our definition of a pencil, given in §2, it follows that our 
linear pencil { W} can be obtained in the following fashion. Let p be a prime 
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divisor of P/K and let us assume that p» is not the divisor at infinity of (¢). 
Let f(t*) =0 be the irreducible equation over K, of degree d, satisfied by the 
residue ¢* of ¢ at p. Here d is the degree of p. The principal divisor (f(¢)) in Z 
can be written in the form: 


(11) (f(t) = 


where Y,, U.. are integral divisors (of the first kind) and Y,, is the denominator 
of the principal divisor (¢) and is independent of p. The member W, of the 
pencil { W}, outside of possible fixed components, is the subvariety of V which 
corresponds to the integral divisor U,. If p is the prime divisor where ¢ becomes 
infinite, then and d=1. 

Suppose now that we consider only those prime divisors of P/K which are of 
degree d=1. Then f(t) =cot+a1, Co, c: EK, and we will have 


Wp 
cot + = ——- 

( 
This suggests a possible definition of a linear pencil which is different from 
ours. Namely one could define { W} as the set of all W, for which » is of de- 
gree 1. This is the customary definition in classical algebraic geometry. Unless 
K is algebraically closed,-these usual pencils are proper subsets of our pencils. 


They are defined by the linear one-parameter family of functions: cof+¢1("*). 
We use this customary procedure as a basis for the definition of linear systems. 
This definition is well known. We consider namely a finite set of functions in 
say i, such that 1,4, ,¢, are linearly independent over K. For 
arbitrary constants Co, C1, - - - , ¢, in K, not all zero, let 


Co 4+ Cty 4. + Cl, = 


where %,.) and W,, are integral divisors (of the first kind) and where Y., is inde- 
pendent of the c’s. Let W,.) be the (r—1)-dimensional subvariety of V which 
corresponds to W,-). The totality of all W,.), as the constants c; vary in K, 
is called a linear system of dimensions s, and is denoted by | W|. It is clear 
that itself is a particular namely for ¢¢=1, --- =c,=0. It is also 
clear that we can always assume that no prime factor of %., occurs in all A.) 
and that by this condition Y,, is uniquely determined. The system | Ww] is then 
free from fixed components. If %,, is chosen in this fashion, and if 2 is an arbi- 
trary fixed integral divisor, then %,.)-2/%..: 2 is another representation of the 
principal divisor (co+ct+ --- +c,f), but it is not in reduced form. The sys- 
tem | W| defined by this representation would have as fixed component the 
(r—1)-dimensional subvariety which corresponds to £. 


(3) All the results proved in the preceding sections continue to hold for these pencils, ex- 
cept the property that through each point of V there passes at least one Wy. 


{ 
q 
} 
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We note that if | W| is free from fixed components and if 


h hm 
Wn Bar Bum, 
then each #; has at $..; order 2 —/;, and at least one function ¢; must have 
at $..; order exactly equal to —h;. 
One more remark. If we pass from 4, - - - , ¢, to another set of functions 

Ti, °° * , T, by a nonsingular transformation of the form 

+ +--+ + dist 
= 

doo + doiti +--+ + 


then the functions 1, 71, - - - , 7, define the same linear system | W|. Namely, 
we will have 


(bo + biti +--+ +37.) = 


where =bodoj+didijt+ - +,d,;. 

14, Composite linear systems. Let Q=K(t;,- -- , t,) and let us assume 
that Q is of degree of transcendency 1 over K. Let us see what geometric prop- 
erty of | W| corresponds to this assumption. We shall also assume that | W| 
is free from fixed components. 

Let {Z} be the pencil (free from fixed components) defined by the field ©. 


Let t=cotcitit --- where Co,---, are arbitrary but fixed con- 
stants. The field K(¢) = P defines a pencil { W’}, free from fixed components. 
It is clear that each W’ is either a W, or becomes a W after a certain fixed 
component Mp, is added to each W’. Namely, if ¢ has order —q; at PB. 
(i=1, 2,---, m), and if I’,; is the irreducible V,1 which corresponds to 
then rt - om is a W, for each member W’ 
of the pencil { W’}. 

Let the pencil {W’+Mo} be denoted by {W}. We have that P either 
coincides with @ or is a subfield of Q. Let us first assume that {W} has no 
fixed components. We assert that in this case P is a proper subfield of Q, pro- 
vided s>1. 

To show this, let us assume the contrary. Each ¢; is then an element of 
K(t), say t;=fi(t)/g:(t), where f; and g; are assumed to be relatively prime. 
Let t—d be a factor of g;(é), if g; is of degree 21. Let $ be a prime divisor of 
=/K which occurs in the numerator of the principal divisor (¢—d). Since { W} 
has no fixed components, #, and hence also t—d, becomes infinite along each 
of the varieties - - - , om. Consequently $~f..i,4=1, 2,---,m. On the 
other hand, since t—d is a factor of g;(¢), ¢; is infinite at the divisor $, and this 
is impossible since ¢; can become infinite only at B.1, - - - , Baom- 

Hence g;(t) is of degree zero, i.e., t:=fi(t). Let v; be the degree of f;(t). 
Again, since { Ww} is free from fixed components, the order of ¢ at $..; is ex- 


Wags) 
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actly —h;. Hence the order of ¢; at $..; is exactly —hA,v. But this order is at 
most —h;. Hence vS1. Thus each #¢; is of the form: t;=dio+dat, and if s>1 
this is impossible, since 1, 4, - - - , t, are linearly independent over K. This 
proves our assertion. 

Since {W} has no fixed components, every W’ is a W, and since @ is a 
proper algebraic extension of P, {W} is composite with the pencil {Z}. We 
have therefore proved that each W decomposes into a certain number of vari- 
eties Z, provided W belongs to some subpencil of | W| which is free from fixed 
components. But it is clear that there exists such a pencil for each W. Namely, 
let W=W,.) and let W,.-) be a W which has no components in common with 
We put 


It is then clear that the pencil determined by the field K(¢) is contained in the 
linear system | W| , is free from fixed components, and that W,.) and W,.-) are 
members of that pencil. 

In conclusion, we have proved that if s>1 and if K(t, - - - , ¢,) is of degree 
of transcendency 1 over K, then each member of the linear system | W| (free 
from fixed components) decomposes into a certain number of varieties Z. We 
say that | W| is composite with the pencil {Z}. 

15. The theorem of Bertini for linear systems. We shall say that a linear 
system | W|.is reducible if each member W of the system is reducible over K. 
We shall say that | W| is absolutely reducible, if each W is absolutely reducible. 


THEOREM OF BERTINI. A reducible linear system |W, free from fixed 
components, is necessarily composite with a pencil. If K is maximally algebraic 
in =, then the assumption that |W| is reducible can be replaced by the weaker 
assumption that | W| is absolutely reducible. 


For linear systems of dimension 1 this theorem has already been proved in 
§§11 and 12. In order to prove this theorem for system of dimension s >1, we 
first prove a lemma. 

Lemma 5. Let = be a field of algebraic functions of r independent variables, 
r>1, and let the ground field K be maximally algebraic in 2. If x1, -- +, Xp, 
1 <p <r are algebraically independent elements of (over K) and if we put 


then for non-special constants c;; in K, the field - , £1) ts maximally 
algebraic in >. 


Proof. If the lemma is true for p=2, then for non-special constants ¢1, C2 
the field K =K(e:x1+ex2) is a maximally algebraic subfield of 2, and the de- 


i} 
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gree of transcendency of 2 over K is r—1. If, say, c:¥0, then x2, - - - , x, are 
algebraically independent over K, and hence replacing K by K we achieve a 
reduction from p to p—1. Therefore it is sufficient to prove the lemma for 
p=2. 

Let 2’ be the relative algebraic closure of the field K(x:, x2) in 2. We may 
conduct the proof under the assumption that 2’=2, for if K(cix1+cexe) is 
maximally algebraic in 2’, then it is also maximally algebraic in 2. Hence 
we may assume that r=2 and that therefore 2 is an algebraic extension of 
K(x, x2). Since we are dealing with fields of algebraic functions, = is a finite 
extension of K(x, x2). 

Let =x1+ x2, cEK, and let 2, denote the relative algebraic closure of the 
field K(#) in 2. We shall prove that for all but a finite number of elements c in 
K the field Q, coincides with K(#). This result will establish the lemma. 

Let 2. = 2.(x2). We have 


K(x, #2) C2. Cz. 


Since 2 is a finite algebraic extension of K(x:, x2) and since for each c in K 
the field 2, is between K(x, x2) and 2, it follows that there is only a finite 
number of distinct fields 2.(*). Therefore, for all but a finite number of ele- 
ments c in K, it is true that for a given c in K there exists another element d 
in K, d¥c, such that =.= 2,4. We proceed to prove that for any such element c 
in K, the field Q. coincides with K(#). 

We may identify x1+cx2 and x:+dxz with x; and x2 respectively, since 
c#d. The fields 2, and Q, are now the relative algebraic closures in 2 of the 
fields K(x:) and K(x2) respectively. They shall be denoted by 9, and & re- 
spectively. Similarly we put 2; = 2;(x2), 22= Q(x1). We have, by hypothesis, 
21 = The field K was assumed to be maximally algebraic in 2. Hence 
K is also maximally algebraic in Q. Since 2* (= 22) is a pure transcendental 
extension of Q:, it follows, by Lemma 2 of §10, that K(x:) is maximally alge- 
braic in But Q, and is algebraic over K(x:). Hence 2; =K(x:), 
as was asserted. 

16. Proof of the theorem of Bertini. By a linear homogeneous transforma- 
tion on 4, - - - , 4, we may arrange matters so that ¢,; becomes infinite on I',; 
(t=1, 2,---, m) to the highest order 4;. We consider the pencil { Ww} con- 
tained in the system | w| and defined by the functions 1, #:+ct;, where cEK. 
For all but a finite number of constants c in K, t:-+ct; becomes infinite on I, ; 
to the order h;. Avoiding the exceptional constants c, we may therefore assert 
that the pencil { W} is free from fixed components and consequently coincides 
with the pencil determined by the field K(t,+ct;). However, the pencil { W} 
contains only those varieties W, which correspond to prime divisors p of 


(4) Note that K is of characteristic zero and hence that = is a separable extension of 
K(x1, x2). If we did not assume that K is of characteristic zero we could not assert that there is 
only a finite number of fields between K(x, x2) and 2. 


70 OSCAR ZARISKI 


K(t:+<ct;) which are of degree 1. Let K* be the relative algebraic closure of K in 
>, and let { W*} be the pencil defined by the field K*(¢:+ct,). Again we include 
in {W*} only those varieties W which correspond to prime divisors p* of 
K*(t,+ct;) which are of degree 1. If we identify the fields K(4,+ct;), K*(t:+-ct;) 
with the fields P, P* respectively, of §9, we notice that if p is of degree 1, 
then p extends to a unique prime divisor of p* of P*, i.e., we will have in (7): 
s=1, p:=1. Hence each member of the pencil { Ww} is also a member of the pencil 
{W*}. By hypothesis, each W is reducible over K. Hence, by the theorem of 
Bertini for pencils, the field K*(t,;+<ct;) is not maximally algebraic in 2. The 
same conclusion holds true if K*=K and if each W is absolutely reducible, 
in view of the theorem of §12. Since this is true for all but a finite number of 
constants ¢ in K, it follows, by Lemma 5, that 4 and ¢; are algebraically de- 
pendent over K*, and hence also over K. Since this holds for i=2, - - - , s and 
since ¢, is a transcendental over K, it follows that the field K(h;, - - - , ¢,) is an 
algebraic extension of K(t,) and is therefore of degree of transcendency 1, 
q.e.d. 
REFERENCES 


1. W. Krull, Idealtheorie, Ergebnisse der Mathematik und ihrer Grenzgebiete, vol. 4, no. 3. 

2. B. L. van der Waerden, Moderne Algebra, vol. 2. 

3. B. L. van der Waerden, Uber lineare Scharen von redusiblen Mannigfaltigkeiten, Mathe- 
matische Annalen, vol. 113 (1936). 

4. O. Zariski, Some results in the arithmetic theory of algebraic varieties, American Journal of 


Mathematics, vol. 61 (1939). 
5. O. Zariski, Algebraic varieties over ground fields of characteristic zero, American Journal 
of Mathematics, vol. 62 (1940). 


TuHE Jonns Hopkins UNIVERSITY, 
BALTIMORE, MD. 

CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIF. 


ae 
4 . 
44 
we 
yf 
| 


SOLUTION OF THE INVERSE PROBLEM OF THE 
CALCULUS OF VARIATIONS 


BY 
JESSE DOUGLAS 


Part I. INTRODUCTION 


1. Formulation and background. The problem indicated in the title is one 
of the most important hitherto unsolved problems of the calculus of varia- 
tions, namely: 


Given any family of curves (paths) in (n+ 1)-dimensional space (x, 
(j=1,---,m), as represented by a system of differential equations 


(1.1) = Vin (¢=1,---,m); 


to determine whether these curves can be identified with the totality of extremals 
of some variation problem 


(1.2) ff 96 = min, 
and in the affirmative case to find all the corresponding functions 9. 


The present paper solves this problem for the most important and inter- 
esting case of 3-dimensional space (n=2), where the given family consists of 
«* curves defined by differential equations of the form 


(1.3) = F(x, y, 2, 2’), = G(x, y, 2, 2’), 


and the variation problem sought for is of the form 


(1.4) f 2, = min. 


Our essential results and methods have already been published in two pre- 
liminary notes('). 

Basically, our procedure consists in an application of the Riquier theory 
of systems of partial differential equations to a certain linear differential sys- 
tem S on which the inverse problem can be made to depend. This differential 
system has already appeared—derived in a different way—in the interesting 
work, of little more than a decade ago, by D. R. Davis on the inverse prob- 
lem(?); but, as he stated, its general solution—even existence-theoretically— 
presented difficulties which he could not overcome. 


Presented to the Society, January 1, 1941; received by the editors March 13, 1940. 
(*) Numbers 8 and 9 of the list of references at the end of §2. 
(*) See numbers 6 and 7 of the list of references at the end of §2. 
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In this paper we succeed in obtaining a complete solution of the differ- 
ential system © in the following sense. We determine in all cases whether or 
not a solution exists corresponding to given (F, G)—that is, a classification 
is made of all curve families (F, G) into “extremal” and “nonextremal.” In 
each case of consistency of the system S we derive an equivalent completely 
integrable differential system [S] which determines ¢. This system [S] is 
either given explicitly—that is, the coefficients in its equations (all linear) are 
expressed as functions of the partial derivatives of (F, G)—or else (when this 
seems to lead to calculations too lengthy to be worth while) we describe pre- 
cisely those differentiations and algebraic processes (additions and multiplica- 
tions), finite in number, which will furnish this completely integrable system. 
The explicit formulation of [S] is found to be feasible in all the important 
cases. Standard criteria of the theory of differential systems then enable us to 
determine the degree of generality of the solution ¢, that is, the number and 
nature of the arbitrary functions or constants which are involved. 

It may be emphasized that the coordinates (x, y;) are by no means neces- 
sarily cartesian, but may be perfectly general point coordinates. Indeed, as is 
evident a priori, the fundamental group of our problem is that of al/ (analytic) 
point transformations (or, otherwise interpreted, all coordinate transforma- 
tions) ; for if the curves (1.1) are the extremals of the integral (1.2), this rela- 
tion obviously continues to subsist, after arbitrary transformation of the vari- 
ables (x, y;), between the transformed curves and the transformed integral. 

We assume the functions F;, ¢ and any others that may enter into our in- 
vestigations to be analytic about a particular linear element (x, y, y;) 
which we may take to be located at the origin along the x-axis, that is, with 
all coordinates zero. 

The principal formulas of a tensor form of treatment of the inverse prob- 
lem, based on parametric representation, have been given in one of our 
preliminary notes(*). In the present exposition the non-parametric form of 
representation, as in all the preceding formulas, will be employed throughout. 

Analytic formulation. Analytically expressed, our inverse problem consists 
in the solution for ¢, as unknown function, of the Euler-Lagrange equations 


(1.5) (i= 1,---,m). 
Here the operator d/dx denotes total differentiation with respect to x along 
an arbitrary curve of the given family; that is, as applied to any function of 


Vis 


(1.6) 


(®) Number 8 of the list at the end of §2. 
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where, as throughout this paper, the summation convention applies to repeated 
indices. 
In expanded form, the Euler-Lagrange equations are, then: 


dy; \dx oy; dy; Oy; 

where F; are given and ¢ is to be found. Further, these equations must be 

solvable uniquely as a linear algebraic system for the quantities F; or y}’, 

in order that the differential equations of the given curve family may have the 

prescribed form (1.1). Therefore a solution of (1.7) is required such that 


(1.8) Det | 0, 


where 


1.9 
(1.9) $i; 


The determinant (1.8) is, of course, the Hessian of ¢. 

For n=1, or a 2-dimensional containing space, the solution of the inverse 
problem is classic, being given in the standard textbooks(*). The system (1.7) 
then consists of but a single equation, whose solvability for @ is assured by 
known existence theorems. Thus, amy given family of ?* curves in the plane, 
as defined by a differential equation 


(1.10) = F(x, y, ¥’), 


can be regarded as the totality of extremals of a problem 


ff $2 = min, 


Indeed, ¢ can be explicitly determined by quadratures if the differential equa- 
tion (1.10) has been integrated: y=f(x, a, 6). The formula for ¢ involves 
essentially one arbitrary function of two arguments(®), so that the class of 
integrals corresponding to a given curve family assigned as extremals is quite 
extensive. 

The difficulty of the problem resides in the case 22, that is, for a 3- or 
higher dimensional space. Then the number of equations (1.7) to be satisfied 
exceeds the number (one) of unknown functions, and for this reason it has 
always been presumed (correctly) that for arbitrarily given F; the equations 
(1.7) have no solution except the trivial one of any total derivative: 


(*) See Bolza, Lectures on the Calculus of Variations, New York, 1931, pp. 31-32. Cf. also 
the reference to the work of Darboux in §2. 

(5) In this count we omit the arbitrary function »(x, y) in the exact differential d»(x, y) 
that may be added to ¢(x, y, y)dx. 
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d ( 
dx 7 ax 


ay; Yi» 
which evidently does not satisfy the condition (1.8) since each element (1.9) 
is equal to zero. In other words, the presumption is that a given family (1.1) 
of «%" curves in (m+1)-space is, in general, not an extremal family. 
However, it may be an indication of the difficulty of discussing the system 
(1.7) directly that hitherto no proof has ever been given of this surmisal. That 
is to say, no example has ever been given of a 2m-parameter curve family in 
(n+ 1)-space which is certainly not an extremal family(°). 
In the course of the general solution of the inverse problem that occupies 
this paper, many examples of nonextremal families are found and proved to 
be such; for instance, in xyz-space 


(1.11) = y? + 2?, =y 
is a non-extremal family(’), so is 
(1.12) 2” = 


and as many others as are desired can be constructed. 

2. Historical survey. Darboux in his geometrical treatise(*) stated and 
solved the inverse problem for the 2-dimensional case. 

G. Hamel, in 1903, gave a solution of a particular case of the inverse prob- 
lem in 3-space where the assigned extremals are the totality of straight lines. 

Along another line, Jacobi, in his fundamental memoir of 1837 on the 
calculus of variations, proved that if 5E =0 is the variational equation for the 
Euler equation (of 2mth order): 


a da 
dx dy’ dy dx" dy 


corresponding to a 2-dimensional problem of any order n 
(2.2) fo +++, de = min, 
then 5E is always self-adjoint as a linear differential expression in dy. 
In 1897, A. Hirsch proved that, conversely, if 
w(x, y, yn) 
is any differential expression whose variation dw (a linear differential expres- 
(*) Except in the preliminary notes to this paper, cited in Footnote 1. 
(") Cf. §18. 


Cf. §17. 
(*) See, throughout, the list of references at the end of this section. 


74 [July 
| 
Sao = 
| 
if 


1941] CALCULUS OF VARIATIONS 75 


sion in dy) is self-adjoint, then w must be identifiable with the Euler expression 
E corresponding to some integrand ¢, as defined by (2.1). Later, J. Kiirschak 
extended this result to expressions involving partial derivatives. 

D. R. Davis, in a Chicago dissertation of about a decade ago, proved the 
corresponding converse theorem for a system of m differential expressions 
y;, yf, y/’): if their variations dw; form a self-adjoint linear differential 
system in dy;, then ¢(x, ¥;, y/ ) exists such that the w; are the first members of 
Euler’s equations for /¢dx = min. On this basis, Davis transformed the inverse 
problem in (m-+1)-space into the determination of multipliers P;;(x, yz, yz ) 
for the given differential equations (1.1) such that the following differential 
expressions: 


E; Pi; {F Ax, Vis ye) yi" } 


have variations 5E; which are self-adjoint. 

By imposing this condition of self-adjointness, Davis obtained for the mul- 
tipliers P;; precisely the differential system © which we shall derive in an en- 
tirely different way in the present paper (Part II)('*). In attempting, however, 
to solve the system © even existence-theoretically, Davis met with difficulties 
which, as he stated, he was unable to overcome. He therefore contented him 
self with the study of certain three particular examples(""). 

The present paper accomplishes the solution of the system S from the exist- 
ence-theoretic standpoint. This includes the determination in all the various 
cases of the existence and generality (in terms of arbitrary functions and con- 
stants) of the solution. In the case of existence of a solution, a completely 
integrable differential system is given, either explicitly or implicitly, for the 
determination of this solution. 

Incidentally, we derive the fundamental differential system S from an en- 
tirely new point of view, based on certain identities which we have found to 
be obeyed by the Euler expressions. Self-adjointness thus plays no réle what- 
ever in our theory and may be omitted entirely from consideration. 
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The last two are preliminary notes to the present paper. 


3. Statement of results. Because of the number and variety of our results, 
it seems desirable to present them first before proceeding to their detailed 
development and proof. In this section we therefore collect the theorems 
whose establishment is the goal of the main body, Part IV, of this paper. We 
shall also give an example of each of the important types which arise in our 
classification. 

Of central importance is a certain matrix 


A. 
(3 1) Ai Bi Ci 
Az Bz Co 
whose elements are known functions depending on the given curve family 
(F, G), being expressions in the partial derivatives of F, G. Explicitly: 


d 
A = —Fy 2F, (Fy + Gy), 
dx 


d d 
= ——Fy+—G, + 2, —G,) + — Ge)Fy + Gr), 
dx dx 


d 
C= —Gy + 2G, + Ky Py + Ge), 


where for the 3-dimensional case given in (1.3), the differential operator d/dx 
of (1.6) is 

(3.3) — @— +> gun 


dx dy dz 


A, Bi, C; are derived from A, B, C by the formulas 


[July 

¥ 

y 
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dA 
A, = — —F,yA — WB, 
dx 
dB 
B, = GyA + G,)B F,C, 
x 


dC 
Ci = — — -G,C, 
dx 


while As, Bz, C, are derived from A:, B,, C; by the same formulas (recursion). 

The rank of A is the principal basis of classification of curve families (F, G) 
with respect to our inverse problem; accordingly, we begin by a separation 
into cases according to this rank, which will be followed by the appropriate 
sub-classifications in the statement of our theorems. 


Case I. ||A BC|| =0, that is, A=0, B=0, C=0. 
Case II. 
A B Ch 
A, Bi 
Case III. 
A € 
Ai Ci = 0, 
Bz C2 


~ 0. 


Ay B, Ci 


4.38: 
Ai Bi Ci 0. 
Ag Be Ce 


Here, in writing a matrix =0, we mean that each determinant resulting 
therefrom by the suppression of columns (only) is equal to zero, and ~0 
means that at least one such determinant is not equal to zero. 

It is seen by reference to the recursion formulas (3.4) that the cases thus 
described are precisely those of rank 0, 1 2, 3 of the matrix A, respectively. 

Case II is the most difficult and varied in its results. Fundamental in its 
treatment is the quadratic equation 


(3.5) A? + BE+C = 0, 


whose roots we denote by X, u. It is important to distinguish the case of un- 
equal roots from that of equal roots: 

Case Ila. B?—4A \¥u; 

Case IIb. B?—4AC=0, 


1941] 77 
(3.4) 
Case IV. 
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X, wu are known functions of x, y, z, y’, ’ when the curve family is given, 
being algebraic functions of the partial derivatives of F, G. 

The investigation of Case Ila leads to an interesting division into three 
subcases according to the following criteria: 

Case Ilal. —Ay =0, —py =0; 

Case Ila2. —Ay =0, —py 

Case Ila3. AAy —Ay #0, ¥0. 
For reasons that will appear in our later detailed discussion (cf. end §10), we 
shall refer to these cases respectively as “separated,” “semi-separated,” and 
“non-separated.” 

Case IIb will be subdivided into 

Case IIb1. —Ay =0; 

Case IIb2. —Ay #0. 
Case IIb1 will be further divided into 

Case IIb1’. AAy —Ay =0, (IX’) =0; 

Case IIb1’”. —Ay =0, (IX’) #0: 
where (IX’) is a certain expression in the partial derivatives of F, G, given 
explicitly by formula (14.10) modified according to the remarks following 
formula (15.2). 

In Case III, let A;, Az, Az denote the second order determinants contained 
in the matrix of A, B, Cand Ay, By, Ci: 


A; = BC; — B,C, A: = CA; — As = AB; — 
The vanishing or nonvanishing of 
D = AiAs — 


is important in the discussion of Case III; accordingly, we subdivide this case: 
Case IIIa. D¥0, 
Case IIIb. D=0. 
We shall indicate the generality of the solution of a given differential sys- 
tem by the notation 


(3.6) maf (mi)+ maf (na)+ (m)+p(12) 


to represent the presence in the general solution of m; arbitrary functions of m 
arguments, m2 arbitrary functions of m; arguments, - - - , m, arbitrary func- 
tions of m, arguments, and arbitrary constants. 

We remark that the extremals of /¢dx =min and {|¢dx+dy(x, y, 2) ]=min, 
where v denotes an arbitrary function, are evidently the same. For 


[odx + odx + v(xe, V2, 22) v(%1, Vy 21), 


Py P; 


(#*) This symbol is due to E. Kasner, appearing in his review of Riquier’s treatise on differ- 
ential systems, Bulletin of the American Mathematical Society, vol. 19 (1913), p. 14. 


} 
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where P; (x1, y1, 21) and P2 (x2, y2, 2) are any two points of space. Since the 
difference between the values of the two integrals is independent of the path 
followed from P; to P:, a minimizing path for one is also minimizing for the 
other. 

It is also evident that ¢ and cg, where c denotes an arbitrary nonzero con- 
stant factor, have the same extremals. 

In estimating the generality of the integrand (x, y, x, y’, 2’) correspond- 
ing to given F, G, we shall omit the arbitrary function v(x, y, 2) and the arbitrary 
constant c, considering the class of integrands 


d 
(3.7) co(x, y, 2’) + v(x, 2) 
x 


as defining essentially a single variation problem equivalent to /¢dx =min. 

We are now ready to state our results and to cite our illustrative examples. 
As has been said, in all cases where the given curve family is of extremal 
type, that is, a corresponding variation problem exists, we shall give (in 
Part IV) a completely integrable differential system for the determination 
of the integrand @. All these systems are linear in the partial derivatives of 
the unknown functions. 


THEOREM I. In Case I the given curve family is always of extremal type, 
and the generality of the corresponding variation problem is expressed by the 
symbol co 2f(8)+2f(2) 


This theorem is illustrated by the straight lines: y’’ =0, z’’=0; also more 
generally by y’’ =f(z’), 2’’=0, the function f being arbitrary. 


THEOREM II. In Case Ilai1 (separated) the given curve family is of extremal 
type and the generality of the corresponding variation problem is ~ 2), The ex- 
plicit determination of the integrand } depends on the solution of two separate 
complete systems of linear partial differential equations of the first order(**), with 
respective unknown functions p(x, y, 2, y’, 2’), o(x, y, 2, y’, 2’); there are three 
equations in each system. 


Example. y"’ = F(x, y, y’), 2’ =G(x, 2, 2’), with B0. The inverse problem 
here separates into one in the xy-plane and one in the xz-plane, whose solu- 
tions by addition give the integrand ¢ for the space problem. 


THEOREM III. In Case Ila2 (semi-separated) the solution of the inverse prob- 
lem depends first on the solution for o of a certain system of linear partial differ- 
ential equations of first order in that unknown function, which system may be 
rendered complete in the usual way by the adjunction of alternants. Its solution 
is then substituted in a system of three linear partial differential equations of first 


(28) See the reference in Footnote 24. 
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order involving p together with o, whereupon this system becomes a complete one 
for p. According to the number of linearly independent equations in the complete 
system for (4, 5, or 6), the generality of the integrand is or 402), 
or else @ is nonexistent, that is, the given curve family is nonextremal. 


Example. The * catenaries which lie in planes perpendicular to the xz- 
plane (pictured as horizontal) and the directrix of each of which coincides 
with the trace of its plane upon the xz-plane. This family of catenaries is 
represented by the system of differential equations 


The generality of the corresponding variation problem is © ¥@+¥, 

The discussion of the non-separated case, IIa3, is, in the nature of the mat- 
ter, not as simple or neat as that of the others. Nevertheless, every eventuality 
is followed out in the detailed considerations given in §13. Even in the most 
favorable hypothetical possibility, the generality of the corresponding varia- 
tion problem is certainly not higher than «*, as will be seen by a review 
of §13. 

THEOREM IV. In Case IIb1’ the given curve family is of extremal type and 
the generality of the corresponding variation problem is ~*/), The determination 
of @ depends on the solution of a complete system of three partial differential 
equations of first order for a(x, y, 2, y’, 2’) followed by the solution of a similar 
system for p(x, y, 2, y’, 2’). 


Example. =z, 2’ =0 (see §15). 
THEOREM V. In Case IIb1’’ no corresponding variation problem exists. 


= 0. 


An example is given at the end of §15. 
Case IIb2 is discussed in §16. 


THEOREM VI. In Case IIIa the solution of the inverse problem depends on a 
certain differential 


+ Exdy + + + Ends’, 


whose coefficients E; are definite functions of the partial derivatives of F, G—in- 
deed, rational functions having D for denominator. In case this differential is ex- 
act, the corresponding variation problem exists and is essentially unique("); in 
the contrary case, no corresponding variation problem exists. 


Example. =3*, =y?. The corresponding integral is 
+ 


(4) Cf. formula (3.7) and the associated remarks. 


j 
| 
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uniquely determined up to the possibility of the addition of an arbitrary exact 
differential and multiplication by an arbitrary constant factor (cf. formula 
3.7). 


THEOREM VII. In Case IIIb no corresponding varialion problem exists. 
Example. y'’ =y?+2?, 2'’=0. 
THEOREM VIII. In Case IV no corresponding variation problem exists. 
Example. y'’ =y?+32?, 2’’=y. 

Part II. THE FUNDAMENTAL DIFFERENTIAL SYSTEM © 


4. Derivation of S. The first step in our procedure is to make the solution 
of the original Euler-Lagrange equations (1.7) for the unknown function @ 
depend on an equivalent differential system S, more easily manageable, where 
the unknowns are the functions ¢;; defined by (1.9). We find it convenient to 
conduct the discussion for a general value of the dimensionality +1, after- 
wards putting »=2. 

Our derivation of the system © is based on certain new identities which we 
establish involving the Euler expressions 

d @ 
(4.1) EE: (¢=1,---,m). 
Oy; dx 
These identities are 
yi yt dx dy} dy! 


dx\dyj dy dy; ody 2 dy{ = 

Oye dy 


(4.3) 
x 2 dy} 
where 


d OF; OF 
(4.4) Aj. 


> 
dx OY; 


Their verification may be left to the reader with the remark that here and 
frequently afterwards in this paper it is helpful to observe the following “al- 
ternating relations” between differential operators: 


OF, 


= 


OY; dx dx OY; OY; Oye 
0 0 OF, @ 


dy} dx dx dy} dy; 


(4.5) 


(4.6) 


2 dy; 
|| 
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If the Euler-Lagrange equations w;=0 are satisfied, then the preceding 

identities imply the following equations obeyed by the functions ¢,;: 
de 47 2 ay! ik 2 ay! 


(4.8) A — = 0. 


dik 0, 


We also have evidently from (1.9): 


4.9 
Oye dy} 


and we take explicit notice of the symmetry of ¢;; in its indices: 
(4. 10) dij = oii 


The differential system in ¢;; consisting of the equations (4.7)—(4.10) to- 
gether with the inequation (1.8): 


(4.11) Det | ¢:;| ¥ 0, 


is our fundamental differential system ©. 

It is to be observed that all the equations of S are linear. 

5. Equivalence of the system © to the Euler-Lagrange equations. Con- 
versely, let ¢;; be any system of functions of x, yx, y/¢ which obeys the sys- 


tem S. 
Then (4.9) implies the existence of functions 


(5.1) oi = ff 


since the differential under the integral sign is exact. We have 0¢;/dy/ =¢i;; 
therefore by (4.10), 06;/dy/ =09;/0y/ , from which it is possible to conclude 
the exactness of the differential ¢:dy/ and the existence of a function 


(5.2) f 


Evidently the functions ¢;; are the second partial derivatives of ¢, as re- 
quired by (1.9). 

The existence of a function ¢ whose second partial derivatives 0°¢/dy! dy} 
are precisely the functions ¢;; being thus assured, it is next evident that ¢ is 
determined only up to the addition of an arbitrary linear function of the y¢ : 


(5.3) rays 


where ¢ denotes any fixed determination and Xo, Ax are functions of x, yy. 


VE 
4 
{ 
q 
i 
4 
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Let functions @; be deduced from any fixed determination ¢ by formula 

(4.1). Then by the identities (4.2, 3) and the equations (4.7, 8), it follows that 
00; 00; 


4 — 
(5.4) ayt 


d / 9a; 
(5.5) 
dx\dy{ Oy; 


Applying 0/dy/ to (5.4), we get 


070; 0a; 


dyldyk 


and cyclic permutation of i, 7, k gives three equations of this type, wherefrom 
070; 
= 0. 
dy] Oye 
This expresses that 4; is linear in the variables y¢ : 
(5.6) = anys + Bi, 
where az, 8; are functions of x, y;. Formula (5.4) then implies the skew-sym- 
metry of aij: 
(S.7) aj = 0. 
Substituting (5.6) in (5.5), we find 


Oa; Daze 
(5 8) + + 0, 
Oye 


(5.9) 

Ox 
If we extend the range 1, - - - , m of the indices i, j in a;; to include the index 0 
by defining ai0=8;, (which agrees with (5.7)), then (5.9) 
becomes 


da Oa 


— =0; 
Ox OY; Oy; 
we may say therefore that (5.8) holds for the range 0, 1, - - - , # of the indices 
(provided, further, that yo is identified with x). 
Let now ¢ be replaced by the general determination ¢ according to (5.3). 
Then, as is readily calculated from (4.1), @; is transformed into 


Or; OXo On On: 
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By the substitution (5.6), we see that w;=0 if and only if 


Or; ON 
— —- — = ay, (i,k =1,---,m), 


Ov, OY; 

Aro G=1 ) 
— — — = = an, #=1,---,m). 
Ox 


These conditions express that the curl of the unknown vector 
A=(Ao, Ar, -*-*, An) Shall be the known skew-symmetric tensor a,, 
(p, ¢=0, 1,---, m). It is well-known that the established relations (5.8), 
(5.10) are exactly necessary and sufficient in order that such a vector A 
exist. A is then determined up to the addition of an arbitrary gradient 
(dv/dx, Av/dy,,---, Ov/Ay,) where v is any function of x, y;. That is, ac- 
cording to (5.3), @ is determined up to the addition of an arbitrary total deriva- 


tive as to x: 


(5.12) 


d ) ov + 
— v(x, =—+— 

As we have already remarked, it is evident a priori that we could not ex- 
pect to determine ¢ any more closely than this, since the addition of an exact 
differential dv(x, yx) to ¢dx has no effect on the extremals of /¢dx. 

In summary, we may state the following 


ProposiTIon("). To every solution $;; of the system © there corresponds a 
solution o of the Euler-Lagrange equations having $;; as the system of its second 
partial derivatives as to the y"’s: Oy} For a given solution ¢;;, the 
function > can be found by successive quadratures(*), and is uniquely determined 
except for the inevitable addition of an arbitrary total derivative dv(x, yx) /dx. 


In other words, the inverse problem of the calculus of variations is pre- 
cisely equivalent to the solution for ¢;; of the differential system S. 


Part III (§6). OUTLINE OF THE GENERAL THEORY OF 
DIFFERENTIAL SYSTEMS 


The essence of this paper consists in an application of the general theory 
of differential systems, as presented in the standard treatises('”), to the par- 
ticular system S. Referring the reader to these works, we shall presuppose 
the vocabulary, ideas, and facts of this theory. However, for purposes of ex- 


(45) This proposition, as well as the proof here given (essentially), is contained in the papers 
of Davis referred to in §2. 

(#*) The determination of a vector, given its curl, can be effected by a series of quadratures. 

(7) These are, principally: C. Riquier, Les Systemes d’ Equations aux Dérivées Partielles, 
Paris, 1910; M. Janet, Lecons sur les Systémes d’ Equations aux Dérivées Partielles, Paris, 1929; 
J. F. Ritt, Differential Equations from the Algebraic Standpoint, American Mathematical Society 
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position—particularly, to render the sequel intelligible to those not well ac- 
quainted with the theory of differential systems, as developed principally by 
Riquier—it seems desirable to give here a brief outline of the procedure for 
testing the consistency of any given differential system and, in case a solution 
exists, for obtaining an equivalent completely integrable system which will 
give this solution. The application of the general theory to our particular case 
is very considerably simplified by the circumstance that © is linear. 

By a differential system we understand any finite number of equations in 
which appear any finite number m of independent variables x;, and any finite 
number m of unknown functions u; of these variables, together with a certain 
finite number of partial derivatives of the functions u; with respect to the x; 
up to any order. Each member of each equation is supposed to be an analytic 
function of the variables x;, u; and those partial derivatives of the u; which it 
involves effectively, this function being regular, that is, representable as a 
power-series, about certain initial values of all these variables. The system 
may also contain a certain finite number of imequations; that is, certain ana- 
lytic functions of x;, u; and some of the partial derivatives of the u; may be 
required to be €0. 

If a differential system is in a form solved for certain derivatives of the 
unknown functions u;, we term any derivative of a function u; which can be 
obtained by differentiation of a first member to any order with respect to 
the independent variables x; a principal derivative. (This definition is 
interpreted to include the first members themselves among the principal 
derivatives, as their own derivatives of zeroth order.) All other partial deriva- 
tives of the functions u; are termed parametric. 

Riquier introduced the device of cotes. With each independent variable 
x; is associated a composite integer with any fixed number s of components: 
C;= (Cp, Cy, Cie), Where each cj, is an integer 20; this composite integer 
is what is called the “cote” of x;. Similarly a cote is assigned to each unknown 
function u;:c/ =(cil , cal, - , The cote of any partial derivative 


Ox'n 


is then, by definition, 


T = (11, ¥2° » Ys) 
where tricia trocar t+ 


Colloquium Publications, vol. 14, New York, 1932; J. M. Thomas, Differential Systems, Ameri- 
can Mathematical Society Publications, vol. 21, New York, 1937. 

See also an exposition of the Riquier theory by Thomas, Annals of Mathematics, (2), vol. 30 
(1929), p. 285 et seq. 

Particularly relevant from our viewpoint are: Riquier, chap. 7; Janet, pp. 74-75; Ritt, 
chap. 9; Thomas, §§36, 37, 75, 76. 
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All the derivatives of all the unknown functions("*) are arranged according 
to their cotes in “dictionary order,” that is, given any two derivatives 5u;, 
6’u; with respective cotes 


T = (71, » I’ = (vi, 
bu; is called “higher” than 6’u; if the first of the differences 


which is not zero is positive; if the first of these nonzero differences is nega- 
tive, du; is called “lower” than 6’u;, or 6’u; higher than du;. In case T=TI’, 
that is, yx.=yi for k=1, - - - , s, no distinction of higher and lower is created 
between 6u; and 6’u;. The cotes can always be assigned so that this eventual- 
ity never occurs, and the ordering of derivatives produced by the cotes is then 
said to be complete. 

It is an essential condition, always supposed verified in the Riquier theory, 
that the first cote cj, of each independent variable x; be equal to 1. 

Riquier terms a differential system S orthonomic if it obeys the following 
three conditions: 

1° it is solved for distinct derivatives of the unknown functions; 

2° no second member contains any principal derivative effectively ; 

3° cotes have been assigned, in accordance with the stipulation cj;,=1, so 
that each first member is higher than any derivative which appears effectively 
in the corresponding second member. 

The prolonged system S’ of any given differential system © is the infinite 
system which is derived from © by subjecting each of its equations to 
every possible differentiation with respect to the independent variables x;: 
- - - In this differentiation each member of each 
equation of © is considered as a composite function of the x; through the in- 
termediary of those partial derivatives of the functions u; which appear in 
this member, and the differentiation is effected according to the composite 
function rule. 

The important idea of a passive system © is defined as follows. © is called 
“passive” if its prolonged system GS’ is equivalent to a system S’’ which con- 
sists of a unique expression for each principal derivative in terms of a finite 
number of parametric derivatives. This means that the equations of ©’ will 
be satisfied identically in the parametric derivatives if we substitute for each 
principal derivative its expression from S’’. 

A fundamental theorem of the Riquier theory is that every differential sys- 
tem which is passive and orthonomic is completely integrable. The meaning of 
this is that a unique solution of the given differential system exists which 


(#8) The unknown functions will be regarded throughout as their own derivatives of zeroth 
order. 
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corresponds to initial data of the following nature: the values of all the para- 
metric derivatives are assigned arbitrarily for any fixed initial values x!” of the 
independent variables x;, provided only that we have convergence of that part 
of the Taylor series of each unknown function u; about x!” which involves these 
parametric derivatives as coefficients. In other words, the initial values of all 
principal derivatives may be regarded as having been put equal to zero to 
give this “initial determination” of the functions u;. 

The same initial determination may be represented in the manner now to 
be described. It is a fact, proved in the general theory, that all parametric 
derivatives may be obtained from a certain finite number among them, called 
a complete set, as follows. With respect to each parametric derivative of the 
complete set, we distinguish the independent variables x; according to a cer- 
tain rule as multipliers and non-multipliers. Then each parametric derivative 
is obtainable from a unique one of the complete set by a unique differentiation 
with respect to its multipliers. From this, one can infer that the initial assign- 
ment of all parametric derivatives subject to the stated convergence condition 
is equivalent to assigning to each partial derivative 5u; of the complete set 
an arbitrary convergent Taylor series in the multipliers x; of 5u; (power-series 
P(x;- £0) in the quantities x;— £0) and requiring 5u; to reduce to this series 
when the non-multipliers x, are set equal to their initial values: u; = P(x;—x) 
for each x,=x{°. This type of initial condition then fixes a solution of the 
given differential system uniquely. 

One may consult J. M. Thomas, loc. cit., §§75, 76, or Ritt, loc. cit., p. 139 
for the notion of complete set, both of principal and of parametric derivatives, 
and for the definition of multipliers and non-multipliers of each derivative be- 
longing to a complete set. It is convenient here, as throughout the theory of 
differential systems, to employ a:: obvious isomorphism between partial de- 
rivatives of a given function u(x1, x2, - - - , X,) and algebraic monomials in the 
variables x;: thus - - - corresponds to the mono- 
mial x}x} - - - x, and any successive operations of differentiation with re- 
spect to the independent variables x; correspond to multiplication of the 
associated monomials. 

The importance of the passive nature of a differential system makes it 
essential to have a criterion for the passivity of a given orthonomic differen- 
tial system S. Each equation of the prolonged system S’ expresses a certain 
principal derivative in terms of parametric derivatives and of principal de- 
rivatives of lower cote; this follows from the orthonomic nature of S, which 
can be proved to extend to the prolonged system 6’. The expressions for the 
principal derivatives thus furnished by GS’ are said to be direct. It is much to 
be emphasized that a given principal derivative may occur as first member in 
many different equations of ©’, that is, be obtainable in many different ways 
by differentiation of first members of S. For example, if 0*u/dxdy*, 
0*u/dx*dy, Ou/dx are first members of SG, the derivative 0'u/dx*dy? may 
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be obtained from these respectively by the differentiations 0?/dx, 0*/dxdy, 
0*/dx*dy*. Accordingly, any principal derivative may, and generally will, 
have various direct expressions. 

Imagine the principal derivatives arranged in order of cote from lower to 
higher as first, second, third, - - - : Pi, Ps, Ps, - - - . Then the lowest principal 
derivative P; must, as can easily be shown, be a first member of S, and has 
therefore, by condition 1° for an orthonomic system, a unique expression in 
terms of parametric derivatives exclusively (the independent variables x; are 
supposed to figure throughout as parameters). Consider next the second low- 
est principal derivative P:; each of its direct expressions involves, besides 
parametric derivatives, only the lowest principal derivative P;; if the expres- 
sion just mentioned for this is substituted, then a certain number of expres- 
sions are obtained for P: in terms of parametric derivatives exclusively—these 
are termed the ultimate expressions of P:. Next, the third lowest principal 
derivative P; has a certain number of direct expressions in terms of parametric 
derivatives and the two lower principal derivatives P,, P:. If in each of these 
direct expressions for P; we substitute the unique ultimate expression for P; 
and, in succession, all the different ultimate expressions already obtained for 
P2, we get a certain number of ultimate expressions for P; in terms of para- 
metric derivatives exclusively. Continuing step-by-step in this way, we ob- 
tain for each principal derivative P; a certain number of ultimate expressions 
in terms of parametric derivatives. 

A criterion for the passivity of the given differential system is that all the 
various ultimate expressions of each principal derivative P, shall be identical. 

This criterion may be considerably simplified by basing the test for passivity 
on only a certain finite number of principal derivatives, called cardinal deriva- 
tives, instead of the infinite set of all of them. If Ox} - - - 
and Q*tat---+ny:/AxtOx? --- Oxi are any two first members of S which 
are partial derivatives of the same unknown function ;, then the correspond- 
ing cardinal derivative is, by definition, - - - Axis 
where each ¢; is the greater of r; and s;(’®). Then, as proved by Riquier, the 
following is a necessary and sufficient condition for the passivity of S: the 
various ultimate expressions for each cardinal derivative shall be identical. 

This is the form of test which will be used in the applications that follow. 

If S is not passive, the application of the preceding criterion, that is, the 
equating of every two different ultimate expressions for a cardinal derivative, 
will lead to relations among the parametric derivatives which are not verified 
identically. By solving these for the parametric derivatives of highest cote(?°), 
we obtain an orthonomic differential system ©; equivalent to S in the sense 
that any solution of the one must be a solution of the other. 


(4°) In terms of the isomorphism between partial derivatives and monomials mentioned 
earlier in this section, cardinal derivative corresponds to least common multiple. 
(2°) Cf. Janet, loc. cit., p. 75. 
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The passage from © to S; clearly enlarges the class of principal derivatives 
and narrows that of parametric derivatives. 

If we next apply our passivity test to G;, then either it is verified that ©; 
is passive, or else new equations not identically satisfied are obtained among 
parametric derivatives of ©;. In the latter case a system ©, is derived as be- 
fore, equivalent to S and Gy, and with a still wider class of principal deriva- 
tives and a narrower one of parametric derivatives. 

It is a standard fact of the theory of differential systems that this process, 
accompanied by successive enlargement of the class of principal derivatives 
and restriction of the class of parametric derivatives, can go on for only a finite 
number k of steps. That this is so is a direct consequence of the following theo- 
rem due to Riquier: if in a sequence of monomials x}x} - - - xf (each 1; an in- 
teger =0) no monomial is a multiple of a predecessor, the sequence can contain 
only a finite number of terms. (Cf. Janet, loc. cit., p. 11; Ritt, loc. cit., p. 135; 
and refer also to the isomorphism between partial derivatives and monomials 
mentioned earlier in this section.) 

At the end of the finite process just described, either the conditions for 
passivity are found to be verified, or else we obtain a non-identical relation 
involving only the independent variables, or a relation contradicting one of 
the specified inequations of S. In the latter two eventualities the system S 
is inconsistent with itself, or has no solutions; in the former case we obtain a 
passive orthonomic system [S]=G, equivalent to S, which has therefore a 
unique solution corresponding to initial data of the type previously described ; 
that is, [S] is completely integrable. 

The main body of this paper, which follows, is concerned with applying 
the general theory just outlined to the particular differential system S on 
which depends the inverse problem of the calculus of variations. 


Part IV. SOLUTION OF THE DIFFERENTIAL SYSTEM © 


7. The system © in the three-dimensional case. We have derived the 
differential system © in §§4, 5 for a general value of the dimensionality »+1. 
For the three-dimensional inverse problem, which alone will be considered in 
this paper, and we adopt the notation (x, 1, ye, yi , yz ) = (x, y, 2, 9’, 2’), 
(Fi, F2) =(F, G), so that, as already written in §1, the differential equations 
of the given curve family are 


(7.1) y” = F(x, y, 2, 9’, 2’), 2” = G(x, y, 2, y’, 2’), 


while the variation problem sougkt for is 


(7.2) ff 9.5 9, = min. 


For the functions ¢;; (7, 7 =1, 2) we write 
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(7.3) L = $yy; M = $y", N = gee. 
The differential operator (1.6) is now 


(7.4) 


By comparison with (4.7)—(4.11), we see that the fundamental differential 
system © now consists of the following six linear equations and quadratic 
inequation in L, M, N as unknown functions: 


aL 
+FyL +GyM = 0, 
dx 

aM 

+ + +Ge)M + = 0, 


aN 
—-+F,M = 0, 
dx 


AL + BM +CN =0, 
Ly = My, 
Ny = Me, 

LN — M* #0. 


In the purely algebraic equation (7.54) of the system, the coefficients 
A, B, Care, by (4.4), 


d 
= —Fy — 2F, — We(Fy + Ge), 
dx 


d d 
(7.6) Bo -—Fy+—G@ +. —@). 
dx dx 


d 
C=- + 2G, + (Py + Gr). 


Applying successively to (7.54) the operator d/dx, and using the first three 
equations of (7.5), we obtain the following two additional purely algebraic 
linear equations in L, M, N: 


(7.7) A,\L+ BiM+C.\N = 0, 
(7.8) + +C2N = 0. 


Here A:, Bi, C; are derived from A, B, C by the formulas 


dx dy as dy’ 02’ 
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dA 

A, = ——F,A — 
dx 


dB 
By = —GyA — + Gr) B — Fe, 
x 


dC 
Ci = — — —G,C, 
dx 


while As, Bz, C2 are derived from A:, Bi, Ci by the same formulas (recursion). 

Since (L, M, N)#(0, 0, 0)—for the contrary would be inconsistent with 
the last condition of (7.5)—we infer from the system of linear equations (7.5,), 
(7.7), (7.8) the following property of all extremal curve families: 


A BC 
(7.10) Ay B, Ci = 0. 
Az, Bz Cz 


This necessary condition gives a very easy way of constructing nonex- 
tremal curve families, namely, by the nonvanishing of the determinant just 
written. The readily verified example given in (1.11) was found in this man- 
ner(?4), 

8. Case I. When the fundamental matrix is of rank zero. As stated in §3, 
the principal basis of our classification into cases is the rank of the matrix 


A BC 
(8.1) A= A, Ci 
Ag Ce 


The first case to consider is that of rank zero, that is, when 


(8.2) A =0, B=0, c=0. 


It is evident by the recursion formulas (7.9) that every element of A is then 
zero; that is, the rank of A is indeed zero. 

The fourth equation (7.5) now disappears identically, so that the system S 
is now constituted by the remaining five equations and the inequation of (7.5). 
We proceed to consider © from the standpoint of the Riquier theory. 

This is the place to make the following preliminary remark. In the theory 
of the system © we may use d/dx instead of 0/dx, that is, we may take as 
fundamental the differential operators d/dx, 0/dy, 0/dz, 0/dy’, 3/02’ in- 
stead of 0/dx, 0/dy, 0/dz, 3/dy’, 0/dz’. In doing this, it is important to 
have always-in mind the following “alternating relations” : 


Cf. §18. 
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Then, for instance, instead of employing such a passivity condition as 
(8.4) 


we use 


(8.5) Le + + GyL, 


and likewise in all similar cases. 
We now adopt the following system of cotes for the independent variables 
and unknown functions of S: 


5 
= 


oocoowo 
ooooocoro 


This is equivalent to arranging all the derivatives of L, M, N first with regard 
to their total order in all the independent variables, then with regard to the 
unknown function in the order L, N, M (note that M is last), then as to the 
order in x, in y, in z, in y’, in z’. The cote of x is thought of as associated with 
the operator d/dx rather than 0/0x. 

With these cotes, the system © is seen to be orthonomic, for it has the 
three characteristic properties stated in §6. 

There are two passivity tests to be applied, the first associated with (8.5), 
the second with 
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d @ F 46 
Oy dx dx dy ay’ 
Oz dx dx dy’ 02’ 
(8.3) 
Oy’ dx dx dy dy ay’ 
Oz’ dx dx a ‘ ay’ 
x y 2 y’ 2’ 
1 1 1 1 1 
0 0 0 0 0 
(8.6) 1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
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7 N Ny+FyN GyN. 
(8.7) ay dx re = Ny + FyNy 

In all such passivity tests involving the operation d/dx we may proceed 
systematically as follows. The first three equations of (7.5) represent d/dx 
of L, M, N as linear expressions in L, M, N. By use of the alternating relations 
(8.3), we may then represent d/dx of any first partial derivative of L, M, N 
as a linear expression in these partial derivatives and L, M, N themselves, 
that is, as a linear differential expression of the first order in L, M, N. Con- 
tinuing step-by-step in this way, we can represent d/dx of any kth order 
partial derivative of L, M, N as a linear differential expression of kth order 
in L, M, N. 

Accordingly, by applying d/dx to any linear differential relation in L, M, 
N we obtain another one of the same order. By eliminating from this all prin- 
cipal derivatives, as we may do, we have a relation among parametric deriva- 
tives which is a consequence of the original differential relation. According 
to the general theory of §6, this new relation must be satisfied identically for 
a passivity condition; otherwise, it must be adjoined to the given differential 
system so as to form an extended system. 

Let us then apply d/dx to the fifth equation (7.5), obtaining 


L M 
d vy’: 


By (8.5) and the first equation of (7.5), 
d 


Similarly, 
d 
My = _ 
dx dy’ 
Equating the last two expressions, we find, after writing L,,-= M,, Ny =M,, 
the following relation among parametric derivatives of S: 
L, = M, — + — Ge)My + iGyMe 
+ Gyv)M + 3GyyN. 
Treating the sixth equation of (7.5) in a similar way: 


d 


(8.8) 
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— Ny 
dx dx 
we get 
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N, = M.+ Fy My — Gy)My — 3Gy Ny 


The relations (8.8), (8.9) must be adjoined to (7.5), or S, so giving the 
first extended system ©, which is seen to be arranged in orthonomic form. 

We have next to form the passivity conditions of ©. 

First we apply d/dx to (8.8) and (8.9). We express all such quantities as 
d/dx of L,, M,, Ly, etc., in the manner previously described and then elimi- 
nate all principal derivatives, taking due account of the defining conditions 
of Case I: 


(8.9) 


A =0, B=0, C=0. 


Then the resulting relation among parametric derivatives is found to disap- 
pear identically. Thus, these particular passivity conditions are satisfied, and 
no new equations need be adjoined on their account. 
There are two further passivity conditions of ©, to consider, represented 
by 
Oo, OLy 


aN, aNy 
dz’ as dy’ oy 
Upon calculation, these two conditions turn out to be the same, namely: 
My = Muy + ¥eMyy — — Ge)Mye — 
(8.10) + + GreMy — PyyMy — GyyNe 
+ — Pyye — — GyyeN. 


The relation (8.10) among parametric derivatives of ©; must be adjoined 
to that system to form a second extended system ©». 

The system ©; is subject to just one passivity test, namely that in which 
we take d/dx of (8.10) and then substitute for d/dx of My, May, My, etc., 
the linear differential expressions of second order obtainable in the manner 
previously described—after which we eliminate all principal derivatives. 
When this is done, with due account taken of A =0, B=0, C=0, it is found 
after long calculations that the result is an identity: 0=0. 

Therefore: in Case I, the second exiension Ss of the differential system © is 
passive. 

Ss, we recall, consists of (7.5)—except AL+BM+CN=0, which disap- 
pears identically—(8.8), (8.9), (8.10). 

S. is also orthonomic, as we see by reference to the table of cotes (8.6); 
therefore, by the Riquier theory, S: is completely integrable. 

A complete set of parametric derivatives of S, with their corresponding 
multipliers is seen, by the rules of the theory of differential systems(**), to be 


(®) Cf. J. M. Thomas, loc. cit., §§75, 76. 
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L: multipliers y, y’; 

N: multipliers z, 2’; 

M: multipliers y, z, y’; 
M,’: multipliers z, y’, 2’. 


(8.11) 


This means that every parametric derivative of 6: can be expressed in one and 
only one of the forms: d°+*/dy"dy’* of L, d°+*/dz"dz"* of N, dtt*+*/dydz*dy'* 
of M, of My. 

It follows that a solution of S: (equivalent to S) exists and is uniquely 
determined if we assign as arbitrary analytic functions, regular about 
(0, 0, 0, 0, 0) (which, without essential loss of generality, we may take as 
initial values of x, y, 2, y’, 2’), the following: 


f(y, = LO, 0, 0), 

g(z, 2’) = N(O, 0, z, 0, 2’), 
h(y, 2, = M(0, y, 2, y’, 0), 
k(z, y’, 2’) = M,(0, 0, z, y’, 2’). 


It is only necessary to provide that 


in order to take care of the inequation LN — M?+0. 

Instead of (0, 0, 0, 0, 0), we may use any system of initial values (xo, yo, 
30, Yo , 26) about which functions F, G are regular analytic. 

Thus, the general solution of S in Case I depends on two arbitrary func- 
tions of three arguments, and two arbitrary functions of two arguments. As 
will be seen by comparison with the later cases, this is the highest possible 
degree of generality of the variation problem corresponding to a given curve 
family as extremals. 

The results of this section have been summarized in Theorem I, stated in 


§3. 


Example. Case | is illustrated in a fairly general way by the example 


(8.14) =0, 


(8.12) 


f denoting an arbitrary function; this is easily verified to obey the requisite 
conditions (8.2). For f(z’) =0, we have the particular case of the straight lines, 
already treated in the paper by G. Hamel cited in §2. 
We may use this example to show also the advantages that may be de- 
rived from a knowledge of the finite equations of the given curve family. 
The differential equations (8.14) may be integrated, giving 


(8.15) y = + asx + a, = + as, 
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(8.13) {(0, 0)g(0, 0) — 0, 0)? 0 
|_| 
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which expresses the given curve family in terms of four parameters: a1, dz, @s, G4. 
By differentiation of (8.15), 


(8.16) y’ = + as, 2’ = a. 
The system (8.15), (8.16) may be solved for ai, a2, a3, 4: 


2', 


= 2 — 2'x, 

a, = — f(z’), 

a= y— 

and we may transform from x, y, 2, y’, 2’ as independent variables to 
X, Gi, G2, G3, ay. d/dx then denotes an operation of differentiation as to x 
while a, @2, @3, @ are kept constant, that is, partial differentiation as to x 


of a function of x, a, de, @3, a4. 
The first three equations of (7.5) now become 


(8.17) 


This is a linear system of ordinary differential equations, whose general solu- 
tion is readily expressed by means of three parameters X, yw, v, arbitrary func- 


tions of a, de, a3, a4, as follows: 
(8.19) M = —if'(a)dx +n, 
N = — + 

We substitute these values in the other two relations of (7.5): L..= My, 
N,y = My, and transform the independent variables to x, a1, d2, ds, @4 accord- 
ing to (8.17); in this way we arrive at the following differential system, where 
the subscripts 1, 2, 3, 4 denote differentiation as to a, d2, @3, a4, respectively: 

Al = Hs, 

Ae = wa — 

vs = 

ve = + + 


This replaces completely the original differential system (7.5). 

The system (8.20) has two passivity conditions: Ais 3; but on 
calculation these give the same relation among parametric derivatives of 
(8.20) (as was to be expected from our previous general theory; cf. the state- 
ment preceding (8.10)), namely: 


(8.21) = + $f’ (a1) uss + 


(8.20) 


1941] CALCULUS OF VARIATIONS 97 


Since there is no other equation in the system (8.20), (8.21) whose first 
member is a derivative of u, there is no further passivity test to be made, and 
the system in question is passive. 

In the case of the straight lines, f(a:)=0, and the passive system to be 
integrated reduces to 


(8.22) Ar = Ms, As = Ma; = M1, V4 = Mis = Bas. 


A general solution of the last equation, in u alone, is uniquely determined if 
G2, ds, 0), G2, Gs, are assigned arbitrarily. Then the differentials 
Msda1+-padae and pidas+peda, are exact, and give by their integration: 


d= f (nodes + + 


v= f (urdas + peda,) + a2), 


where the functions g, / are arbitrary. By (8.19) with f(a:)=0, (L, M, N) 
=(A, wu, v), where, by (8.17), we may transform back to x, y, 2, y’, 2’ as inde- 
pendent variables. Then ¢ can be found by the procedure of §5. 

9. Case II. The critical cone. Case II, the most complicated and varied 
in its results and treatment, is that of rank 1 of the matrix A, expressed by 


A BC 


9.1 
( ) Ai B, Ci 


=0, ||A 0. 


These conditions imply the existence of a factor r(x, y, 2, y’, 2’) such that 
(9.2) A; = rA, B, = rB, Ci = rC. 


Then by the recursion formulas (7.9), we have, with a common factor s, 
A;=sA, B,:=sB, C:=sC, so that (9.1) indeed expresses rank 1 of the matrix A. 
Let us consider the equation 


(9.3) LN — M*=0, 


whose negation constitutes the basic inequation of the system (7.5) or S. If 
L, M, N are interpreted as cartesian coordinates in an auxiliary 3-space, this 
equation represents a quadric cone with vertex at the origin. This cone, which 
will play a very important part in our theory, will be referred to as the “critt- 
cal cone” K. 

It is evident that an arbitrary point on the critical cone is represented in 
terms of parameters p, — by 


(9.4) L=pit, M=pt, N=p. 
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We may also say that these equations represent any vector from the origin 
along an element of the cone; £ fixes the element and p determines the position 
of the end-point of the vector on that element. 

The linear algebraic equation (7.54) of the system S: 


(9.5) AL+ BM+CN =0 


—not disappearing identically because of the second condition (9.1)—repre- 
sents a plane P in the space (L, M, N) passing through the vertex of the criti- 
cal cone. A definite position of this plane corresponds to any given values of 
(x, y, 2, y’, 2’) considered as parameters. 

The intersection of the plane P with the critical cone K, is determined by 
substituting (9.4) in (9.5), which leads to the quadratic equation 


(9.6) , BE+C=0. 


The two values of & furnished by this equation determine the two elements 
in which the plane P intersects the critical cone. These elements may be real 
and distinct, conjugate imaginary, or real and coincident. 

We shall denote by X, u the two roots of the fundamental quadratic equa- 
tion (9.6)(*); so that we have 


(9.7) AM+BX+C=0, Ap?+ButC =0; 


2A 2A 
(9.9) — B/A, hu = C/A. 


It is of fundamental importance for the subsequent theory to know 
whether these roots \, u—known functions of x, y, 2, y’, s’ determined by 
the given curve family—are distinct or coincident, that is, whether the plane P 
intersects the critical cone in two distinct elements (real or conjugate imagi- 
nary) or, on the other hand, is tangent to this cone along an element. 

We therefore divide the following discussion into two cases accordingly: 

Case Ila. 

Case IIb. B*?—4AC=0, 

10. Case Ila. The plane P intersects the critical cone Kin two distinct 
elements. Let ¢;, ¢: denote the two distinct elements of intersection; then 
these may be considered as coordinate axes in the plane P. According to 


(9.8) A= 


(*) If A =0, one of X, uw is infinite; and if A =0, B=0, both \ and uz are infinite. These diffi- 
culties may be met, provided C0, by interchanging the y and z coordinates, which also inter- 
changes F and G, and will be seen by (7.6) to have the effect of interchanging A and —C, while 
converting B into —B. There remains only the case A =0, C=0, B0 (if also B=0, we are in 
Case I). By the defining conditions (9.1) of Case II, this implies A: =0, C,=0, and, by reference 
to (7.6), (7.9): F..=0, F,=0, G,=0, G,=0. We thus have precisely the example (11.5), which 
is given separate treatment later on. 


1941] CALCULUS OF VARIATIONS 99 


(9.4), arbitrary vectors from the origin along é, ¢, respectively are represented 
by 

L = ph’, M = pyr, N=p; 

L = op’, M = on, N=¢@; 


and ahy vector from the origin lying in the plane P is representable as the 
sum of two such vectors: 


(10.1) L = pr? + op’, M = p+ on, N=pte. 


Here p, o may be regarded as the oblique cartesian coordinates (real or con- 
jugate imaginary) of any point (L, M, N) in the plane P, referred to the vec- 
tors (A, A, 1), (u?, uw, 1) along the elements @;, ¢, respectively as unit vectors. 

Our next step is to make the substitution (10.1) in the equations of the 
system © or (7.5), so deriving a differential system in the two unknown func- 
tions p(x, y, 2, y’, 2’), a(x, y, 2, y’, 2’) that will be fundamental in the treatment 
of Case Ila. Before proceeding to do this, we establish the following relations: 


dy 
— = — — — Gy, 
dx 
(10.2) 
du 
dx = BF yy? — — Gy)u — 
x 


Their proof is as follows. By differentiation of (9.7), 


(10.3) aan + 
: dx dx dx dx aa 


By (9.2) and the formulas (7.9), 


dA 
—— (Fy + r)A + $F, B, 
dx 


dB 
= GyA + y + + r)B + FC, 


dC 
4G,B + G, + r)C. 
dx 


Substituting (10.4) in (10.3), we get, with account taken of (9.7): 
(2Ad + B) + $F yd(2Ad + B) + 9Gy(2Ad + B) 


x 


+ + 2C) + $F C) = 0. 


(10.5) 


Now by (9.8). 
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2AX + B = (B? — 4AC)"/2; 
and by (9.7, 8), 
Bd + 2C = — + B) = — — 4AC)"2, 


Substituting in (10.5) and cancelling the factor (B*—4AC)?0, we obtain 


(10.2), as was desired. 
Let us then write (10.1) in the first three equations of (7.5); these become, 


with the help of (10.2): 


dp do 
+ (Far + + wie + t+ = 0, 
dx dx 


dp do 
(10.6) {2 + + t+ = 0, 
dx dx 


dp do 
+ (Fed + + + Feu + = 0. 
dx dx 


Since \—yu +0, these equations obviously imply the zero value of each of the 
two brackets, that is: 


dp dco 
(10.7) — = — (F,rA+ Gy)p, — = — 
dx dx 


The fourth equation, AL+BM+CN=0, of (7.5) disappears identically 
after the substitution (10.1). 
The remaining equations of (7.5), 


Ly = My, Ny = M,, 
give, by the substitution (10.1), two relations, which may be solved for py, 
oy’; we thus obtain 
(10.8) py = Ape + Av ta)p+ Bo, cy = + (us — B)o — ap, 
where 


The inequation LN—M?*+0 of the system © means that the point 
(L, M, N) shall not lie upon the critical cone; according to the remarks con- 
nected with (10.1), this is expressed by the requirement that both 


(10. 10) p¥0, o¥0. 


The same is also seen from the formula: LN — M*=po(A—y)?, following from 
(10.1)—since 0. 
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The fundamental differential system T of Case Ila consists of the four equa- 
tions (10.7), (10.8) and the inequations (10.10). 

The vanishing or nonvanishing of the quantities a, 8 defined by (10.9) is 
of fundamental importance in the study of the differential system T; accord- 
ingly, we make the following division of Case Ila into subcases: 

Case IIal. The “separated case”: 


(10. 11) My — Ay = 0, — = 0. 
Case IIa2. The “semi-separated case”: 

(10.12) Me — Ay = 0, — 
Case IIa3. The “non-separated case” : 

(10. 13) — Ay 0, — 


Since A, w are defined as the roots of Af*+Bé+C=0, the preceding con- 
ditions can also be expressed in terms of A, B, C; we find, by calculations that 
the reader may easily supply, for the separated case: 


oie 2 B(BA, — ABy) + A(BAy — ABy) + A(ACy — CAy) = 0, 
J = B(BCy — CBy) + C(BCy — CB,) + C(CAy — ACy) = 0; 
for the semi-separated case: 
(10.15) 3A BC)II + A*J?=0, with either J ¥ 0, or J ¥ 0; 
for the non-separated case: 
(10. 16) Cl? + (B* — 3ABC)IJ + 0. 

The names we have given to our three subcases refer to the fact that, 
first, when a=0, B=0, the system T separates into two parts involving re- 
spectively p alone and @ alone: 


d 
(10.17) = — (Fed +Gy)p, py = Now + od 


and 


do 
(10. 18) + Gy)e, Cy’ = Moz’ + 


Second, when a=0, 80, we have a system of two equations involving ¢ 
alone, namely: 


do 
(10.19) = — Feut Gy)e, Oy = poy + (us — B)o, 
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combined with a mixed system where o and p occur together: 


d 
(10.20) = —(Fyr+Gr)p, py = Now + + Bo; 


hence the name “semi-separated.” 

Finally, when a0, 80, we have the original system (10.7), (10.8) with 
no separation into partial systems one or both of which involve only one of 
the unknowns p, a; hence “non-separated.” 

Throughout the discussion of Case Ila, in all its parts, we shall adopt the 
following system of cotes: 


R 


(10.21) 


This is equivalent to arranging the derivatives of p, o first as to their total 
order, then as to their order in x, in y, in y’, in z, in 2’, then as to the unknown 
function in the order p, ¢. 

We shall solve all our equations for the derivative of highest cote which 
appears effectively, or—even if this is not done explicitly—our equations may 
always be thought of as solved for this highest derivative. Thus all the differ- 
ential systems to be treated will have the orthonomic form essential for appli- 
cation of the Riquier theory. Sometimes, however, a form in which some addi- 
tional terms are transposed will be employed as technically more desirable. 
This will be done on those occasions when we shall form the passivity condi- 
tion of two equations by building the alternant of corresponding linear differ- 
ential operators of first order. Advantageous here will be the simplification 
which arises from the fact that the alternant is again of the first order, all 
second order terms which are apparently introduced cancelling. This device 
of alternants will not interfere, however, with the applicability of the Riquier 
theory of orthonomic systems, in which it produces only inessential modifica- 
tions. 

11. Case IIal. The separated case. Here we have to solve the system con- 
sisting of (10.17), (10.18), (10.10), under the conditions (10.11). 

Each of the partial systems comes under the classic theory of simultaneous 
linear partial differential equations of first order in a single unknown func- 


[July 
= y y’ | 2’ | p 
1 1 1 1 0 0 
0 0 0 0 0 0 
r | 1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 2 1 
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tion(*). Forming the alternant of the two equations of (10.17), we find 
(11.1) Py = dos + How + Pip, 


where 


H= = — (Fy — — by (10.2), 
x 


Pi =r + Ae. 


If we next form the alternant of (11.1) with (10.17,), this can be calculated to 
disappear identically as a consequence of the equations already in the system. 
The alternant of (11.1) with (10.162) can be calculated to be 


(11.2) (AAs — + Upy + Xp = 0, 


where 
U = — dy) + Fy — Me) — dy), 


Xi = Uy + — (Ary Ay). 


But since AA,—A,=0, equation (11.2) disappears identically; therefore 
(10.17), (11.1) constitute a complete system for p. 
Similarly, we find the following complete system for o: (10.18) together 


with 
(11.3) oy = po, + Koy + Que, 


where 
du 
K = Gen Gv, by (10.2), 


= + Ky. 
Indeed, the alternant of (11.3) with (10.182) is 
(11.4) (upte’ My’). + Vow + Yic = 0, 


where 


d 
V = — — by) + Fy — — wy), 
dx 


= Ve + — (ume — By); 


(*) For a presentation of this theory, see Goursat-Hedrick, Differential Equations (vol. 2, 
part 2 of A Course in Mathematical Analysis, Boston, 1917), p. 265 et seq. 
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so that the equation (11.4) disappears identically because of pus —py =0. 
Since each function p, ¢ involves five independent arguments and is a solu- 
tion of a complete system of three equations, the corresponding variation 
problem has the generality 0 */()(%), 
Example. 


(11.5) y” = F(x, y, 9’), = G(x, z, 2’), B# 0. 


As we shall see, our inverse problem separates into one in the xy-plane and 
one in the xz-plane. 

It is evident by (7.6) and (7.9) that A =0, C=0, Ai=0, C,=0, so that by 
(9.1) we are indeed in Case II. 

Since by hypothesis, B ~0, the formula AL+BM+CN=0 gives M=0 as 
the equation of the fundamental plane P. We may regard L, N instead of p, 
as the coordinates in this plane. The system (7.5) becomes in the present case: 

dL 


(11.6) —+F,L =0, Ly = 0; 
dx 


dN 
(11.7) —+G,N =0, Ny = 0; 
dx 
which is clearly of the separated type. Forming alternants, we find 
(11.8) “[,=0, N,=0. 
By (11.8), and the second equations of (11.6), (11.7), 
(11.9) L = L(x, y, y’), N = N(x, 2, 2’). 


Equations (11.6), (11.71) may then be written 


ax ay’ y’*» 


(11.10) 


Since L = yy, N the condition M =0 together with (11.9) 
implies for @ the separated form 


(11.11) = Ox, 2, 2), 
within an additive expression of the linear form 

(11.12) a(x, y, 2) + B(x, y, + r(x, 
Clearly, 


(%) Cf. Goursat-Hedrick, loc. cit., p. 270. 
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(11.13) L = byy, N = Wer. 

The formulas (11.10), (11.13) are precisely those which are met with in 
solving the following inverse problems in the xy- and xz-planes respec- 
tively (**) : 

(a) find /6(x, y, y’)dx=min, given the extremals y’’ = F(x, y, y’); 

(b) find fy(x, z, s’)dx =min, given the extremals =G(x, z, 2’). 
According to (11.11), the solutions of these planar problems are to be added 
to give the solution of the space problem. The undetermined additive expres- 
sion (11.12) can be proved, as usual, to be an arbitrary total derivative, 
vet+vyy’+v.2' where v=v(x, y, 2). 

12. Case Ila2. The semi-separated case. Here we have to deal with the 
differential system (10.19), (10.20), (10.10), under the conditions (10.12). 

The alternant of the two equations of (10.19) is 


(12.1) oy = wo, + Koy + Qo, 


while the integrability condition of the two equations of (10.20), arising from 
formation of the alternant 


dx \dy’ 02’ dy’ 02'/ dx 
applied to p, is 


(12.2) Py = Apr + How + Pip + So. 
Here 
x 


dp 
K = — — — 


Pi Ay, 
Q=u.+ Ky —S; 


(Fy — uF y)B. 
dx 


The alternant of (10.19,) and (12.1) can be calculated to disappear identi- 
cally in virtue of the equations of the system, and the same is true of (10.20,) 
and (12.2) 

The alternant of (10.19) and (12.1) is 


(12.4) My’) os + Voz + Yoo = 0. 
where 
(*) Cf. Bolza. loc. cit. (see Footnote 4). 
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d 
V = — (up — wy) + (Py — — wy’), 
(12.5) 


= Ve + az (ups? by’) + Sy — — By + + KBy. 


Itis remarkable that precisely the same equation (12.4) is also the integrability 
condition of (10.202) and (12.2), as found by forming the alternant of the 
linear differential operators 


applied to p. It follows that if any solution o of the system (10.19), (12.1), 
(12.4) is substituted in (10.20), (12.2), this becomes a complete system for p. 

All depends then on solving the system (10.19), (12.1), (12.4) for ¢. Itis 
evident that the formation of further alternants—(12.4) with (10.20;), with 
(10.202), with (12.1)—gives new equations of the form 


(12.6) ‘ ov + = 0, 


where the dots represent calculable known coefficients. There are just two of 
this type, since the one arising from (10.20,) and (12.4) can be shown to dis- 
appear identically. 

If the two equations (12.6) are independent as algebraic linear equations 
in o,, o (determinant ~0), then o=0, in contradiction with our prescribed 
inequation ¢ #0. The given curve family is then nonextremal. 

If the two equations (12.6) disappear identically (each coefficient equal to 
zero), then (10.20,), (10.202), (12.1), (12.4) constitute a complete system of 
four equations for o, with a solution, therefore, of the generality o 4”, Any 
such solution substituted in the system for p renders this a complete system 
containing three equations, whose solution therefore has the generality © ¥®), 
The given curve family is consequently of extremal type and the correspond- 
ing integrand @ has the generality 0 ¥0)+V(™, 

Finally, let the two equations (12.6) amount to exactly one independent 
equation (coefficient-matrix of rank one). If the coefficient of o,- in this equa- 
tion is zero, then that of o cannot be zero (because of the rank one); it follows 
that o =0, in contradiction with the stipulated inequation ¢ #0, and we havé 
a nonextremal family. On the other hand, if the coefficient of o, is not equal 
to zero, then we have a system of five equations of the form 


(12.7) +O, Cy =O, Oy = 
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and 
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where the dots represent known coefficients. The solvability of this system 
for ¢ (+0) depends on the exactness of the differential 


-dx + -dy + -dz + -dy’ + -dz’, 


where the dots are respectively the coefficients in (12.7). The solution, if exist- 
ent, is unique up to a constant factor (which may be ignored according to the 
remarks associated with (3.7)). The generality of the corresponding variation 
problem is © ¥®), arising out of that degree of generality in the system for p. 
The results of this section have been summarized in Theorem III of §3. 
Example. Catenaries. The y-axis in xyz-space being taken vertical, the dif- 
ferential equations 


1+ 


represent all vertical catenaries the directrix of each of which coincides with 

the trace of its plane on the horizontal xz-plane.- 
Here we calculate by (7.6), (7.9): 

4(1 + 2’? 

B= + 3%) 

12y’(1 + 2”? 

pO 


Thus the defining conditions (9.1) of Case II are verified. 
The fundamental quadratic equation (9.6) is here 


(12.10) + (1 + = 0, 


whose roots are 


(12.8) y” 0 


C = 0; 
(12.9) 


1+ 2? 
The system (10.19, 20) can in this case be calculated to be 
1 
1+ 22 2— 22 
with the prescribed inequations p~0, 70. 
Forming the alternant of the two equations of (12.12), we get 
1+ 2"? 
= 


(12.11) 


(12.12) py = — 


(12.13) 2 oy = 


(12.14) be 
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If we form the alternant of the two equations of (12.13), we obtain the 
equation 
1+ 2 


(12.15) 


o, + Koy + Qo, 


where 
(1 + 2’%)(1 + y/? + 
— 2(1 + + (1 + + 


The alternant of (12.15) with the first of (12.13) disappears identically in 
virtue of the equations of the system. The alternant of (12.15) with the second 
of (12.13) is simply 
(12.16) o, = 0. 

(12.13), (12.15), (12.16) can be verified to constitute a complete system 


for a, all further alternants being linear consequences of the equations of the 


system. 
The integrability conditions of (12.12), (12.14) are satisfied in virtue of 


K 


Q 


the complete system for o. Accordingly, all our equations form a completely 
integrable (passive orthonomic) system in p, ¢, the generality of whose solu- 
tion is seen to be 

13. Case Ila3. The non-separated case. It may first be remarked that the 
class of curve families (F, G) coming under this case is quite extensive. For 
the conditions for Case Ila3 are that the two partial differential equations of 
third order in F, G: 


(13.1) 


have a solution which obeys at least one of the inequations A ~0, B¥0, C¥0 
and also the inequation (10.16). Now, according to standard existence theo- 
rems (Cauchy-Kovalevsky), the differential system (13.1), consisting of two 
equations for two unknown functions, has a solution involving a number of 
arbitrary functions in its initial data. It is easy to adjust these arbitrary func- 
tions so as to obey all the specified inequations. 

We proceed, then, to deal with the differential system of Case Ila3, which 
consists of (10.7), (10.8) and the inequations (10.10), under the conditions 
(10.13). 

Forming the integrability conditions of (10.7) with (10.8,) and of (10.72) 
with (10.82), we find 
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Py = Apr + How + Pp + So, 
oy = wo, + Koy + Qo + Rp, 


dx 


dp 


da 
R= —+ (Fy — AFyv)a, 
dx 


dp 
Fy — uFy)B; 

dx 
P=\i,+ 4H, —R, 
Q=u.+ Ky —S. 


The integrability condition of (10.71) with (13.21) disappears identically 
in virtue of the equations of the system, and the same is true of (10.72) and 
(13.2). 

On the other hand, the integrability condition of (10.8:) with (13.2:) is 
found after calculation to be 


(13.4) (Ar x + Upy + Xp = + Vow + Yo, 
where 


U =r, — — + — Ay 
d 
= — Ay) + (Fy — Pe) (Ae — Ay’) 


= (H — Kjat+ (A— wR, 
V= My — — Kus + — Ky 


d 
(13.5) = By) + (Fy — e) (ume — 
= — K)B — (A— »)S; 


X =BR+aS+ Ue + By Me + ty — — Haw, 


0 
Y=- BR — aS + Vy + My’) + Sy pS, — By + up; + KBy. 
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If we interchange \ with y, the effect, as seen by our defining formulas, 
is to interchange a and —8, H and K, Rand S, P and Q, Uand V, X and YF. 
If at the same time we interchange p and a, the equation (13.4) is seen to go 
over into itself. This is at the basis of the important fact that the same equation 
(13.4) is also obtained as the integrability condition of (10.82) with (13.22). 

Let us introduce a third unknown function 7 to denote the common value 
of the two members of (13.4): 


T= Ay’) Ps + Up, + Xp, 
T = (ups — by + Vow + Vo. 


Since, by hypothesis, AA,-—A, +0, wu. —py #0, we can then give our dif- 
ferential system the form: 


(13.6) 


‘prot: 

where the dots represent calculable known coefficients. If now we form the 
new integrability conditions of this system(?"), we find that the resulting equa- 


tions are solvable for the first partial derivatives of r (in which circumstance 
the requirement \—yu 0 plays a part); indeed, we get a result of the form 

dr 

+ + -7(?8), 

dx 

Ty = pr 

t= + + ‘p+ 

Ty = t+ -pt-ot+- 

Te = + + -o + 


(27) We may use the formulas (13.6) as convenient for this purpose, building alternants 
of the linear operators in the second members of (13.6) with the linear operators occurring in 


(10.7), (10.8), (13.2). 
(#8) Two expressions are obtained for dr/dx, but these can be calculated to be equal in 


virtue of our other formulas. The coefficient of r in the first equation of (13.8) is —(Fy+Gy). 


dp 
Py = + pt -o, 
Py = tpt -o+-t, 
Ps = tpt 
(13.7) 
do 
— +g, 
- dx 
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The differential system we now have to consider is (13.7), (13.8) in the 
three unknown functions p, rT. 

Referring to (10.21), we give 7 a last cote of 3 and all other cotes 0, thus 
ranking 7 higher than p, o. The differential system in question then has the 
orthonomic form. 

Forming the integrability conditions of (13.8) (such as 07,/dz=07,/dy), 
we obtain, after reduction with the help of (13.7), a number of equations of 
the form 


(13.9) * + + * Pz’ + -or + ‘o+-7r=0. 


If all these equations disappear identically, the system (13.7), (13.8) is 
passive, and has a solution corresponding to arbitrarily assigned values of 
p(0, 0, 0, 0, 2’), #(0, 0, 0, 0, 2’): generality 0 7, 

Laying this case aside, we may find it possible to eliminate some of the 
partial derivatives from (13.9) by linear combination of these equations. If 
the rank of the whole system is r, while the rank of the coefficients of p,,,, 
iS (p necessarily 20), it will be possible to infer in this way 
exactly p independent relations of the form 


(13.10) -pt-ot+-7r=0. 


In case p=3, (13.10) implies p=0, ¢=0, r=0, in contradiction with the 
prescribed inequations ¢ <0. 

If p=2, it is possible to eliminate 7 and derive a relation of the form 
o=-p (or p=-c). By substitution in the original differential system (10.7), 
(10.8), this takes the form 


together with a condition of the form (-)p =0—all the dots representing cal- 
culable known coefficients. The integrability conditions of (13.11) are of the 
form (-)p=0, so that it is necessary and sufficient for the existence of a solu- 
tion p +0 that all the coefficients (-) be equal to zero. If this is the case, p is 
determined uniquely up to a constant factor. 

In case only one independent equation of the type (13.10) can be ob- 
tained, we may suppose it solvable for 7: 


(13.12) T= -p+-o; 


otherwise we find ourselves in the situation just discussed. Substituting 
(13.12) in (13.7), we have a system in p, ¢, whose integrability conditions are 
those which result by substituting (13.12) in (13.18). The first equation of 
(13.8) gives in this way a relation of the form -p+ -¢ =0 which—f it does not 
disappear identically, or imply p=0 or ¢ =0—puts us in the preceding case. 
If this relation, -p+-¢=0, does disappear identically, the substitution of 
(13.12) in the other relations of (13.8) may be used, with (13.7), to give in- 
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tegrability conditions of the form 
(13.13) + -p+-¢=0. 


If (13.13) disappears identically, we have in (13.7) (with r replaced by its 
value (13.12)) a passive system in p, ¢ 

If, by linear combination of the equations of (13.13), we can eliminate 
p.’, 0,’, that is, infer a relation of the form -p+-o=0, we are in a previously 
discussed case. 

If we cannot do this, it must be that the rank of the whole system (13.13) 
is the same as the rank of the coefficients of p,-, ¢,. This common rank may 
be 2 or 1, since we have disposed of the case of rank zero of the system. 

If the rank is 2, we can solve for p,’, 04": 


(13.14) pe = oy = -p+-e. 


Now by substituting (13.12), (13.14) in (13.7), every first partial derivative 
of p, o is expressed in the form -p+-c: 


do 


+9, 


= 
= ‘p+: 
‘p+: 


This is a system of a well-known type, easily amenable to treatment by stand- 
ard methods(?*). It is obvious that here all the integrability conditions are 
of the form -p+-o=0. If there are two such independent conditions, we infer 
p=0, ¢=0, in violation of the prescribed inequations p~0, 70. If there is 
only one such condition, then, first, neither coefficient may be zero, otherwise 
we again have contradiction with either p~0 or ¢#0. Assuming neither co- 
efficient zero, our system has a solution for p, ¢, which is essentially unique 
(within a constant factor). Finally, if all the integrability conditions -p+--¢ =0 
disappear identically, (13.15) is a completely integrable system, with a solu- 
tion involving linearly two arbitrary constants (only one of which is essential). 
If the rank mentioned in the second preceding paragraph is 1, then (13.13) 
consists of just one equation solvable for either p,- or o,, say the former: 


(13.15) 


(13. 15a) pe = + p+ -o. 


Substituting this, as well as (13.12), in (13.7), we have a differential system 
in p, ¢, whose integrability conditions are a set of equations of the form 


(?*) Cf. Eisenhart, An Introduction to Differential Geometry, Princeton, 1940, p. 114. 


[July 
dp |_| 
= *p 
dx 
Py = ‘p+ -o, Ty 
Pz => + CO; 
py = ‘p+ Oy’ 
px = -p+-o; Oy 
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(13.15b) tor t+ 


If, by elimination, we can derive from these equations a relation of the form 
o,.=-p+-o, or -p+-c=0 (non-identically vanishing), then we are evidently 
in previously discussed cases ((13.15) or (13.11)). If not, it must be that 
(13.15b) contains just one independent equation, and that solvable in the 
form 


(13.15c) = + *p + 


Adjoining this to the equations already in our possession, we have a differ- 
ential system in which the only parametric derivatives are ¢,’, p, ¢. All further 
integrability conditions are therefore of the form 


(13. 15d) t+ -pt-c=0. 


Either all of these disappear identically, in which case we have a passive 
system, or else we derive at least one relation of the form o,,-=-p+-¢, or 
-p+-o0=0—wherewith our investigation is reduced, as before, to previously 
discussed cases. 

We have now disposed of the case where even one relation of the form 
(13.10) can be inferred linearly from (13.9). 

If this cannot be done, it may still be possible tq eliminate p,’,, o,°.. from 
(13.9) and obtain relations of the form 


(13.16) t-pt-o+-7=0. 


Let r denote the rank of (13.9) and r—g (¢20) the rank of the coefficients 
of pss’, O2',"; then exactly g independent relations of the form (13.16) can be 
inferred by linear combination of (13.9). We are thus supposing g = 1—other- 
wise no relations of the type (13.16) are derivable by the elimination process 
mentioned. 

If g were as large as 3, we could eliminate p,’, ¢, from (13.16) and obtain 
a relation of the form (13.10); but we have supposed this not to be the case. 

If g=2, then we can solve the two relations (13.16) for p., 7. (otherwise 
it would be possible to eliminate these, contrary to hypothesis) and get: 


(13.17) pe = Oy = -pt-ot+ 


Substituting in (13.7), (13.8), we have a system where every first partial de- 
rivative of p, a, r is expressed in the form -p+-o+-7, that is, a system of the 
standard type (13.15) with three unknown functions instead of two. All the 
integrability conditions of this system are of the form -p+-o0+-7=0, so that 
we have an easy discussion based on the number of such independent condi- 
tions (0, 1, or 2) not in contradiction with p~0, o0. 

If g=1, we can solve the single equation (13.16) for p, or o,’, say: 


(13.18) Pst = + -pt-o+-r. 
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The integrability conditions of this with the first group of (13.7) are of the 
form 


(13.19) Orr tor = 0. 


If we can eliminate ¢,’., from these equations, we clearly have cases already 
discussed. Otherwise, (13.19) must consist of just one equation and this solv- 


able for 
(13.20) Ore = Oy t+ 


After adjunction of this to the preceding equations of our system, the only 
partial derivatives which remain are the four: ¢,-, p, o, T, so that all further 
integrability conditions must involve only these in linear homogeneous form. 
Accordingly, with the formation of at most four additional integrability con- 
ditions we come to a decision as to the solvability of our system (in conformity 
with p#0, ¢0) and as to the number of arbitrary constants (at most four) 
in the solution. 

Now there remains for the system (13.9) only the case where no relations 
can be derived by elimination of p,’.’, 7.’,’. In this case, the rank of the entire 
system is equal to the rank of the coefficients of p,’,", ¢,"2. The possible values 
of this common rank s are 2, 1, since s=0 has already been laid aside as a 
case of passivity of the system. 

If s=2, we can solve (13.19) in the form 


Peet = + pt 
= + + -pt-o+-r. 
Then the five quantities appearing in the second member are the only re- 
maining parametric derivatives. All further integrability conditions have the 
form of a linear homogeneous relation in these quantities, so that with the 
formation of at most five of these relations (supposed independent) we come 


to a decision. 
Finally, let s=1. Then (13.9) consists of exactly one relation, which is 


solvable for either or say: 


(13.22) = + * Pz’ + ‘p+ -o+ 


(13.21) 


The integrability conditions of this with the system (13.7), first part, are of 
the form 
(13.23) Ore + tor + pt -o+-7 = 0. 


If we can eliminate @,’,’,,, we are in previously discussed cases. The only al- 
ternative is that (13.23) contain just one equation, and this solvable for ¢,-,",": 


(13.24) = + pe + +p + 


(®°) Otherwise, we are obviously in the case associated with (13.16). 
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After adjunction of this equation, the only parametric derivatives remain- 
ing in our differential system are the six which appear in the second member 
of (13.24). All further integrability conditions are linear homogeneous rela- 
tions in these quantities, so that after formation of at most six such (inde- 
pendent) relations, we arrive at a decision as to the consistency of our 
differential system and the degree of generality of its solution. 

We may conclude by emphasizing that the determination of the explicit 
value of any of the coefficients symbolized by dots throughout the preceding 
discussion requires only differentiations, multiplications, and additions. 

We may also call attention to the fact that throughout the discussion of 
Case IIa, even in the most unfavorable eventualities, the only derivatives of 
an order higher than the first which have occurred are 2's’, 

14. Case IIb. The plane f is tangent to the critical cone. In the case in- 
dicated by the title of this section, let the element of contact e be the one 
containing the point (A, A, 1). As A varies, the locus of this point is a conic, 
whose tangent vector is (2A, 1, 0). The plane P determined by these two vec- 
tors is the one which is tangent to the cone K, along the element e. The equa- 
tion of this plane being AL+BM-+CN = 0, d is evidently determined as the 
double root of the quadratic 


(14.1) AN + BXU+C =0, (B? — 4AC = 0). 


The coordinates (L, M, N) of an arbitrary point in the plane P can be 
written as a linear combination of the two vectors previously mentioned with 
arbitrary multipliers p, ¢: 


(14.2) N=op. 
Here ) is given as a known function of x, y, z, y’, s’ by (14.1); indeed, 
B 2C 


14.3 
(14.3) 


while p, ¢ are unknown functions of x, y, z, y’, 2’. 
Substituting (14.2) in the original differential system ©, or (7.5), we ob- 
tain, after reduction, the following differential system for p, o: 


dp 
— = — Fy dX+Gy)p — Fro, 
dx 


do 
dx 
Py = Ape + vp + os’, 


oy = dow + (Dp + 


where 
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(14.5) (I) = — Ay. 
We must also adjoin the inequation 
(14.6) o #0, 
in order to prevent the point (L, M, N) from lying upon the critical cone. 
Our problem in Case IIb is to discuss the solvability for p, ¢ of the differ- 
ential system consisting of the four equations (14.4) and the inequation (14.6). 
To this end, we begin by forming the alternant of (14.4;), (14.43), and also 
the alternant of (14.4,), (14.44). We find: 
Py = + + (II])p + + (IV) ox + (V)o, 
oy = dog + + (VI)o + (VID, 
where the Roman numerals in parentheses denote known functions whose 
values are: 
(II) = — — — 
(IIT) = + (II)., 
(IV) = — — Gy), 
(V) = (IV)., 
(VI) = 2A, +-2A.(IV) — A(IV)s + (IV), 
= 2d. + Fy (Ade + Ay) — (Fy — Gar) 
— + 3(3F ye Gua) Gy), 


d(I) 


(14.7) 


(14.8) 


= — Ay + (IDAw — + + (D(IV). 


The equations (14.7) must be adjoined to the original system (14.4). With 

the same cotes (10.21) that were used in Case Ila, the enlarged system is seen 
to be in orthonomic form. We proceed to consider this system as to its passiv- 
ity. 
The passivity conditions arising from the equations solved for dp/dx, 
Py’, py are found, after some calculation, to be verified identically. The same is 
true of the passivity condition arising by comparison of the equations solved 
for da/dx, c,. However, when we apply to the equations solved for oy, ¢, the 
relation 0c,/dy =00,/dy’—or, what is equivalent, when we form the alter- 
nant of the linear differential operators on ¢ occurring in the two equations— 
we obtain the passivity condition 


(14.9) + {2(I)(IV) — (VII) } + (VIII)p + (IX)o = 0, 


where 
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(VIII) = — (VIDy + (Dy — MD. + (VID) 
(14. 10) — + MUD — (vy, 


15. Case IIb1. We may now divide the discussion of the differential sys- 
tem (14.4, 6) into two parts as follows: 


Case ITb1. (I) = We — Ay = 0, 


(15.1) 
Case IIb2. (I) — dry ¥ 


If (I) =0, the equations (14.42), (14.44) involve ¢ alone. Their alternant is 
(14.72), where, by the last formula of (14.8), (VII) =0. After adjoining (14.72), 
we form the alternant (14.9). Here, because of (I) =0, (VII) =0, the coeffi- 
cients of o,, ¢, are zero, while also (VIIT) =0 by (14.10). Hence (14.9) reduces 
to 


(15.2) (IX’)o = 0, 


where (IX’) denotes (IX) without its last term, this vanishing because of 
(I) =0. 
Accordingly, we are led to subdivide Case IIb1 into 


Case IIb1’. (I)=0, (IX’) =0; 
Case IIb1”. (I)=0, 


In Case IIb1’, the equations (14.42), (14.44), (14.72) form a complete linear 
differential system of first order in ¢ alone—the passivity condition (14.9), 
or (15.2), disappearing identically. If any solution ¢ of this system is substi- 
tuted in the remaining equations of (14.4, 7), these form a complete system 
for p. Hence a solution of the total system in p, ¢ exists, of the generality 
eo ¥(2), This result is expressed in Theorem IV of §3. 

In Case IIb1’’, the equation (15.2) implies ¢=0, in contradiction with the 
prescribed inequation o#0. Hence, in this case the given family of curves is 
nonextremal. 

Example of Case I1b1’. 


(15.4) =z, = 0. 
Here by (7.6), (7.9), 


(15.3) 


A=-2, B=0,° C#=0; 


(15.5) 
A, =0, = 0, C, = 0. 


Hence (9.1) is verified, and we are in Case II. 
The quadratic (9.6) is here \?=0, with the double root \=0. Since this 
obeys (I) =0, we have all the conditions of Case IIb1. 
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The differential system (14.4) is here 
da 


—=0, 
(15.6) dx 


Cy’ = 0. 
To this we adjoin the passivity conditions corresponding to (14.7): 
(15.7) Py = On, o, = 0. 


The unique passivity condition of this system, corresponding to (14.9), is 
found to disappear identically, since (IX’)=0; thus (15.6, 7) form acom- 


pletely integrable system. 
It is profitable here, as in many other cases, to use the finite equations of 


the extremals as well as their differential equations (15.4). Integrating the 
latter, we find 


y = + + asx + a, = + a3; 
y’ = + + ay, 2’ = 4}. 


These equations may be solved for the four arbitrary constants a1, da, 3, a4: 


(15.8) 


aq, = 
= 2 — 2'x, 
a3 = — x3 + 
y — yx + — 
The system (15.6, 7) may be transformed from x, y, z, y’, 2’ as independ- 
ent variables to x, a1, @2, a4; it becomes 
0, be 0, 
Ox Ox 


ps — = 01 — + — 


(15.9) 


(15.10) 
ps = — X03 + $2704, 


03 — xo, = 0, 


o, = 0. 


Here the symbol for partial differentiation, 0/0x, is used instead of d/dx, 
since now, in differentiation as to x, this variable alone changes in value while 
the other independent variables a;, a2, a3, a, are held fixed. The subscripts 
1, 2, 3, 4 denote differentiation as to the latter variables respectively. 

By the first two equations of (15.10), p= p(a1, a2, ds, Ge, Gs, a4). 
The remaining four equations can be simplified as follows, with the disappear- 


ance of x: 
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ps = o1, ps = 


(15.11) 


o; = 0, o, = 0. 
By the last two, 
(15.12) o = as), 
f being an arbitrary function; and then by the first two: 
(15.13) p = a2) + a2) + a2), 


where =0f/0a1, fz=0f/0a2, and g is a second arbitrary function. 

By (14.2), since A=0, we have L=0, M=o, N=p; hence by (15.12, 13) 
and the substitutions (15.9), we have L, M, N as functions of x, y, z, y’, 2’. 
The integrand ¢ can then be found by the method of §5. 

Example of Case IIbi’’. Let G=0; then C=0. Let F be such that 


(15.14) B = 0, A # 0, Pyyy # 0. 


These conditions are consistent, since the partial differential equation B =0 
obeyed by F, that is, 


2 
Fyy = {2Fy + — Fey — ¥Fyy — — GFye} + F, 


is of the Cauchy normal form, and therefore has a solution corresponding to 
arbitrarily given analytic functions f, g if we prescribe that 


f(x, 2, 2’) = F(x, y, 0, 2’), B(x, = Fy (2, y, 0, 2’). 


It is evidently possible to choose these two arbitrary functions so that the 
inequations in (15.14) are satisfied. 
By (7.9) and our stated conditions, we have 


B, = 0, C, = 0; 


therefore, since also B=0, C=0, A¥ 0, we are in Case II. The fundamental 
quadratic, A&*+Bé+C=0, has the double root \=0, for which AA, —A,, =0; 
we thus have the conditions of Case IIb1. 

Further, with reference to (14.8), we have 


(VD=—- yy, (VII) = 0; 
therefore (14.44), (14.72) become 
(15.15) oy = 0, oy = — yy. 


Taking 0/dy’ of the second equation and using the first, we get as the ana- 
logue of (14.9): 


(15.16) Fyyyo = 0; 
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consequently, by the stipulation Fy 0 of (15.14), we deduce ¢=0, in con- 
tradiction with the prescribed inequation o ~ 0. 

16. Case IIb2. In this case, where (I) #0, the passivity condition (14.9) 
of the system (14.4, 7) is not verified identically, nor does it offer any direct 
contradiction with the prescribed inequation o ~ 0; therefore we me (14.9) 
and proceed to form further passivity conditions. 

With the abbreviation 


(16.1) (X) = 2(1I(IV) — (VID), 

we rewrite (14.9) as 

(16.2) — + (X) = — (VIII)p — (TX)e. 
Oz 02’ 

Similarly, we write (14.4,) in the operational form 

(16.3) E r | (I)p + 2X 


Forming then the alternant of (16.2), (16.3), and using the other equations 
of our system, we obtain a new first order equation of the form 


(16.4) + (XIDow = (1) + + p + (XIV)o, 


where the coefficients represented by Roman numerals can be expressed by 
explicit formulas in terms of the preceding Roman numerals and their partial 
derivatives, namely: 


(XI) = — 2[()y — De], 
(XII) = — — (X)Av — + — (VID, 
(16.5) (XIII) = 2(1)(I). + (X)(De + (VITDy — A(VITD)» — 
+ (1)(TX), 
(XIV) = + + (IX)y — 


Similarly, we may write (14.7,) in the operational form 


(16.6) — (II) — |e = (VIo + (VIDp, 
E 


and build the alternant of this with (16.2); we get, after reduction with the 
use of the other equations of the system: 


(16.7) (XV)o. + (XVI)ow = (VII) + (X) + (XVIDp + (XVIIDo, 


where 


i 
f 
‘ 
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0 0 
(XV) = — [2@ mab 


—2 [= — (II) (I) — (VII, 
oy 0z 


(XVI) = - [2 + = 


+ * a) (X) 


+ (IID(VIID — (VI)(VIID + (VII)(TX), 


(XVIII) = [2m = — + (X) “| (VI) 


0 


oy 


The passivity condition formed by taking the alternant of (14.9) with 
(14.4) is found to be disappear identically in virtue of the other equations 
of the system. Hence (16.4), (16.7) represent all the integrability conditions 
of the differential system (14.4, 7, 9); and clearly this system is not passive, 
since (16.4) certainly does not disappear identically, the coefficient of p, in 
this equation being (I)*, which is ~ 0 by the hypothesis of Case IIb2. 

Forming next the linear combination: (VII) times (16.4) minus (I) times 
(16.7), we eliminate the derivatives of p and get 


(16.9) (XIX)o, + (XX)ow = (XXI)p + (XXII)o, 
where 
(16.10) (XIX) = (VID)(XI) — (D(XV), 


with similar expressions for (XX), (XXI), (XXII). 

We now compare (16.9) with (16.2). First, suppose that these are inde- 
pendent as linear algebraic equations in @,, ¢,’, p, 7, that is, that not all the 
two-rowed determinants in the following matrix vanish: 


(X) (VIID — (TX) 


(16.11) 
(XX) (XXD (XXII) 


oy dz 
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Then we consider two possibilities, namely, the determinant of the first 
two columns: 


(16.12) 2(1I)(XX) — (X)(XTX), 


either does or does not vanish. 
If it vanishes, we infer, by linear combination of (16.9) and (16.2), a rela- 


tion of the form 
(16.13) 


where the dots represent known coefficients not both zero (for (16.9) and 
(16.2) are, by hypothesis, linearly independent). 

If the coefficient of p in (16.13) is zero, the coefficient of ¢ cannot be zero; 
it follows that ¢=0, contrary to the prescribed inequation o~ 0. There is 
then no solution of our differential system. 

On the other hand, if the coefficient of p in (16.13) is #0, we can solve 
this equation for p in the form p=-¢, and substituting in our original system 
(14.4, 7), we have the classical case of a linear differential system of first 
order in ¢ alone—easily settled here by reference to the exactness or non- 
exactness of a certain readily constructed differential, -dx+-dy+-dz+-dy’ 
+ -dz’. 

Suppose now that the determinant (16.12) does not vanish. Then (16.2), 
(16.9) are solvable in the-form 


Substituting this in the other equations of our system, (14.4), (14.7), (14.9), 
(16.4), we find a differential system in p, o of the form: 
Py = ‘pe + oy = -pt+- 
Ps = “pr + pt a, 
Py = + pt oy = -pt+- 
oy = 


(16.15) 


All the passivity conditions which occur in the discussion of this system, as 
arrived at by formation of alternants of first order differential expressions, 
are evidently of the form 


t+ -p+-o = 0. 
Since there are at most three linearly independent equations of this type, we 


must arrive, after just a few additional steps, at a definite decision as to the 
solvability of our differential system and the generality of its solution. 


! 
4 
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With this, we have disposed of the case of rank 2 of the matrix (16.11). 
Suppose, finally, that this matrix is of rank 1 (it cannot be of rank 0, since 
(I)¥ 0). 

Then (16.7) is linearly dependent on (16.2) and (16.4), so that we have to 
adjoin only (16.4) as the sole passivity condition of the previously existent 
system. We now have in (14.4, 7, 9) and (16.4) a differential system which 
can be expressed in the following operational form: 

dp 


—= -p+-a, 
dx 4 


p = + - p(*4), 
+ p+ 


*Oz' + “p + 


0 
[ 2a 


(16.17) 


[2m 
Oz J 


The important point to observe is that the operators on p and ono are the same. 

The fourth equation of (16.16) is the new one of this system, and the new 
passivity conditions are found by forming the alternant of this equation with 
the other ones of (16.16). The alternant with the first equation of (16.16) 
turns out to disappear identically in virtue of the other equations of the sys- 
tem. 

The remaining alternants are of the first order in the partial derivatives of 7 
as well as p, precisely because of the identity of corresponding operators in 
(16.16), (16.17). For instance, after forming the alternant of the second and 
fourth equations in (16.16), we have a term of the form 


(#8) Note that the coefficient of ¢,: in this equation is unity. The dots in the other equations 
represent, as usual, calculable known coefficients. 


0 
(16.16) 4 
oy Oz 02’ 
0 
do 
dx 
dy’ 
— a= — —ig=-: 
ay as az! 
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apparently of the second order; but this is equal to 


dy’ dz’ Az’ 02’ Ldy’ 02’ 
where the braces denote the alternant of the two operators separated by the 


comma—and this alternant is of the first order. The second term is, by the 
second equation of (16.17), equal to 


a differential expression of first order. Hence the term (16.18) is equal to a 
first order expression in the partial derivatives of p, o, and a similar reduction 
applies to other apparently second order terms arising in the formation of our 


passivity conditions. 
In summary, we obtain two passivity conditions of the form 


(16.19) ‘po t+ = 0, t-p+-o=0. 

If these two are linearly independent, then either they can be solved for 
P2', Fg’: 
(16.20) pe = -pt+-e, or = 


or else a non-identically vanishing relation of the form -p+-o¢=0 can be de- 
duced from them by linear combination. 

In the latter case, the discussion of our system is easily finished along 
lines already discussed (cf. (16.13)). In the former case, if we substitute 
(16.20) in (16.16), (16.17), we obtain a differential system in which every first 
partial derivative of p, o is expressed in the form -p+-o. Then all the passiv- 
ity conditions of this system are clearly of the form -p+-o0=0, so that the 
discussion of the system is easily concluded along the lines of standard the- 
ory (**). 

If both equations (16.19) disappear identically, the system (16.16, 17) is 
completely integrable. 

The only remaining case.is where the matrix of the coefficients in (16.19) is 
of rank 1, so that these equations amount to a single linearly independent one: 


(16.21) ‘pe t+ -pt+-c=0. 
If the coefficient of p, is zero, then either we have -p+-o0=0, a case already 


(*) Cf., as in connection with (13.15), Eisenhart, loc. cit. 
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disposed of, or else ¢,,=-p+-o. In the latter case, we obtain by substitution 
in (16.16, 17) a system of the form (16.15), already discussed. 
Accordingly, we may suppose (16.21) solved for. p,.’: 


(16.22) pe = + -pt+-o. 
Let us form the alternant of this with the second equation of (16.16): 


(16.23) : (16.162) [ |as 22) 


Then we get a passivity condition of the form 
(16.24) = + + -o, 
solvable for o,., whose coefficient in (16.23) is evidently 1. There are two 


additional passivity conditions, obtained by building the alternant of (16.22) 
with the third and fourth equations of (16.16)(*); these are of the form 


+ Oe + + 
Substituting in this the expression (16.24) for o,., we get two equations of 
the type 
(16.25) t-p+-¢=0, + -p+-¢=0. 

Unless both of these disappear identically, we can deduce either -p+-7=0, 
o.=-p+-c. In either case we find ourselves in situations already discussed (*), 
and our investigation finishes along simple lines of standard theory. 

If, however, both equations (16.25) disappear identically, we have to ad- 
join (16.22), (16.24) as the passivity conditions of the system (16.16, 17). 


Then, clearly, the extended system has only the three parametric derivatives 
o.', p, ©; consequently all further passivity conditions must be of the form 


‘or t+ 


Evidently, our investigation now comes to its conclusion by reduction to cases 
already considered. 

We may conclude by observing that throughout the discussion of Case 
IIb, even in the most unfavorable eventualities, the only derivative of an 
order higher than the first which can occur is ¢,’,’. 

17. Case III. This is the case of rank two of the matrix A, that is: 


A 
(17.1) Aj B, Ci 0, 
Az Bz C2 


(®) The condition obtained by alternating with d/dx (first equation of (16.16)) disappears 
in virtue of the other equations in our system. 
(*) As is readily seen in the latter case by combining (16.26), (16.22) with (16.16, 17). 


BC 
Ai By, Ci 
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Let us denote the determinants in the latter matrix as follows: 
(17.2) A, = BC, — CB,, A, = CA; — ACi, A; = AB, — BA}; 


then according to (17.1), at least one of Aj, As, A; is not zero. 

It follows, by the linear equations AL+BM+CN=0, A,\L+Bi\M+C,N 
=0, of (7.5), (7.7), that a proportionality factor p, function of x, y, 2, y’, 2’, 
exists such that 


(17.3) L= pAi, M= pAs, N= pAs. 


p is now the sole unknown function of our problem. 
By (17.3), 


(17.4) LN — M’ =p (A:As — A)); 


hence, by the fundamental inequation LN — M*¥ 0 of (7.5), we must have 


(17.5) D=A,A; — 4: ¥ 0 


—otherwise, we can conclude immediately that the given curve family is non- 


extremal. 
We are thus led to make the following subdivision of Case III: 


(17.6) _ Casella. 
(17.7) Case IIIb. D = 0(*). 
Example of Case IIIb. 
(17.8) = y+ 2’, 2’ =0. 
We calculate by (7.6), (7.9): 
B= 4y, C=0; 
(17.9) B, = 4y’, C; = 0; 
B,=4(y? +2), C2 =0. 


Ai = 0, A: = 0, As = 16(y2’ — zy’); 


therefore D=0. 
The curve family (17.8) is nonextremal. 
Case IIIa. Let us substitute (17.3) for L, M, N in the differential system 


(*) Geometrically expressed, (17.3), where p is regarded as a parameter, represents a line 
in LMN-space passing through the vertex of the critical cone. The distinction between Cases 
IIIb, and IIla, respectively, consists in whether this line is or is not an element of the critical 
cone. 


H 
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(7.5) as well as in the equations (8.8), (8.9) of its extended system. Then we 
obtain exactly five independent linear equations in the five first order deriva- 
tives of p; and these equations can be solved for the derivatives in question, 
giving 

(17.10) p2= Ey, py= Esp, ps = Esp, py = Esp, px = Esp. 

Here the coefficients EZ; are calculable known functions, being rational ex- 
pressions in the partial derivatives of F, G each having D for denominator; 
accordingly, the EZ; exist as determinate quantities in virtue of the stipula- 


tion D¥ 0. 
By (17.4), (17.5), the fundamental inequation LN = M? ¥ 0 is seen to be 
expressed precisely by requiring a solution p of the system (17.10) other than 


the trivial one, zero: 
(17.11) p #0. 
For the existence of such a p, the exactness of the differential 
(17.12) E\dx + + Esdz + Eydy’ + Egdz’ 
is evidently a necessary and sufficient condition. If, in case of exactness, the 
integral of this differential is {(x, y, z, y’, 2’), then 
(17.13) p= eé. 
¢ is determined up to an additive constant, and p, therefore, up to a constant 


factor. 

After p has been found, we substitute in (17.3) to obtain L, M, N, and 
therefrom we find ¢ by the method of §5. ZL, M, N will be determined up toa 
constant factor, since that is the case with p. By the relations (7.3) and by §5, 
the integrand ¢ is therefore determined up to a constant factor, besides the 
usual additive total derivative as to x—thus, according to the convention as- 
sociated with (3.7), ¢ is essentially uniquely determined. 

The results of this section are expressed in Theorems VI and VII of §3. 

Example of Case IIIa. 


(17.14) y” = 2?, = y*, 
By calculation, using (7.6), (7.9): 
A = — 4z, B=0, C = 4y; 
(17.15) A, = — 42’, B, = 0, Ci = 4y’; 
A,=—4y*, B,=0, Cy = 427, 
The conditions (17.1) and (17.5) are immediately verifiable. 


Since 4,=0, 4;=0, equations (17.3) give L=0, N=0. 
By substitution in the differential system (7.5), (8.8), (8.9), this becomes 
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the following system for M (which, in this example, plays the part of p): 
(17.16) M.=0, M,=0, M,=0, My=0, My=0. 


Therefore M=const., and since a constant factor is inessential, we may 
say M=1. Knowing now L, M, N, we can easily find ¢ by the method of §5; 
the result is 
(17.17) = yo! + + 42%, 
and this is essentially unique, that is, within the slight possibility of modi- 


fication expressed by (3.7). 
18. Case IV. This is the case where the determinant of the fundamental 


matrix A does not vanish: 
A BC 
(18.1) A, By C,| #0, 
Ae Bz C2 
that is, A is of rank three. 
Since (18.1) contradicts the necessary condition (7.10) for an extremal 
family, any curve family coming under Case IV is certainly nonextremal. 
Example. 
(18.2) = y? + 2’, = 
By calculation, with reference to (7.6), (7.9): 
A= — 4,, B= Ay, C =2; 
(18.3) A,= — 42’, B, = 4y’, C; = 0; 
Ag = — 4y, Bz = 4(y? + 2’), Cz = 0. 
The determinant of the matrix A is not equal to zero. The curve family 
(18.2) is therefore non-extremal. 
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SUR L’EXISTENCE DE FONCTIONS ENTIERES 
SATISFAISANT A CERTAINES 
CONDITIONS LINEAIRES 


PAR 
G. POLYA 


1. Le probléme. Nous donnons deux suites infinies de nombres complexes 


Ao, Ai, 


et une suite infinie de nombres entiers non-négatifs 


Go, @1, M2, °** » Any *** 


Nous cherchons une fonction entiére F(z) qui satisfait aux conditions, en 
nombre infini, 


(1) F@0)(a9) = Ao, = Ay, , FO™(a,) = 


on suppose naturellement que la méme dérivée de F(z) au méme ‘point ne 
figure qu’une fois dans les conditions (1), supposition qu’on peut mettre sous 
la forme: 


(2) si et alors az < a. 


Existe-t-il une fonction entiére F(z) satisfaisant aux conditions (1)? 
La fonction entiére F(z) existe certainement si 


lim a4, = © 


no 


et les nombres a, et A, sont, excepté (2), arbitraires. C’est un résultat 


classique('). 
Trés différent du cas classique mentionné est celui oi la suite des a, est 
bornée, tandis que 


Presented to the Society September 12, 1940; received by the editors July 1, 1940. 

(*) Voir Guichard, Annales Scientifique de I’ Ecole Normale Supérieure, (3), Tome 1 (1884), 
pp. 427-432; énoncé particulier, démonstration (valable dans le cas général!) basée sur les 
théorémes classiques de Weierstrass et de Mittag-Leffler. Voir aussi G. Pélya, Commentarii 
Mathematici Helvetici, Tome 11 (1938), pp. 234-252, surtout “Aufgabe 3,” p. 245 et “Aufgabe 
5,” p. 249; énoncé général, démonstration faisant usage d’un systéme infini d’équations linéaires. 
(Je saisis l'occasion pour donner deux rectifications 4 ce travail: 1° En |’écrivant, je n’ai pas 
connu deux travaux de M. Ejidelheit, Studia Mathematica, Tome 6 (1936), pp. 139-148 et 
Tome 7 (1937), pp. 150-154. 2° L’énoncé du Théoréme II, p. 241, doit étre rectifié: au lieu de 
la condition B’’ (p. 241) on doit supposer la condition plus restreinte, mentionnée sous 3 (p. 241). 
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(3) lim a, = ©, 

Pour que la fonction entiére F(z) existe dans ce cas-la, il est nécessaire que 
la suite des A, satisfasse 4 la condition 


A, l/an 
(4) lim = 0; 
no a,! 
la nécessité de (4) est une conséquence immédiate d’une inégalité classique 
de Cauchy. Mais la condition (4), jointe aux autres mentionnées, est encore 
loin d’étre suffisante pour l’existence de F(z) (voir §6). 

Je ne peux démontrer l’existence de F(z) que dans un cas beaucoup plus 
restreint que le précédent: les a, ne sont pas seulement bornés, mais ils sont 
supposés n’étre capables que d’un nombre fini de valeurs , Cq; je 
suppose, en outre, une certaine périodicité de période p. Voici l’énoncé com- 


plet. 


THEOREME. On donne 

un nombre entier p; 

q points différents dans le plan complexe C2, , €q; 

la suite infinie ao, a1, a2, + ~~ dont chaque terme est égal a un certain terme 


de la suite finte ci, C2, - Cg—On Suppose que 


(5) = Gn pour n = 0,1, 2,--- ; 


la suite infinie d’entiers a, 2, - - —on suppose (2) et 
(6) Ontp = Ont p pourn = 0,1,2,---, 
(7) 

On suppose en outre do, a1, G2, , Apr, Qo, O1,*** Chotsis de telle 
fagon qu'il n’existe aucun polynéme P(z) de degré inférieur a p et non identique- 
ment nul qui satisfasse aux p équations 


(8) (ao) = 0, (a,) =0,---, (a5_1) = 0. 


On donne enfin la suite infinie Ao, A1, As, + ~~ ; om suppose (4). 
Sous ces conditions, il existe une fonction entiére F(z) qui satisfait aux con- 


ditions (1). 


Les conditions de ce théoréme sont un peu complexes; nous les discuterons 
au §2, et, aprés certaines préparations aux §§3 et 4, nous démontrerons le 
théoréme au §5. 

Notre théoréme généralise deux cas particuliers traités par J. M. Whit- 
taker; la démonstration du théoréme que je donnerai résulte de l’analyse at- 
tentive des démonstrations données par Whittaker et le résultat du théoréme 


if 
i 
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constitue une réponse partielle 4 une question posée par Whittaker(?). Cer- 
taines questions voisines ont été traitées par Poritsky(*) et Gontcharoff(‘). 

2. Discussion des conditions. En vertu des conditions (5) et (6), les équa- 
tions (1) prennent la forme suivante: 


F (0) (ao) = Ao, F‘@) (a) = A, eee , (a,_1) = 


= Ay, = Any , = Asp, 


Observons encore que (2) et (7) sont évidemment compatibles et que (6) 
implique (3). 

Quelle est la signification de la condition relative aux équations (8)? P(z) 
est un polynéme de degré <p, donc d’un degré <p—1; il peut étre mis sous 
la forme 


P(z) = % + + ez? + + 


(8) constitute un systéme de p équations, linéaires et homogénes, pour dé- 
terminer les p inconnues uo, , Notre condition demande que le 
polynéme identiquement nul soit l’unique solution des équations (8), donc que 


Up = Uy = Wg = = =0 


soit l’unique solution du systéme linéaire et homogéne mentionné. Notre con- 
dition consiste donc finalement en ceci: le déterminant A du systéme est 0. 
Toutes les lignes du déterminant A sont de la forme 


(a+1)! (a+ 2)! 
a a 


(p — 1)! 
(9) 0,--- , 0, 1! 


Le nombre des 0 au commencement de la ligne est a; pour obtenir les lignes 
successives de A, il faut poser a=a,, a =a, et, aprés cela, k=0,1,2,---,p—1. 

En particulier, au commencement des lignes successives de A, nous 
trouvons a, a1, - , @p_1 éléments évanouissants; ces nombres vont en crois- 
sant, d’aprés (7). Puisque A¥0, nous avons nécessairement 


’ 


(*) J. M. Whittaker, Proceedings of the London Mathematical Society, (2), Tome 36 (1934), 
pp. 451-469. Voir le Théoréme 3 (p. 457), son analogue (p. 458) et le théoréme hypothétique 
formulé au début de la page 465. Voir aussi J. M. Whittaker, Interpolatory Function Theory, 
Cambridge, 1935, p. 51. 

(*) H. Poritsky, ces Transactions, Tome 34 (1923), pp. 274-331. 

(*) W. Gontcharoff, Communications de la Société Mathématique de Kharkoff, (4), Tome 5 
(1932), pp. 67-85. 


(1’) 
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(10) a = 


Occupons-nous encore briévement des cas particuliers les plus simples. Si 
p=1, le tableau (1’) se réduit 4 une seule colonne et, puisque a =0 en vertu 
de (10), le probléme se réduit 4 la construction d’une fonction entiére dont 
toutes les dérivées sont données en un point donné—probléme qui est sans 
difficulté. Lorsque 


= 2, = C1 a = C2, 


le tableau (1’) consiste en 2 colonnes et il n’y a, en vertu de (10), que deux 
possibilités: 
a = 0, a,=0 ou a = 0, a, = 1. 


Dans le premier de ces cas, toutes les dérivées d’ordre pair sont données en 
deux points différents; dans le second cas, on donne dans un point toutes les 
dérivées d’ordre pair et dans un second point, différent du premier, toutes les 
dérivées d’ordre impair. Voila les deux cas dans lesquels Whittaker a démontré 
l'existence de la fonction entiére F(z). ; 

Voici deux cas pour p quelconque, dans lesquels A ne s’annulle pas: 

(I) ap=a,= les nombres dp, ai, - , @p-1 sont distincts, 
A se réduit 4 un déterminant de Vandermonde; 

(II) ao=0, a: =1,--~ , &1=p—1, les nombres do, a1, - ++, sont 
quelconques, A se réduit au produit de ses éléments diagonaux. 

Le cas (I) a été envisagé par Poritsky et le cas (II) par Gontcharoff; ces 
deux auteurs ont eu un but différent, ils ne se sont pas occupés du probléme 
d’existence qui nous intéresse ici, mais d’un certain probléme de conver- 
gence (*) ; toutefois quelques-unes des formules qu’ils ont développées peuvent 
servir de point de départ pour les formules plus générales que nous allons 
développer. 

3. Accés heuristique. Les conditions (1) constituent une sorte d’extension 
a l’infini du probléme classique qui est résolu par la formule d’interpolation de 
Lagrange. Faisons subir 4 cette formule |’extension analogue; nous arrivons 
a la formule 
(11) F(z) = FS Pa(2) 

n=0 
ot P,(z) est un certain polynéme dont la nature dépend des deux suites 
do, et a, +. Appliquons (11) a la fonction entiére simple 


F(z) = e** 


(5) Il s’agit de la convergence de la série (11), dans les cas particuliers respectifs; voir loc. 
cit. (*) et (*). Whittaker s’est aussi occupé de la convergence de cette série dans les deux cas 
particuliers qu’il a envisagés, loc. cit. (*). L’étude de la convergence de la série (11) générale 
fera partie d’une Thése que S. Schmidli prépare a |’Ecole Polytechnique Fédérale de Ziirich. 


f 
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qui dépend du paramétre complexe s; nous arrivons 4 la formule 


e* = > P, (z) 


que nous écrirons, en tenant compte des conditions (5) et (6), ainsi (n= pm-+k, 
passage de (1) a (1’)): 


p—1 
k=0 


(12) 


Nous avons posé pour abréger 


(13) Ly = Li(z, s) = 


m=0 

k=0, 1, 2,---, p—1. Observons qu’en posant 
(14) = w 
nous avons 
(15) L(z, ws) = L(z, s). 
Par application réitérée de (15) 4 (12) nous arrivons 4 un systéme de p équa- 
tions linéaires pour les p fonctions Lo, Li, - -- , Lyi: 


ere? = (ws) Lo + + (ws) L,-1, 


ts = (w?1s) + + 147 


4. Définition et propriétés de quelques fonctions auxiliaires. Effective- 
ment le développement (11) ne joue aucun réle dans la démonstration qui 
suit; il nous a donné seulement |’occasion d’introduire les éléments analytiques 
qui y jouent un réle. Nous allons définir certaines fonctions auxiliaires qui 
nous seront utiles, en suivant les suggestions du no. précédent, mais officielle- 
ment, nous n’utiliserons aucunement les calculs qui y étaient basés sur le 
développement (hypothétique!) (11). 

I. Nous définissons D(s) par |’équation 


eae + + + etp-18 


(17) D(s) = 


133 
n=0 
(16) 
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(c’est le déterminant des équations (16)). Le déterminant (17) est de la forme 


Xo, Ai, Ap-1 SOnt des constantes, fo(s), fi(s), - - - , fps (s) des fonctions que 
nous supposons développables en série de Maclaurin. Le déterminant (18) est 
“composé” de deux rectangles 4 p lignes et 4 une infinité de colonnes: 


(n) 


fo), fol), (0), --- 


(n) 


fr-s0), fr-s(0), fr-1(0), - ,fp-1(0), 


22 
os os 


2 2 n n 
Ap-1S Ap-18 Ap-15 


(il est, comme on dit quelquefois, le “produit” de ces deux rectangles). Le 
déterminant (18) est égal 4 une somme d’une infinité de termes, chacun étant 
le produit de deux facteurs; le premier facteur est un déterminant a lignes, 
tiré du premier rectangle, le second facteur est le déterminant correspondant 
tiré du second rectangle. Cherchons parmi tous ces termes celui qui est de 
degré minimum en s; nous n’écrirons que ce terme (légérement transformé) 
pour suggérer tout le développement: 


fo0)  fol0) fo” (0) 


= 


p—l 

bode he 


Rous 


D(s) est un cas particulier de 5(s). Pour obtenir ce cas particulier, il faut 
d’abord poser 


= 1, Al = @, = wP 


| 
; 
SC“ tC 
(19) 
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Parmi ces p nombres il n’y a pas deux égaux, donc le second déterminant dans 
le second membre de (19), le Vandermondien de ces p nombres, est #0. Puis 
il faut poser 


Sols) = fils) = » = 


Le développement 
sett (a + 2)! sate 


a a? 4+... 
1! (a + 1)! 2! (a + 2)! 

montre que la ligne générale du premier déterminant dans le second membre 

de (19) a exactement la forme (9); il faut poser 


a= ak, a= 


et, aprés cela, k=0, 1, 2, -- - , p—1; le déterminant est donc identique 4 A et, 
par conséquent, #0, voir §2. Notons le résultat: 

La fonction entiére D(s) pour laquelle le point s=0 est un zéro dont l’ordre 
est exactement $p(p—1), n'est pas identiquement nulle. 

II. Nous définissons Lo, Zi,------ , Lp-1 par les équations (16). Nous venons 
de voir que D(s), le déterminant de ces équations, n'est pas identiquement 
nul; donc 

Li = Lilz, s), k=0,1,2,---,p-—1, 


est bien défini, sauf aux zéros de D(s). Or L; est le quotient de deux détermi- 
nants; cette expression montre que L;(z, s) est une fonction entiére de z (dé- 
pendant du paramétre s) et une fonction méromorphe de s (dépendant du 
paramétre z); les péles de L;(z, s) (comme fonction de s) se trouvent parmi 
les zéros de D(s). 


Pour la commodité de |’écriture, nous posons 
o"L(z, s 
s) = L™ s). 
dz” 


Dérivons |’équation générale du systéme (16) c.a.d. 


p—l 
i=0 


ai+pm fois par rapport a z et, aprés cela, posons z=a,;. Nous obtenons 


@ja 8 a a im 


pour k=0, 1,---,p—1. C’est un systéme de p équations aux p inconnues 


(az+pm) 


(az+pm) (ar+pm) 
(a1, s), (a, s) 


Io (ai, s), Li 
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dont le déterminant est D(s); mais D(s) n'est pas identiquement =0; donc les 
inconnues, comme fonctions méromorphes de s, sont univoquement déter- 
minées. D’autre part on voit immédiatement que les valeurs 


satisfont au systéme (20). Nous avons ainsi obtenu les relations remarquables 
(21), valables pour j,/=0,1,---,p—1et m=0, 1, 2,--- 

III. Nous pouvons décomposer notre probléme, qui est de satisfaire aux 
équations (1’), en » problémes un peu plus simples. En effet, fixons k, 
0<ksSp-—1, et cherchons une fonction entiére F,(z) qui satisfait aux équa- 


tions suivantes: 


(22) Fras) = (a) = 0, j¥k, 


m=0, 1, 2,--+-+. (Cela revient a laisser les seconds membres tels qu’ils sont 
dans une certaine colonne du tableau (1’) et 4 les remplacer par 0 dans les 
p—1 autres colonnes.) Ayant trouvé Fo(z), Fi(z), ---, Fp-a(s), 


F(z) = Fo(z) + Fils) + F p(s) 


sera évidemment une solution du systéme (1’). 
5. Fin de la démonstration. Nous ne perdons rien d’essentiel en nous 
limitant 4 la démonstratifon de l’existence de Fo(z). Simplifions |’écriture et 


écrivons 
F(z), L(z), a, 
a la place de 
F,(z), Ly(z), ao, ao 
(on sait, d’aprés (10), que a» =0). Avec ces notations, nous avons 
(23) F°™(a) = Apm, = 0, 
(24) L°™(a, s) = s?™, s) = 0 


pour m=0, 1, 2,--- et J=1, 2,---+, p—1. Observons que c’est seulement 
une partie des relations (21), p relations sur p?, que nous venons d’écrire sous 
la forme (24). Observons encore qu’en vertu de (6) et de (10) 


(25) Qn = a + pn = pn. 
Soit C, une circonférence de centre s=0 qui ne passe par aucun des zéros 
(*) On établit de la méme maniére, en se servant de l’unicité de la solution, la propriété (15). 


Encore d’autres propriétés de D(s) et de L(z, s) jouent un réle dans le probléme de convergence 
mentionné (°). P.e. il est facile de démontrer que D(s) a une infinité de racines si ap-++ai+ - - - 


paps +++ +p—1. 
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de D(s), donc par aucun péle de L(z, s). Nous allons trouver une solution 
F(z) des équations (23) qui est de la forme(’) 


L(z, s)ds 


gPntl 


(26) F(z) = 


I. Nous admettons d’abord que la série (26) converge uniformement en 
chaque domaine borné du plan des z. 
Alors F(z), donnée par (26), est une fonction entiére de z puisque chaque 
terme de la série est une fonction entiére de z. 
Puis nous trouvons, en nous servant de (24) 
F@™)(q) = > Am sends 


n=0 Ca 


Ags Ods 
= = 0, 
( ) Ca 


c.a.d. les équations (23) sont satisfaites. 
II. Que devons-nous démontrer encore? La convergence uniforme de la 


série (26) pour 
(27) |s|<R 


ou R est un nombre positif donné (arbitrairement grand). De quoi pouvons- 
nous disposer encore? Des cercles C,. 

Je désignerai dans ce qui suit par ki, ke, - - - , K, des nombres positifs qui 
dépendent des données du probléme (de ao, ai, - , @p—1, Qo, Q1, * * * » &p-1) 
ainsi que de R, mais qui sont indépendants de s et de n. La définition (17) de 
D(s) montre qu’il existe k; et kz tels que pour tout s 


| D(s)| < 


Vu cette inégalité, nous pouvons, d’aprés un théoréme de Valiron(*), choisir 7, 
tel que 


(28) pn < 2pm 


et que, en chaque point s du cercle |s| =r,, 


(7) En cherchant une solution de la forme (26), je me sers d’une méthode que Hurwits a 
employée pour un but différent; voir Acta Mathematica, Tome 20 (1897), pp. 285-312 ou 
Mathematische Werke, Basel, 1932, Tome 1, pp. 436-460. Dans une Thése, faite sous ma direc- 
tion, H. Muggli a appliqué la méthode de Hurwitz a des problémes assez généraux; voir Com- 
mentarii Mathematici Helvetici, Tome 11 (1938), pp. 151-179. 

(*) G. Valiron, Integral Functions, Toulouse, 1923; voir le Théoréme 27, p. 89. Dans la 
Thése citée (7), la généralité des applications résulte également de l’usage de ce théoréme de 
Valiron. 


if 
Ca || 
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(29) | D(s)| > 
cette inégalité étant valable pour m=1, 2, 3, - - - . Soit r, le rayon de C,; donc 


(29) est valable sur le cercle C,. 
L(z, s) est un quotient des deux déterminants, d’aprés (16). La forme du 


numérateur montre que, z étant un point quelconque du cercle (27), on a pour 
tout s 


kse*le! 


| D(s)L(s, 2) | < kge*!*!; 
en combinant cette inégalité avec (29) on obtient 


(30) | L(z, s) | < = Ketlel 


sur tous les cercles C,, m=1, 2, 3,---. 
A l'aide de (28) et de (30) nous évaluons le module du terme général de la 


série (26) dans le cercle (27): 


L(z, s)ds | | A pn | Ke*'*2rr,, 
| 


2x 
n 


<|Apn| K < 
(pn)? ~ (pn)! 
La n-iéme racine de cette derniére quantité tend, en vertu de l’hypothése (4), 
vers 0 avec 1/n; il faut tenir compte de (25). Donc, la série (26) posséde dans 
le cercle (27) une majorante numérique convergente. C.q.f.d. 

6. Problémes de la méme forme, qui ne possédent pas de solution. Nous 
considérons le probléme de trouver une fonction entiére qui satisfait 4 (1). 
Nous admettons les hypothéses (2), (3), (4) et en outre la suivante (qui figure 
aussi dans le théoréme que nous venons de démontrer): Chaque terme de la 
suite iafinie do, a1, d2, - - - est égal A un certain terme d’une suite finie donnée. 
Ces hypothéses sont insuffisantes pour assurer l’existence de la solution 
comme les exemples suivants le montrent. 

ler exemple. La suite finie contient trois valeurs différentes c, 0, —c. Les 
trois suites infinies sont définies ainsi: 


a, = — 

a, = 0, 0; 5, 

A, = 0, 1; 0, 
La loi des conditions successives est uniforme 4 partir de la 3me condition 
(aprés le signe ;) et, d’aprés cette partie des conditions, F(z) devrait étre une 
fonction paire—mais cela contredit les deux premiéres conditions; F(z) 
n’existe pas. 
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Cet exemple est plutét trivial, mais montre clairement ce qu’il doit 
montrer: l’insuffisance des hypcthéses énoncées pour assurer l’existence de 
la solution. L’exemple suivant est moins trivial. 

2me exemple. La suite finie ne contient que deux termes différents: a et b. 


Les trois suites infinies sont définies ainsi: 
a,=a, b; a, a, a, 6b; a, |b, 
0; 1.1, 2% &. 3% 5S, 
A,=0, 1; 0, 0, 0, 0, 0; 0, 0, 


La loi des conditions successives est uniforme 4 partir de la 3me condition 
(aprés le premier signe ;). On a pour n2=3 


= Gn, Ontos =ant4, A, = 0. 


D’aprés cette partie des conditions, F(z) devrait étre paire relativement aux 
deux points a et b et avoir une symétrie encore plus haute relativement au 
point a; plus précisément, F(z) devrait satisfaire aux identiés par rapport a z: 


F(z) =F(a+i(z—a)), = F(b— — 
De ces identités on tire, par calcul formel ou en tenant compte de la significa- 
tion géométrique: 
F(z + 2(b — a)) = F(z), F(z + 2i(b — a)) = F(z). 


F(z) serait ainsi une fonction entiére doublement périodique, donc une con- 
stante—mais cela contredit les deux premiéres conditions; F(z) n’existe pas. 
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THE PARASTROPHIC CRITERION FOR THE 
FACTORIZATION OF PRIMES 


BY 
FRED KIOKEMEISTER 


If the rational prime p is not an extraordinary divisor of the discriminant 
of the irreducible polynomial f(x) with coefficients in the domain of rational 
integers, the factorization of f(x) modulo p gives the factorization of the prin- 
cipal ideal (p) in the maximal domain of integrity of the algebraic number 
field defined by f(x). This criterion was given by Zolotareff(") and discussed 
by Dedekind(?). Hilbert, by relating the structure of (p) to the factorization 
modulo p of the minimal polynomial of the general element of the maximal 
domain of integrity(*), removed the necessity of separately considering the 
divisors of the discriminant. The parastrophic criterion here presented serves 
the same purpose with what is perhaps a method involving a simpler com- 
putation. 

Parts 2 and 4 of the paper are related to the work of Nakayama and 
Nesbitt(*) on the representations of Frobenius algebras and to the study of 
such algebras by Nakayama(°). 

1. The parastrophic matrix. Let A be a linear associative algebra with 
basis ¢1, é2,--- , €é, over a field P. We designate the vectors of basis elements 


as follows: 


“= (é1, en)» 


so that the vector u’ is the transpose of u. We shall be consistent in employing 
this notation for a vector and its transpose throughout the paper. From the 
theory(*) of the matric representations of a linear algebra, we have for an 
element a contained in A. 

(1.1) au = uR(a), u'a = S(a)u’, 


Presented to the Society April 12, 1941; received by the editors July 30, 1940. 

(*) G. Zolotareff, Théories des Nombres Entiers Complexes, avec une Application au Calcul In- 
tégral, St. Petersburg, 1874. 

(?) Dedekind, Géttingen Abhandlungen, vol. 23 (1878). 

(*) Hilbert, Die Theorie der algebraischen Zahlkirper, Jahresbericht der Deutschen Mathe- 
matiker-Vereinigung, vol. 4 (1894-1895), p. 195. 

(*) Nakayama and Nesbitt, Annals of Mathematics, (2), vol. 39 (1938), pp. 659-668. 

(®) Nakayama, Annals of Mathematics, (2), vol. 40 (1939), pp. 611-633. 

(*) M. Deuring, Algebren, Berlin, 1935, p. 2. 
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where R(a) and S(a) are, respectively, the first and second representations 
of a. The elements of the vectors au and w’a are linear forms in the basis 
elements ¢, é2,--- , én with coefficients in P; the elements of the matrices 
R(a) and S(a) are uniquely determined in P. 

The multiplication table of the algebra A can be given as the outer prod- 
uct of the vectors u’ and u: 


2 


= , U’en). 


2 
Employing equations (1.1), we have immediately 


uR, 


uR 
(1.2) uu = hes (Syu’, Squ’,--- , S,u’) 


where R;= R(e;), S;=S(e;). The matrix u’u has as elements linear forms in the 
basis elements. We shall designate u’u by Q(u). The array Q(u) is uniquely 
defined by the basis u employed in the representation of the algebra A. The 
algebra is determined up to an isomorphic ring and isomorphic basis by Q(z). 
Frobenius defined the parastrophic matrix(’) of an algebra A to be that 
derived from Q(u) by replacing each basis element e; by the variable x;. This 
replacement may be achieved by the substitution of = (x1, x2,--- , Xn) for u 
and £’ for wu’ in the forms (1.2). In this notation the parastrophic matrix is 
ER: 


(1.3) Q(é) = = (Sit’, Saf’, Saf’). 


ER, 
The variables x;, x2,--- , x, range over P. 


THEOREM 1.1. If (x1, x2,- , Xn), Yn) and if on, are 
elements of P, 


+ an) = + 


The theorem follows from equation (1.3); for 


(7) Sitzungsberichte der Preussischen Akademie der Wissenschaften, 1903, p. 507. 


= 


FRED KIOKEMEISTER 


(aug + aan) Ri ER; 
(aug 7; an)Re 


+ aan) = = a:0(£) +.020(n). 


+ an) Rn ER, 


Let +anen, af€P, be an element of A. Then 
@=(a1, a,:-- , &,) is the unique vector representation of a with respect 
to the basis u. Employing the inner product of vectors, we have 


(1.4) a= du’ = ud’. 
The vector representation of the elements of the algebra A has the follow- 
ing properties: 


THEOREM 1.2. For any elements a and bin A, 
(a) aa=ad, a€P. 
(b) a+b=4+5. 
(c) (ab)’=R(a)b’, ab=aS(b). 


Parts (a) and (b) of the theorem follow from the definition of an algebra. 
For the proof of part (c), let a and b be two elements of A. Consider that 
by equation (1.4) 
ab = a(ub’) = (au)d’. 
Then by (1.1) 
ab = (uR(a))b’ = u(R(a)B’). 


It follows from the uniqueness of the vector representation that 
(ab)’ = R(a)b’. 
Similarly 
ab = 4S(b). 
THEOREM 1.3. For any element a of the algebra A, the relations hold: 
aQ(é) = ER(a), —Q(E)a’ = S(a)e’ 
where = (x1, , Xn), and Q(£) is the parastrophic matrix of the fixed basis u. 
Since du’ =a, 
du'u = 40(u) = au = uR(a), 


so that 
4Q(u) = uR(a). 


Here we have the equality of two vectors with elements which are linear forms 
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in the basis elements @, @,- - - , én. The basis elements are linearly independ- 
ent, and the linear forms must be identical. Since é and R(a) have elements in 
the field P, we may replace u = (é, é2,- , én) by E= (x1, Xn): 


aQ(t) = ER(a). 
Similarly ud’ =c, 
u'ud’ = Q(u)d’ = = S(a)u'’, 


and 

Q(u)a’ = S(a)u’. 
This gives 

Q(é)a’ = 


by the same argument as above. 
An algebra A is said to be a Frobenius algebra when there exists a vector 
n= (61, , 5,) with elements 6; in P such that Q(n) is nonsingular. 
2., Orthogonal modules. In this section we shall assume that the algebra A 
has an identity e. Any linear algebra not a null algebra is homomorphic to an 
algebra with identity. 


LEMMA 2.1. If A has an identity e, =0 implies that n= (0, 0,--- , 0). 
Let Theorem 1.3 be applied to the element e and the vector 7 where 
Q(n) =0: 
20(n) = nR(e) = 2. 


Then if Q(n) =0, n=0. 
Let M designate the set of all vectors »=(d;, 5:,---, 65,) where 
b:, d2,:-- , 5, are elements of P, i.e., M is the set of all constant vectors 


when the variables x; of (x1, x2,- , X,) areallowed to run over P. 


LemMaA 2.2. If D is a set of elements d in A, the set U(D) of all nEM such 
that for 


dQ(n) = 0 


forms a P-module closed on the right under multiplication by all S"(x), xEA. 
The set V(D) of allnGM such that for alldED 


Q(n)d’ = 0 


forms a.P-module closed on the right under multiplication by R(x), xCA. 
Let.m, m2 be such that 


dQ(ni) = 0, d€D. 
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Then for all d€D, by Theorem 1.1, 
+ cane) = adQ(n1) + = 0 


and U(D) includes all linear forms in 7, nz with coefficients in P, i.e., U(D) is 
a P-module. Furthermore, since, for the general vector dQ(£) = ~R(d) (The- 
orem 1.3), dQ(n) =0 implies that 


dQ(nS"(x)) = nS™(x)R(d) = nR(d)S™(x) = 0 


for all dE D, and by the commutivity of R(d) with S"(x) as established 
by Frobenius(*). It follows that »S"(x) is an element of U(D) whenever 7 is, 
and U(D) is closed on the right under multiplication by all S™ (x). 

The second part of the theorem is proved by applying the same argument 
to the relation Q(£)d’ = S(d)é’. 

For any theorem which is proved for right ideals in the following pages 
there exists an analogous theorem for left ideals. Since the argument in each 
case is the same, we shall state the theorems in most instances only for right 


ideals. 


LEMMA 2.3. If N is a subset of the module M, the set a of elements aGA such 
that 


4Q(n) = 0 
for all nEN forms a right ideal in A. Furthermore, U(a)CN. 


Let a; and az be elements of a. Then for all nC N 


+ a202)0(n) = (ard: + = a14:Q(n) + a2d20(n) = 0 


where a, a are elements of P, and a is a P-module. The set a is a right ideal; 
for let a be an element of a, c an element of A. Then by Lemma 1.2 


ac = 4S(c). 
Frobenius established that 
= O(n) R(c). 


Employing these results, we have 


acQ(n) = 4S(c)Q(n) = 4Q(n)R(c) = 0 


for all cin A. Hence ac lies in a, and ais a right ideal. By the definition of U(a), 


this set must include N. 
The order of an ideal a is the order with respect to the basis field P; a is 
of order r if r linearly independent elements constitute a P-basis for a. 


(8) Frobenius, ibid., p. 507. 
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LEMMA 2.4. If ais a right ideal of order r, U(a) is a P-module of order n—r. 


If a=A, then r=n. As in the proof of Lemma 2.1, 2Q(7) =0 implies that 7 
is the zero vector. Then U(a)=0, and the theorem holds. 

If a=0, then r=0. Let 0 designate the zero vector which represents the 
element 0 of the algebra. Every vector 7 satisfies the equation 0Q(n) =0, so 
that U(a) is of order n. In this special case also the theorem holds. 

If ax#A and a0, then a has a basis v=(a;, de,---, a,). Let 
Sy=(€1, , €n-r) be a set of elements supplementary to v so that 
u=(s,, v) isa basis of A. Since a#A, eis not included in a, so we may choose e 
equal to the identity element of A. 

If we employ u=(s,, v) to form Q(u), we have 


Sis, 


Since a is a right ideal, every element of v’s, and v’v is expressible in terms of 
the basis v. Writing Q(u) as a matrix of single elements, we have 


€1, €2, °° * » * 


where every element of Q(u) in any row below the (n—r)th row must be ex- 
pressed in the basis v. We pass by substitution of &=(x1, x2,---, %n) 
for the basis vector u to the parastrophic matrix Q(£) and then set x;=a,;€P, 
= (01, 2, > 


* An—r, °° » On 


. . . 
a1, Oo, * 
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where the elements of any row below the (m—r)th are linear forms in 
* » Qn. Now if aEa, 
(0, Bn—r+ts ’ Bn) where P. 


Obviously if we choose a;=0 for j7=n—r+1,---,m, then 
4Q(n) = 0 
for any choice of ai, a, - - - , @n—r. For in this case every element below the 
(n—r)th row is zero. Conversely if Q(n) =0 for all a€a, then in particular 
+ + Bran = 0 


for all 8;€P. This linear form is identically zero only if the a; involved are 


all zero. 
It follows that = (ai, ae, , 0, - - - , 0) is the most general vector 


such that 
4Q(n) = 0 

for all aEa. But U(a) is this set of vectors, and is therefore of order n—r. 

If there exists a vector 7 such that 7R(a) =0, 7 is said to be orthogonal 
on the left to R(a). Let a be an element of the right ideal a. From the relation 

40(n) = nR(a), 
we see that »R(a) =0 for all aEa implies that 4Q(n) =0 and conversely. That 
is, 7 must lie in U(a). Similarly if 6 is a left ideal, V(b) is the set of all vectors 
such that 
Q(n)b’ = S(b)n’ = 0, 

and 7 is orthogonal on the right to all S(b) where 6 lies in b. 

THEOREM 2.1. Jf a is a right ideal, then U(a) is the set of vectors orthogonal 


on the left to all R(a), aa. If 6 is a left ideal, V(b) is the set of all vectors or- 
thogonal on the right to all S(b), bE b. 


The vector sets U(a) and V(b) are called the orthogonal sets of the right 
ideal a and the left ideal 6, respectively. 


LEMMA 2.5. (a) U(a) =0, U(0)=M. If U;= U(a;), where a; is a right ideal, 
(b) a: if and only if U2, (c) a2) = Ui Ue, U(ar/A a2) =(Ui, U2). 


Part (a) follows immediately from Lemma 2.4. 
Part (b): Let a;E aj, mE U;. Then 


4:Q(m) = 0 


for all a; in a. In particular 


a C ai, 


; 
i 
4 
4» 
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and hence 
40(m) = 0 


so that all 7; are elements of U2, or UiC U2. 
Part (c): If Ui A Us, then 4Q(n) =0 for all (a1, ae) so that 


Ui A U2CU (a1, ag). 
By (b) above, and since a;C (a, ae), 
U; > U(a, a2), Ui A U(ai, aa). 
Finally these two relations together imply that 
Ui A Uz = U(ai, a2). 
Similarly, let Uz). Then 4Q(n) =0 for all a€(a:/\a2) so that 
(Ui, Us) (a1 A aa). 
However, if a; is of order 7;, by Lemma 2.4 
order (U;, U2) = order U; + order Uz — order (U; (A\ U3) 
=n — — re — order (Ui U2), 
From the equation (U,;/\ U2) = U(a1, az) we have 
order (U; (A U2) = m — order (a1, ae), 
and we know that 
order (@1, G2) = 71 + re — order (a; /\ ae), 
so that 
order (U;, Uz) = m — order (a; /\ a2) = order U(a: A ae). 


We have proved that U(a:/\az) contains (U;, U2) and that these two modules 
have the same order. It must be true that 


A az) = (Ui, U2). 


LEMMA 2.6. Let n be a vector with elements in P, and let Q(n) be of rank r. 
There exist a right ideal a and a left ideal b, each of order n—1, such that U(a) is 
the set of vectors nS*(x), V(b) is the set of vectors R(x) where x ranges over all 
elements of the algebra A. 


Let a be the set of elements of A whose representation vectors are orthogo- 
nal to Q(m) on the left. Since Q() is of rank r, there must be —r linearly 
independent such vectors. By Lemma 2.3, a is a right ideal in A. Similarly 
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there will exist the left ideal 6 of order »—r whose elements } are those for 
which Q(n)}’ =0. 

By Lemma 2.2, 9S"(x)€ U(a) for every If r=0, n=(0, 0, ---, 0) 
by Lemma 2.1; for Q(y)=0 implies that 7=(0, 0,---, 0). Then a=b=A, 
and the theorem is trivial. 

If r+0, choose a basis be, - - - , b,_, for 6 and let c, cz, - - - , be 
supplementary to it in A so that u=(d;, be, - - , C1, C2, Cr) is a basis 
for A. If r=n, then 6 =0, and cj, ce, - - - , ¢, is chosen as a basis for A. In either 
case, if c=)oacci, a;€P, is an element of 6, then c=0; for in the first case 
the c; are linearly independent of the 5; and in the second case 6 consists of 
the element 0 alone. 

The r vectors 


nS" (¢1), nS" (62), nS" 


are linearly independent; for if c=) Vici, then =9S™(c) =0 im- 
plies that S(c)n’ =Q(n)é’ =0 which implies that c is an element of 6. Then 
c=0, and all y; are zero. We have established that the set of vectors 5S" (x) 
is at least of order r. However by Lemma 2.2 this set is contained in U(a), 
and by Lemma 2.4 U(a) is of order r. Therefore U(a) = {nS™ (x) } ‘ 

A similar proof gives V(b) = { nR(x)} of order r. 


THEOREM 2.2. There is a bi-unique correspondence between right ideals of A 
and sub-modules U of M such that nC U implies that nS*(x)€U for all xEA. 
There is a bi-unique correspondence between left ideals of A and sub-modules V 
of M such that n€ V implies that nR(x)€ V for every xGA. 


Lemmas 2.2 and 2.4 give the existence of U = U(a) for every right ideal a; 
U(a) is of order n—r if a is of order r. 

Conversely let U be of order r and closed on the right under multiplica- 
tion by all S™(x). Let m, m,---, 7 be a basis for U. By Lemma 2.6 there 
exist right ideals a; with the orthogonal modules U;= {S"(x)}. Now 


U= (Ui, U,). 


From Lemma 2.5, part (c) it follows that U= U(a) where a=(ai/Aa2A -- - 
/A\a,). For each such set U there exists a right ideal a and U=U(a). This 
establishes the theorem for right ideals. The proofs for left ideals can be car- 
ried through in the same way. 

3. The parastrophic form. In the preceding section we have established 
the fact that the ideals of an algebra with identity e can be put into corre- 
spondence with certain sets of vectors 7 d2,---, 5,), ie., with 
certain sets of values of x1, x2, ~ - - , X, considered as variables over the field P. 
Let A be restricted to be a Frobenius algebra. This implies the existence of 
the identity e. Then we may define 
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w(t) = %2,---, tm) =| 


as the parastrophic form with respect to the basis é1, é, -- - , é,. Since A isa 
Frobenius algebra, this polynomial is not identically zero. Since the elements 
of Q(£) are homogeneous linear forms in x, x2, - - - , Xn, 7(€) is homogeneous 
of degree n in the variables. 

LEMMA 3.1. Every vector solution =n of the equation r(£)=0 lies in the 
orthogonal module of a nonzero ideal of A. Conversely if n lies in the orthogonal 
module of a nonzero ideal in A, x(n) =0. 

If =7 is a solution of r(£) =0, then x(n) =0, | Q(n)| =0, and Q(n) is of 
rank less than n. By Lemma 2.6 there exist both left and right ideals whose 


orthogonal modules contain 7. 
If a is a right ideal of order r~0, then by Lemma 2.4 U(a) is of order 


n—r#n, and a€a implies that 
4Q(n) = 0 
for every 7 included in U(a). Then, for every 7, Q(7) is singular, 
x(n) = | Q(n)| = 0, 
and £=7 is a solution of r(&) =0. 
THEOREM 3.1. If A contains a right ideal a or a left ideal 6 of order 1, then 


w(t) = h(E) 
where g is a linear form in x1, X2, + * + , Xn. The orthogonal module U(a) or V(b) 
consists of all solutions of g(t) =0. 
Let a be a right ideal of order 1 in A. Then U(a) is of order n—1, ie., 


U(a) is a linear sub-space of M defined by a linear form g(t) =0. However 
since every solution of g(£) =0 is a solution of r(£)=0, g(£) divides r(€)(*). 


THEOREM 3.2. If A is a division algebra, x(&)=0 can have no solutions 
other than the zero vector. Furthermore, (&) must be of degree n in each of the 
variables x1, X2, ,Xn- 


If A is a division algebra, r(€)=0 can have no solution 70 since by 
Lemma 3.1 a zero of r(£) gives rise to an ideal other than the zero ideal in A. 
_ Suppose 2(£) did not contain a term a;x?, a;~0. Then (0, 0,---,1,---, 0) 
with 1 in the ith place and 0 elsewhere would be a solution of r(£) =0, by the 
homogeneity of 2(&). 

4. Commutative Frobenius algebras over a perfect field. Let A be a com- 
mutative algebra of order over the field P with basis @, - , Every 
ideal a is two sided, and U(a) is the corresponding orthogonal set. 


(*) Cf. van der Waerden, B. L., Moderne Algebra, Berlin, Springer, 1931, vol. 2, p. 11. 
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Lemma 4.1. If A is a commutative Frobenius algebra of order n over P, the 
parastrophic form with respect to the basis e:, é2, - - , 1s factorable into 
linear factors over some finite extension field A of P. 


If n=1, the theorem is trivial. 

Let m>1, and consider A/Q defined with basis @, é:,---, é, over the 
algebraic closure Q of P. Since the same basis is employed, the same multi- 
plication table results and therefore the same parastrophic form. 

We define a minimal ideal of A to be an ideal which is not the zero ideal 
and which contains only the zero ideal properly. The representations of A/Q 
with respect to its minimal ideals (i.e., the absolutely irreducible representa- 
tions) are of order 1('°). Then the minimal ideals themselves are of order 1. 

By Theorem 3.1 each minimal ideal induces a linear factor of the para- 
strophic form 2(£). There can be, therefore, not more than m linear factors 
associated with the minimal ideals. By Theorem 2.5 these linear factors are 
distinct if and only if the minimal ideals are distinct. It follows that there 
can be not more than m minimal ideals. Let gi, ge, - - - , gz be associated with 
the minimal ideals a), a2, - - - , a, where k Sn. It is true, by Theorem 3.1, that 
-- - gf*h. Let be a solution of the equation By 
Lemma 3.1 7 must lie in the orthogonal module of some ideal in A. This ideal 
must contain a minimal ideal a; and therefore 7 must be a solution of g;=0. 
Every solution of the equation 7(£)=0 must be a solution of the equation 
ge=0. We have immediately, by Hilbert’s Nullstellensatz("*) that the 
only factors of r(£) are products of powers of the linear factors gi, ge, - - - , ge- 

If A is a field defined through extending the field P by the coefficients of 
the g;, A is a finite extension field of P in which 2(£) is factorable into linear 
factors. 

As an example, let us take the linear algebra with the defining matrix 


defined over the rational field P. Then, as in Part 1, 


= | | = Sax 


ow =| 
x2 
The parastrophic form is irreducible over the rational field, but over 
A=P(5"*), = — x2) (5/241 
As an example of the failure of the theorem for a non-commutative alge- 
bra, consider the total matric algebra of order 4 with basis u = (eu, é12, é21, €22) 
over any field P we wish to choose. In this case 


(*°) M. Deuring, ibid., p. 32. 
(*) van der Waerden, ibid. 
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O x 0 O 


0 O ex 0 O x 


Q(u) = Q(é) = 


é2 €22 O O x3 0 O 
0 0 €21 C22 0 0 Xs % 
w(t) =| | = — 


Here 2(£) contains a factor of degree two which is irreducible over all exten- 
sion fields of P. 

Lemma 4.1 may be applied to a theorem of Burnside('*) on the factoriza- 
tion of a certain determinant. Consider the matrix 


** » Va, 


where each row is a permutation of the first row, the permutations constitut- 
ing a commutative group @ of order n. This matrix is the parastrophic matrix 
of the group-ring with the elements of @ in some order as basis elements. 
Since @ is commutative, its group-ring is commutative, and the determinant 
of the parastrophic matrix is factorable into linear factors in some finite ex- 
tension field of the field of coefficients. 

An algebra is called primary if it contains an identity element and its re- 
mainder class ring with respect to the radical is simple. A simple commutative 
algebra is a field; for a left ideal of a commutative algebra is a two-sided ideal. 
The decomposition of the identity of a commutative algebra into the sum of 
primitive idempotents induces a decomposition of the algebra into the direct 
sum of primary ideals. The remainder class ring of each component of this 
decomposition contains but one idempotent and is therefore a field("*). 

We choose to impose upon the field P the condition that it be perfect, 
i.e., that it admit no inseparable extension. 

For convenience we shall define a primary commutative algebra A to be in 
normal form if it is defined over a maximal sub-field as coefficient field. 


LemMA 4.2. A primary commutative algebra A/P defined over the perfect 
field P may be put in normal form. We write A/P =B/F where A/P modulo its 
radical N is isomorphic to the field F. 


The primary commutative algebra A is defined over the perfect field P. 
We may write A = F+WN where N is the radical of A and A/N~F("*). The 


(#) W. Burnside, Messenger of Mathematics, vol. 23 (1894), pp. 112-114. 
(*) For this paragraph, cf. Deuring, ibid., p. 17; van der Waerden, ibid., p. 47. 
(#4) M. Deuring, ibid., p. 23. 
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remainder class ring is a field since A/N is simple. The field: F contained in A 
may be employed as a coefficient field. Let e, @, - - - , é, be a P-basis for A. 
Consider the set of elements $¢:-+-@2¢2+ - - - +né, where the ¢; range over 
F. The set of all such numbers is contained in A, and on the other hand, since 
F2P, it contains A. Then an F-basis may be chosen for A considered as a 
finite F-module. To indicate this change of basis field, we write 


A/P = B/F. 


The field F is maximal in A = F+-N since any ring which contains F must also 
contain elements of the radical N. 


Lemma 4.3. If a is a minimal ideal of the commutative primary algebra A, 
then aN =0 where N is the radical of A. If A is written in normal form B/F, 
a is of order 1 over F. 


Let A/P be written in normal form B/F. The same ideal a and the same 
radical N are to be considered since the rings A/P and B/F are identical ex- 
cept for form of expression over different fields. 

Let a be a minimal ideal of B. Let +0 be an element of a. Then a=Bb; 
for a>Bb, and a is minimal. Every element of a is of the form xb where x 
lies in B. The correspondence b-—>cb, c an element of B, defines an endomor- 
phism("*) of the ideal a considered as an additive group. Let x1b—>x,cb, 
where x, x, are in B. Then 
= (x:+2x2)cb. Let ¢ be the set of elements of B such that ca=0. Then ¢c is an 
ideal, and B/c is an absolute operator domain for a. However the endomor- 
phism ring of a minimal ideal is a division algebra(**), so that the ring B/c 
is a field. Since every ideal of a primary commutative ring is contained in the 
radical(!7), cCN, and B/ce~B/N=F. However no field can be homomorphic 
to a second unless the homomorphism is an isomorphism. Therefore 
B/c~B/N, and c=N, Na=0. It follows that a is of order 1; for 


(ae + a)b = aeb = ab 
where a@ is an element of F, a is an element of N, and Bb=a, 60 being an 
element of a. 


THEOREM 4.1. A necessary and sufficient condition that a commutative pri- 
mary algebra defined over the perfect field P be a Frobenius algebra is that A have 
one and only one minimal ideal. 


Suppose that A has one and only one minimal ideal a. If this ideal is A, 
then A is a field and the theorem holds. If a is a proper ideal, then a is of 


(45) van der Waerden, B.L., Moderne Algebra, Berlin, Springer, 1936, 2d edition. 
(*) van der Waerden, Modern Algebra, vol. 2, p. 165. 
(*7) Krull, W., Idealtheorie, Berlin, Springer, 1935, p. 22. 
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order 1 over F by Lemma 4.3 and a is of order k over P where k is the order 
of F over P. Then if U(a) is defined for A/P and A is of order m over P, U(a) is 
of order n—k over P. This follows from Lemma 2.4. Since a is minimal, every 
nonzero ideal of A must contain a, and therefore every orthogonal module 
of a nonzero ideal is contained in U(a) (Lemma 2.5). Then if x is a vector of M 
not contained in U(a), | Q(x)| 0; for by Lemma 3.1 | Q(x)| =0 implies that x 
lies in the orthogonal module of a nonzero ideal in A. 

Conversely suppose that A has at least two minimal ideals a and b. Since 
a and 6 contain no ideal other than the zero ideal, they must be principal 
ideals. Let a=(a), b=(6) where a0, 60. The elements a and 6 must lie 
in the radical of A since every ideal of A lies in its radical. 

Let A be written in normal form B/F. Then by Lemma 4.3, a and 6 are 
of order 1 over F. Choose a basis 


v = (€, Gm—a, @, 5) 


where ¢ is the identity of B, and ae, - - - , @m—g lie in the radical of B, and m is 
the order of B over F. By Lemma 4.3 the product of a and 6 with any element 
of the radical is zero. We have 

Te, a2, , Gm2, 


2 
a2, , 0, 0 


-, 0, 
Lb, 0, 


Let w be a basis of F with respect to P. Then B/F may be written as A/P 
with basis 


u = (€W, , aw, bw), 


and the corresponding defining matrix takes the form 

eOr(w) ? a20r(w) Om—20r(w) ? aQr(w) bOr(w) 
2 

a20r(w), a20r(w), ? 0, 0 


aQr(w), 0, 0, 0 


where Qr(w) is the defining matrix for F with respect to P. The form of Qa(u) . 


0, 0 

. 0, 0 
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implies immediately that the parastrophic matrix Q4(é) is singular; A cannot 
be a Frobenius algebra. 


CorROLuaryY 4.1. If the parastrophic form 1(&) of the commutative primary 
algebra A contains a linear factor g(&), the vector solutions of the equation g(t) =0 
form the orthogonal module of an ideal of order 1 in A. 


Let r(&) =g(E)h(E) where E=(x1, x2, ---, X,) and where g(é) is a linear 
polynomial in x, x2, - - : , X,. The solutions of g(£) =0 form a linear sub-space 
T of the set of vectors M. If M is of order n, T is of order n—1. 

Suppose that T is not closed on the right by all S"(x). Then +0 and 
a0 exist such that 7S"(a) is not an element of T, and 


M = T + Pm S*(a). 


If nEM, there exist T and a€P such that 7 =+amS*(a). Since m and 
nm. are solutions of g(£)=0 and therefore solutions of r()=0 each of these 
vectors must, by Lemma 3.1 lie in the orthogonal module of some nonzero 
ideal of A. Let U(a2). Then by Lemma 2.2 mS*(a)€ U(a). 
The theorem gives the existence of an unique minimal ideal 50, and 
bC(a:/Aa2). But U(ai:/Aa2) which is contained in U(6). It follows that 
| Q(n)| =0, and A is not a Frobenius algebra. 

This contradiction gives the closure of T. By Theorem 2.2 T is the orthog- 
onal module of an ideal of order 1 in A. , 


THEOREM 4.2. If the commutative algebra A has only principal ideals, A is 
a Frobenius algebra. 


Suppose that a primary component B of A were not a Frobenius algebra. 
Then, by Theorem 4.1, B must have at least two minimal ideals. Since a mini- 
mal ideal is principal, these must have the form (a) and (6), a#0, +0. Every 
element of (a) is of the form ca where cCB, and every element of (5) is of 
the form cb. 

Consider the ideal (a, with elements where B. Now every 
element of B can be written as ¢+d where ¢ is an element of the field F, d is 
an element of the radical N, and B = F+-N. By assumption the ideal (a, b) is 
principal and is therefore generated by a fixed element a, B. By 
Lemma 4.3 aN =0; and 6N =0. It follows that 


(@ + d)(cia + cob) = + cob). 
However (a, 5) contains the ideals (a) and (5), so that the equations 
o1(c1a + cb) = a, o2(c1a + = 


must have a solution for ¢; and ¢2 as elements of F. Since F is a field, this im- 
plies that c,=c2=0 and that a=b=0 contradictory to hypothesis. 
Over the perfect field P it is possible to consider the polynomial algebras 
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of the form 
A = P[x]/f(x) 


where P[x] is the polynomial domain in the indeterminant x, and P[x]/f(x) 
is the remainder class ring with respect to the polynomial f(x). The basis of A 
may be chosen as 1, x, x”, --- , x"~!, and reduction modulo f(x) of degree n 
follows any multiplication. In this case the polynomial ideal theories may be 
employed('*). The factorization of f(x) into distinct factors gives a corre- 
sponding reduction of A into the direct sum of ideals. If f(x) = gi(x)ge(x) where 
the two factors are relatively prime, then 


A = P[x]/f(x) P[x]/gi(x) + P[x]/ge(2). 
If f(x) is the power of an irreducible polynomial, then P[x]/f(x) is primary. 


Lemma 4.4. If A~P[x]/f(x), A has an ideal of order 1 if and only if f(x) 
has a linear factor. 


Let f(x) =g1(x)ge(x) - - - g-(x) where gi(x), ge(x), - - - , g-(x) are irreducible. 
Then 


and C;~P[x]/gf‘(x) is a primary ideal. Now 
Ci Fy > Plx]/gi(x) 


so that F; is a field whose order is the degree of g;(x). Let a be a minimal 
ideal of C; in case ¢;>1 and C; itself in case ¢;=1. Then a is a minimal ideal 
of A. However, since aDaF,, a is of order at least that of F; so that if a is 
of order 1, F; is of order 1, and g;(x) is of degree 1. 

Conversely if g;(x) is linear, Cx~P[x]/gf‘(x) is isomorphic with P[y]/y% 
where y =g;(x). The transformation y =g;(x) has an inverse since g;(x) is lin- 
ear. We may choose as a basis of C the elements 1, y, y?, - - - , y’*~!. Then, as 
in the proof of Lemma 4.2, the maximal field contained in C; is isomorphic 
with P, and C; contains an ideal of order 1, or C itself is of order 1. 


THEOREM 4.3. If F is an algebraic extension field of the perfect field P, the 
parastrophic form of F with respect to its basis over P is irreducible. 


Since P is perfect, F~P|x]/f(x) where f(x) is irreducible over P; for F 
is generated by a single element satisfying the irreducible polynomial equa- 
tion f(x) =0. Suppose that for some basis of F 


w(t) = 


where g; is of degree m; <n, n being the order of F with respect to P. By Theo- 


(#8) Cf. van der Waerden, loc. cit.; Krull, loc. cit. 


156 FRED KIOKEMEISTER ° [July 


rem 3.2 m(£) is a polynomial of degree m in x1, g: is a polynomial of degree m, 
in x, over the polynomial field 


T = P(x2, 


Let a root pu of g; be adjoined to I’. Then g; (and therefore w(£) has a linear 
factor in '(u). It follows (Lemma 4.4) that f(x) must have a linear factor over 
T'(u) since F/T'(u) must by Corollary 4.1 have an ideal of order 1. However 
m(£) is uniquely factorable into linear factors over a finite extension field A 


of P (Lemma 4.1), so that 
T'(u) = P(0)(x2, x3, Xn) 


where @ is algebraic of degree m, with respect to P. Then f(x) has a zero in 
P(0). However f(x) is of degree » over P while m, was assumed to be less 
than n. This contradiction gives the irreducibility of w(&). 


Lemma 4.5. If the primary commutative Frobenius algebra A is defined over 
the perfect field P, and if the maximal field F contained in A is of degree k over P, 
then A/Q, where Q is the algebraic closure of P, has exactly k minimal ideals. 


If F is the maximal field contained in A, then F~A/N where N is the 
radical of A, and we may write A as the direct sum of F and N(?*); 


A/P =F/P+N/P 


where the direct sum is in the sense of P-modules. 

Consider that P is perfect and that F is a finite extension field of P. It 
follows that F is obtained from P by the adjunction of a single element and 
that this element satisfies an irreducible algebraic equation f(x) =0 of degree 
k with coefficients in P. Then 


F/P = P{x]/f(x). 
If we extend P to its algebraic closure 2, then 


A/Q = F/2+ N/2 


and, furthermore, 


F/Q Q[x]/f(2). 


Over Q, however, f(x) factors into linear factors, and F/Q decomposes into 
the direct sum of primary ideals, each containing an unique idempotent. 
There can be but k idempotents in A/Q, and each induces a primary compo- 
nent of A/Q. 

Since A/P is a Frobenius algebra, A/Q is a Frobenius algebra. Each pri- 
mary component of A/Q is a Frobenius algebra, and each, by Theorem 4.1, 


(?®) M. Deuring, loc. cit., p. 23. 
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can contain one and only one minimal ideal. We have proved that the number 
of these components is k since each contains a primitive idempotent of F/Q. 
Therefore there are just k distinct minimal ideals in A/Q. 


THEOREM 4.4. If the primary commutative algebra A is a Frobenius algebra, 
the parastrophic form is 7(&)=g™(&) where g(t) may be chosen as the para- 
strophic form of F~A/N where N is the radical of A. 


Let A /P be written in normal form B/F with basis v = (b; =e, be, - - -, bm =b) 
where ¢ is the identity element and } is the basis element with respect to F 
of the unique minimal ideal of B (cf. Lemmas 4.1, 4.3) and be, ---, dm lie 
in the radical of B. The defining matrix of B/F under these conditions is 


2 
be, bo, ---,0 
Qa(v) = 


b, 0, ---,0 


The product of 6 with any element of the radical is zero by Lemma 4.3. 
Column m and row m of Qa(v) consist of zeros except in the first place of each. 

Let w be a basis of F with respect to P. Then a basis of A/P =B/F with 
respect to P will be given by 


— (ew, bow, bw), 
and the defining matrix of A/P on the basis x is 


eOr(w), b:Or(w), bOr(w) 
b:Qr(w),---, 0 
Qa(u) . . “ee . 


bOr(w), 0, 0 


where Qr(w) is the defining matrix of F with respect to P. 

To form the parastrophic matrix Q4(&) from Qa(u) we substitute 
E=(x1, %2,--+, Xn) for u in Qa(u). This substitution will also take place 
in the upper right-hand corner of the matrix, namely within the matrix 
bQr(w) = Qr(bw). Since b is linearly independent of the elements of the basis w, 
Qr(bw) will be the same except for notation asQr(w). Substitution of variables 
%1, X2,°**, X, in Qr(bw) will, therefore, give the same result as substitution 
in QOr(w). 

Then | Qr(é)| =g(£) must be the parastrophic form of F for the basis w. 
In the expansion of | Q4()| by minors as indicated by the matrix Qa(u), g(£) 
must enter as a factor. The parastrophic form of A is r(£) =g(&)f(£) where 
g(&) is, by Theorem 4.3, irreducible. 

We now extend the basis field P to its algebraic closure 2. Over 2, how- 
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ever, g(&) =i (£)ho(E) - - - Ae(E) where k is the order of F over P and the h,(£) 
are distinct linear polynomials in x1, x2, - - - , x, (cf. Lemma 4.1). By Lemma 
4.5, A/Q has exactly k minimal ideals. Suppose that f(£) contained a linear 
factor distinct from the h,(£). Then by Corollary 4.1 this factor would give 
rise to a (k+1)st minimal ideal distinct from the rest. Since this is impossible, 
f(€) must contain only the A4;(&) as factors. Since g() is irreducible over P, 
f(&) must be a power of g(&), and r(£) =g”(&) where m is the order of B over F. 

5. Factorization of the rational prime number ». Let H be a finite exten- 
sion field of degree m over the rational field R. Let G be the ring of rational in- 
tegers, and let K be a domain of integrity in H with G-basis e@, é2,---, @n- 
If p is a rational prime number, a= Xp is the corresponding principal ideal 
in K. Then 


= Ge 


where q; is a primary ideal belonging to the prime ideal p;, and 


C= 


is the direct sum of the primary ideals K/q;(2°). This ring is composed of 
linear combinations of the elements e; with coefficients in G taken modulo p, 
and is therefore a linear algebra over the field P=G/p, which is a perfect 
field(?"). Furthermore, C has the same multiplication table as K. If r(&) is 
the parastrophic form in the basis é2, - - , 


= (mod 9) 
is that of the algebra C. 
The additive components of C induce a factorization of r*(£) into distinct 
factors. Each component is primary, and the corresponding factor of the para- 


strophic form is the power of an irreducible factor or is identically zero (Theo- 
rem 4.4), i.e., if r(€)#0 (mod p), then 


where the degree of g; is the degree of the field K/p; over P, and the radical 
of K/q; is of index at most o;. 
Two ideals are said to be divisor prime in K if their greatest common di- 
visor is the unit ideal. 


Lemma 5.1. If the ideal a is divisor prime to the conductor { of K, then K/a 
is a principal ideal ring. 

By Krull(?*) if a is divisor prime to f, a=pTp3?- - - pe’. Let bDa. Then 

(7°) Cf. van der Waerden, loc. cit., vol. 2, pp. 47-50. 


(*) van der Waerden, loc. cit., vol. 1, isrst edition, p. 118. 
(#) Krull, ibid. 
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(6, f) (a, f) DK, and every ideal which contains a is divisor prime to f. Then 
b - - - where Sai. 

Consider that the ideals of K/a are the rings 6/a where 6)Da. Then if 
and not in ¢. Then d; is contained in every pf't’ except pf't?. Furthermore d; 
is contained in all pf: Therefore d; and d=d,+d,+ - - - +d, are contained 
in 6. It follows that the ideal (a, d) which contains a is contained in 6b. Since 
(a, d) is a divisor of a, (a, d) =pj'pz? - - - pz", where y;26;. Then dEp*‘*. How- 
ever d is not divisible by p#**' so that y;S{;. It follows that y;=§;, and 


(a, d) = pe = 


The ideal 6/a of K/a is generated by the element d, i.e., K/a is a prin- 


cipal ideal ring(**). 
When K is the maximal domain of integrity of H, the conductor f is the 


unit ideal, and K/a is principal for every ideal in K. 
THEOREM 5.1. Jf w(&) =gf'g3? - - - (mod p), then 
a= Kp = 


where the q; are primary ideals belonging to the prime ideals p; of degree that of g;. 
If x(&)=0 (mod p), p is not prime to the conductor of K. 
The theorem follows immediately from the above conclusions and from 
Theorem 4.2. 
UNIVERSITY OF WISCONSIN, 
Mapison, WIs. 


(#) The proof of Lemma 5.1 is taken from van der Waerden, loc. cit. 
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ON A THEOREM OF SCHUR AND ON FRACTIONAL 
INTEGRALS OF PURELY IMAGINARY ORDER 


BY 
H. KOBER 


1. Let L,(a, b) be the space of all functions f(y) whose pth power is in- 
tegrable over (a, 6) or which are measurable and essentially bounded over 
(a, b) for 1S p< or p=©@ respectively, with the norm 


Ith = is p<o], 


| fl> = ess. wb. | [p = 


let p’ = p/(p—1) and 
L, = L,(0, @). 
The following theorem is in substance due to I. Schur('): 


Let K(x, y) be homogeneous of degree —1 and K(x, y)20 for 0<x<o@, 
O0<y< ~, let K(x, y)x-"* and let f(x) CL2; then 


k= fx = 


The constant x is the best possible. 


Of course the inequality is true when K(x, y) takes negative or even com- 
plex values also, if we replace x by 


K(x, 1) | = ») | 
. 0 


However X is not the best possible constant any more. We shall give a better 


Presented to the Society, February 22, 1941; received by the editors May 13, 1940; §§8-11 
added June 21, 1940. 

(*) Journal fiir die reine und angewandte Mathematik, vol. 140 (1911), pp. 1-28. The cor- 
responding theorem for fC Ly, 1<p< ©, was proved by G. H. Hardy, J. E. Littlewood, and 
G. Pélya, vide Inequalities, Cambridge, 1934, Theorem 319. 
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theorem for this case and we shall use it to deal with fractional integrals the 
order of which is an imaginary number, thus filling a gap in the literature. 
Throughout this paper we denote constants depending on the given pa- 
rameters by the single symbol C; a and 6 denote finite numbers such that 
R(a) >0, R(B) =0. 
2. THEOREM I. Let (i) K(x, y) be homogeneous of degree —1, (ii) K(x, 1)x-"/? 
Ch, (iii) f(x) CLe; then the function 


wi= f K(x, 


exists for almost all values of y in (0, ~), and 
|Wf|2  xo| f(y) |2 = | | - | 


where 


w(7) -f K(x, -f K(1, xo = max | o(r)|. 
0 0 


The constant is the best possible. 


Obviously x <*; when K(x, y) 20 then x =x, as we may see taking r = 0. 
Proof. Without loss of generality we may suppose K(x, y) to be no null- 
function; then x >0. Let 1<a< ~, f(x, a) =f(x) in (a-', a), f(x, a) =0 other- 
wise, and let 
N 
M¢ = Lim. sq. | [@ C Le]. 


N-© 1/N 


In consequence of Schur’s theorem W is a bounded linear transformation 
in Lz; the Mellin transform M is a bounded linear transformation from 
L,(0, ©) into ©, We have 


f y { f(x, a)}dy f f K(x, y)f(x)dx 
(2.1) 


= f xa, 
1 0 


ja 


when we put y=vx and make use of the homogeneousness of K(x, y); the 
interchanging of the integrations is justified by absolute convergence of the 
right-hand repeated integral. Since the left-hand integral exists, it must be 
equal to MW { f(x, a)}, therefore we have 


f(x, a)} = w(r)M{ f(x, a)}. 
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Since | f(x, a) —f(x)|2-0 [a— ], and | w(r)| = k)< ©, by the continuity of 
the operations M and W we get 


(2.2) = o(r) Mf; 


therefore | MWf|2<Ko| Mf|2 in L2(— ©, ©). Now the operator (27)-"?M is 
isometric, and so we obtain the first assertion of the theorem. 

The function w(r) is continuous in consequence of (ii) and attains its maxi- 
mum value at a finite point r, since, by’ the Riemann-Lebesgue theorem, 
w(r)—0 [r++ @ ]. Now let A be any positive number smaller than x. Then 
we can easily show the existence of functions f(x) Zesuch that | Wf | 2>A | f | 2. 

Let E be a set of measure m(E) >0 such that | w(r)| >d in E and E is in- 
cluded in some finite interval. Take ¢(r) =1 in E and ¢(r) =0 otherwise, and 
let f= M-'d. Then from (2.2) we have 


fi MW{|*dr = | > 


=? fi = 2nd? | f(x) 


f "| >? | f(a) 


Hence the theorem is proved. 
3. We could give an alternative proof by the theory of “general trans- 
forms,” without making use of Schur’s theorem. Let V be a transformation 


of the form 
vi= f Ls, 


the infinite integral being defined in some sense. Then it turns out that, 
roughly speaking, the class of all transformations which are representable in 
the form V, V2 is identical with the class of the transformations 


Wf = »)f(2)de, 


where K(x, y) is homogeneous of degree —1. We leave that proof of I to the 
reader(?). 

(?) W belongs to the so-called “product-class.” We need the lemmas: 

A. Let y*x(y)CLa, let wo(r) =(4—ir) M{y*x(y)} be essentially bounded in (— ©, ©), and 
let x(y) have the form x(y) =JYH(#)dt-+c, where c= x(1) is an arbitrary constant. Then, for any 
fCILx, the function 


sy) = Wf = Lim. sq. “a(?) f(x) 
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4. We replace the customary operators(*) 


(4.1) (y — 2)" 


(4.2) fils) = — 


by the more general ones 


(4.3) fidy) = “(y — 


where 7 is a given parameter. Obviously 


(4.5) fly) =  faly) = 


In another paper we have proved that J+,f and J;,,f are bounded linear 
transformations in L, for 1Sp<S © when R(a)>0 and when R(n) > —1/p’ 
or R(n)>—1/p respectively(*). Obviously the definitions above have. no 
meaning at all when we replace a by an imaginary number 8, but we shall 
show that the operators I},f and Jj,f exist in some sense for any fCL2. 
Those definitions are of importance in the theory of Hankel transforms, as 
will be shown in a joint paper of A. Erdélyi and myself. 


exists, and Mg=w(r) Mf. 
Vide H. Kober, Quarterly Journal of Mathematics, Oxford, vol. 8 (1937), pp. 172-185, 
§6 and Theorem 2A. 
O(x)CLi and then for and y>~, and 
C. Let yx(y) let for and y—~, and let x(y) have the form as in 
Lemma A; then 


N 


af the right-hand limit exists. 

Cf. H. Kober, loc. cit., Theorem 3(i). 

(*) Cf. H. Weyl, Vierteljahrsschrift der Naturforschende Gesellschaft, Zurich, vol. 62 
(1917), pp. 296-302; G. H. Hardy and J. E. Littlewood, Mathematische Zeitschrift, vol. 27 
(1928), pp. 565-606; E. R. Love and L. C. Young, Proceedings of the London Mathematical 
Society, (2), vol. 44 (1938), pp. 1-28. The operator y~* f,(y) exists in Ly with domain Ly and is 
bounded when 1 <p< {R(a)}-*. Also cf. J. D. Tamarkin, Annals of Mathematics, (2), vol. 31 
(1930), pp. 219-228. 

(® Cf. Inequalities, Theorem 329. H. Kober, Quarterly Journal of Mathematics, Oxford, 
vol. 11 (1940), pp. 193-211. 
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Let HR(n) > —1/2 and(*) 
{T(a)}-y — yj, 


to [x > y]; 


then K(x, y) satisfies the hypotheses of Theorem I, and we have 
1 


w(r) -f K(x, = coms x 


in) 


J 


therefore by the theorem 


+ a +} — in) 


When we take | | <C, then, in consequence of a well known property of 
the gamma function, x is uniformly bounded for R(a) >0; therefore 


| = Kol fle. 


| 


where C depends on 7 only. Let 8 be any fixed imaginary number or zero; 
then, by a well known theorem on weak convergence, a sequence a, 
and a function $(y) CL exist such that J}, f converges weakly to ¢(y) when 
a, tends to B [n— 

A similar argument applies to J7,,f, and we now define 


(4.6) af = weak limit 
> — 4, La] 


(4.7) = weak limit J) ,.,f 


for some sequences {an}, {am}. 

5. Strong convergence. Starting from J{,y and Jj, for step-functions y 
we can show that I*,f or converges to I+, f or in the strong sense also 
for any fC LZ: when a tends to 8. We can also proceed in a shorter way. By 
(2.2) we have 


(5.1) MIyaf = +4 — it){T + MS 
and, taking 


‘ [July 
= 


FRACTIONAL INTEGRALS 


0 [0<«#<y] 


Mf = g(r); a) = + — it) + + § — iz). 
Then 


-N N 
-f +f + =2:+2Z2:+2Z3. 
N —N 
Since w(r; a) is bounded in (— ©, ©) uniformly when (a) >0 and |a| <C, 
and since g(r) CL2(— ©, we can fix N sufficiently large such that Z; <«/3, 
Z2<¢/3 uniformly in @ for any given e€>0. Now it is easy to show that Z;<«€/3 
when la—B| is sufficiently small. Hence MI},f converges strongly to the 
function w(r; 8)g(r) and, by the property of the Mellin transformation men- 
tioned above, I},f to M-'{ w(r; B)g(r)}. By the same argument we get the 
corresponding result for J;,,f, and so we have 


THEOREM II. Let R(n) > —1/2, let R(a) >0 and =0 and and 
let fCL2; then the functions It, f and converge strongly to and 
respectively, where 


+ 4 — ir) 
uy}, 
Ta i) 
+8+44 


(5.3) = us 


(5.4) = 


Evidently =f, Joof =f. 


6. The inversions of the operators I+,f, Jj,f. The operators and 
(Jj~)~! are also bounded linear transformations in L2. We have 


THEOREM III. Let R(n) > —1/2, R(B) =0, let f(x) CLs, and let 
Then 
(6.2) f= 
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we get 
(5.2) 
Let 
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The proof follows from (5.3) and (5.4), immediately; for instance, 
+ B — ir) 
I'(n + B — B+ 4 — ir) 
From (5.3) and (5.4) we may also see that both the domain and the range of 

(I¢,)-! and are Le, since {w(r; 8)}-! is bounded in (— ©, 
Of course the operators J+, and J;,, do not possess this simply property. 
7. Application to the customary fractional integrals, to that of Riemann- 
Liouville and to that of Weyl. Let the operators X.f=ft(y) and Y.f=fz(y) 
be defined by 
8 
(7.1) Xef = yTosf, = YC Ls] 


when they are of imaginary order, in accordance with (4.5). Since | y4| =1, 
X,and Yz, are bounded linear transformations in Lz with domain Lz, and it is 
not difficult to show that, for a—, 


The semi-group property of f+ in L,(0, a) for ~, 0<a< is well 
known(°). Here we shall prove 

THEOREM IV. The transformations Xs or Ys form a group in Lx. 

Since Xof =Ip,f =f and Yof =Joof =f, we have only to prove that, for any 
imaginary numbers y 
(7.2) XpXy = y = 


Mg = Mf. 


+ 
M1 448,08 = 


We need the following lemmas: 
LemMMA 1. When fCL2, R(n) > —1/2, RA) 20, R(w) 20, 

LemMA 2. When fCLe, RA) 20, R(v) =0, 


(7.4) Taf = y f(2)}; = x f(2)}. 


We can easily prove Lemma 1 by taking the Mellin transforms of both 
sides and employing (5.1)—(5.4). 

The proof of Lemma 2 follows from the definitions (4.3) and (4.4) im- 
mediately when R(A) >0, since x’f(x) x~’f(x) Taking R(A) >0, AB, 
we have 


(®) E. Hille, Annals of Mathematics, (2), vol. 40 (1939), 4.4. In this paper the theory of 
semi-groups is developed. Cf. E. Hille, Proceedings of the National Academy of Sciences, vol. 24 
(1938), pp. 159-161. 
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| Typ 0; 
| f(x)} — f(x)} 
=| — f(2)} 0, 


and so (7.3) is true for \=8 also. 
Now by (7.1) 


= Teale Toad}, 
and It, by Lemma 2. Hence, by Lemma 1, 


B+y + + 
=  Typlonf = ¥ = 


Similarly we have 


CorROLLARY. The transformations (Xs)~' and (Ys)— are linear and bounded 
in Le with domain Lz, and (Xg)~! = (Ys)! = Y_». 


8. We shall now deal with the corresponding problems in L, for p21. 
We do not know if Theorem I can be generalized in some way for p#2. 
Therefore we cannot extend the results of §§4~-7 to the general case fCL, 
[1<p< ~]. We have to restrict ourselves to certain subspaces of L, or, as 
in Theorem VI, to the case when a@ tends to zero under certain conditions. 
Moreover we shall discuss the characteristic values (§10). 

Let 0<a< © and let the step-function ¢,(x) be defined by ¢,(x) =1 for 
0<x Sa, =0 otherwise. When > —1, we easily find 


+ T(é + 1) 1 aly ae 
(8.11) = or (1 — 


(8.12) 
+(n- (i or 0 
v/a 

for 0<y<a or a<y<~o@ respectively; therefore, in these open intervals, 
T}.%, and Jz,. certainly exist and are continuous, also when we replace a 
by a purely imaginary number 8, and as 
Hence, for any step-function f, I,f and Jf exist and are continuous almost 
everywhere in (0, ~), and J}, f=J,,f=f, as we can easily deduce from (8.11) 
and (8.12). The following theorem holds: 


THEOREM V. Let 15 p< @ and > —1/p’ =1—1/p, R(n) > —1/p, let 
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RA) S0, and let f(x) be any step-function. Then, as a—n, 
(8.21) | — 0, 
(8.22) | — 0. 


To prove (8.21), we simply take f=@, and |a—A| <1. Then 


‘ T¢+1) r(¢ + 1) 
| — dy = J 


Pp 


say, where 


aly 


1 
a, y) =— — 
(8.3) ¥(a, ¥) Ta) J (1 — 
Obviously as a—d. When a<y< and is fixed, then y) y) 
by the Lebesgue convergence theorem, since | | S(1—a/y)-U® 
and &®CL,(0, 1). To prove we need only show that | (a, y)| U(y), 
where U(y) does not depend on a and belongs to L?(a, ~). 
For 2a<y< #, we have 1—a/y>1/2, 


2 aly 
| ¥(a, y) | s di Ky &@-1 = Uo(y) L,(2a, 


For a<y<2a, we have 


1 1/2 1 aly 
¥(a, y) = Te Jo + Jas = vila, y) + ¥2(a, 


2 1/2 
| vila, y) | s MOdt = C, = Ui(y) C L,(a, 22). 
0 


(8.3.0) 
a a 


1 a 
| vale, 9) ( (<) 


aly 
+¢ (1 — #)*#-1dt | < Cy = Us(y) C L,(a, 2a). 

1/2 
Applying Lebesgue’s theorem again, we have V2—0, which completes the 
proof. 
The proof of (8.22) is similar. Let |a—X| <1 again. We have to take into 
consideration that Jj,¢. is bounded uniformly in a and y for a/2<y<a. 
Furthermore, for 0<y<a/2 we have to replace (8.12) by 


a 
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J 


= 
T(a+ 1) T(a + 1) 1/2 


(8.12.0) ; 
(1 — = Wi + Ws, 
T(a) J yo 
where |Wi| <K, |W2| <K, |Ws| S<Ky:CL,(0, 2/2), when —1/p<m< 
min (0, R(n)). For 2S p< ©, the theorem also follows from Theorem IIb (§9). 
Theorem V holds also when we suppose that ¢ and 7 are not fixed, but that 
and 7—m as where > —1/p’ and R(m) > —1/p. 
Now for 1S pS @ and R(t) > —1/p’, R(n) > —1/p, we have(®) 


T{R(a) }T{RG) + 
T(a)| + a) + 1/9'} 
+ 1/p} 
| | -T{R( + a) + 1/9} 
When in (8.21) and (8.22) R(A) is greater than zero, then | J{.g|,and | Jzag| » 
are bounded uniformly in @ for la—r| <$R(A); by approximating to g(x) 
by a sequence of step-functions we see that, for R(A) >0 and 1<p< «, Theo- 
rem V is valid for any gCLy,. It is an open question whether or not it holds 


for R(A) =0 also, when 1Sp<2 or 2<p<© (cf. Theorem II), but it is cer- 
tainly true in the following sense for \=0: 


THEOREM VI. Let 15 and f(x)CLy, let R(E)>—1/p’ and R(n) 
>—1/p; let © be any positive number smaller than 1/2, and let a—0 with the 
restriction | arg a| Then 


l gle; 


| Treg | 


(8.4) 
| gle 


| |p s 


The proof is an immediate consequence of Theorem V, since in L, the 
operations J}, and J;,, are uniformly bounded for | arg a| <®, when |a| <K: 
Let a=a1+ia2; then ai>0, |a2| <a: tg @, and 

r{R(a) } T'(a; + 1) ae T'(a; + 1) 
= 1+ (1 + tg 8) < K. 
Therefore, by (8.4), the operations have the desired property. 


CorROLLARY. Let a be restricted as in Theorem VI and let fC L,; then 


| |» +0, | — f(9) |» > 0 
for i<p<@ and1<p< respectively, as a tends to zero. 


(®) Cf. our paper cited in Footnote 4. 
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The case p =1 is not included for f*(y) by this theorem; some results for 
under the hypothesis fCL:(0, A) were given by Hardy-Little- 
wood (loc. cit.) and by J. D. Tamarkin(’). 

9. We can state some better theorems for p>2. Let 2<pX@ and let 
M, be the set of all functions fCL, which possess a Mellin transform 
F(r) = Mf in the well defined sense that f(x) is representable in the form 


index p 1 b 
(9.1) f(x) = Lim. — = M-"'P, 

T —a 
where F(r)CL,(—«, «). In consequence of the well known theory of 
Fourier transforms, M-'F is a bounded linear transformation from 
Ly(— ©, ©) into L,(0, ©) and M, a subspace of L, and smaller than Ly. 
When p=2 obviously M, = L2(°). 


LemMA 3. Let 2<pS@ and R(f)>—1/p’ and R(n)> —1/p, and let 
fCM,. Then If, f and belong to M, also, and 


(9.21) = a)Mf; 
(9.22) MJ, af = x(r, Mf, 


where 


+ 1/p’ — ir) + 1/p + iz) 
(9.3) w(r,a) = —; x(t,a) = 
+ a+ 1/p’ — ir) + 1/p + ir) 
We shall only outline the proof. Let F,(r) = F(r) in (—n, n), F,(r) =0 for 
|r| >n, and let f(x, nm) = M-'F,. Then, for 0<y< @, 


f-a y n 


1 
T'(a) 


1 
0 


1 n 
J 


= M-{F,(r)w(r, a)}, 
and so (9.21) follows by F—F,| "’dr—0, | f(x) —f(x, n)|,-0 @ ], and 
by (8.4). 


(7) Annals of Mathematics, (2), vol. 31 (1930), pp. 219-228. 
(8) When 2<p< , then (9.1) implies 


index p’ a 
F(r) = Lim. f 
ae 
in consequence of the Hille-Tamarkin theorem, vide Bulletin of the American Mathematical 


Society, vol. 39 (1933), pp. 768-774. 
For Lemma 3 see also our paper cited above. 


= 
EB 
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By (9.21) and (9.22) It. and J;,.f are defined also when we replace a by 8; 
for w(r, 8) and x(r, 8) are bounded for — «© <r<o, therefore w(r, 8) Mf 
=w(r, 8)F(r) and x(r, 8) Mf=x(r, 8)F(r) belong to ©, ~). Also to 
every gCM, corresponds a uniquely determined function fCM, or ¢CM, 
such that If, f=g or =g respectively (cf. (6.1) and (7.2)). By the same 
reasoning as in §5 and §7, we have the theorems: 


THEOREM IIb. Let 25 pS let R(n)>—1/p, and let 
fCM,. Then 


as a tends tod, where R(A) 20. 


Lemma 4. The operator Xaf, defined by (7.1), exists in L,(0, ©) with both 
domain and range M, when 2Sp< ~. So does Yaf when2sp<o. 


THEOREM IVb. Under the restrictions of Lemma 4, the transformations X. 
or Ys form a group in L,, and | p70, | »—0 as B—Bo. 


10. Characteristic values. From (7.1) and (9.2) we easily have 
— B — iz) 
T(1/p’ — ir) 

where f= M“FCM,. We shall now deal with the equations 
(10.21) Xaf = If, 
(10.22) = If, 
(10.23) = If. 

Let 8 =ip, where p is real. Obviously (10.21) is equivalent to 
(10.31) + p) = = h(r)/T(1/p’ — it) CLy(— ~, &), 
and (10.22) or (10.23) to 
(10.32) -R(r +p) = Flr) = + it) CLy(— @, @) 
or 


(10.33) A(r+p) 71); F(r) = h(r)/T(1/p’ — ir) CLy(— @). 


F(r — iB) [2< ps ~], 


(10. 11) MXzf = 


By means of the well known asymptotic expansion of | T'(o+ir)| for 
t+ © we arrive at the following results: 


The transformation Xaf [840] with domain M, [2< p< @] has no char- 
acteristic values at all. 


| 

| 


172 H. KOBER ; [July 


The characteristic values of Yaf [8¥0, domain M,, 2Sp<@] are the set 
of points | for which exp (—4n| )<|l| <exp B| ). To every characteristic 
value | corresponds an infinity of characteristic functions. 


We construct all these functions by (10.32), taking k(r) in (0, | pl) as an 
arbitrary function belonging to L,-(0, | p| ). 
Also, from the group property of Ys, we can deduce the result: 


Let R(x) = RA) =0, let x/d be no rational number, and let Y.f =f and Y,f=f 
and fCM,. Then f(x) =ce-*, and Y,f=f for any y such that R(y) =0. 


Furthermore, by (10.33), we can prove the result: 


The equation (10.23) has a solution fCM, if, and only if, |1| =1. To every 
number | of this kind corresponds an infinity of solutions fCMp». 


For instance, f(x) =e~/*x-*—" is a solution of (10.23) for 7=1. 

11. It is not difficult to show that Ij,f and J;,f certainly exist and are 
integrable for any fCL, when R({) > —1/2 and R(n) > —1/p and 2<p<o. 
We have 


THEOREM VII. Let 2<p< and f(x) CL,; let > —1/2, R(n) > —1/d. 
Then there exist functions I7,f and J,,.f, defined in (0, ©) and such that, for 
any positive finite number'A, and J, ,f belong to L2(0, A) and that 


A A 
f | thef — f | +0 


Proof. Let f,(x)=f(x) or fa(x)=0 for OSxSn or respectively 
[n=1, 2,--- ]. Then f,(x)CZ2(0, ©), and by Theorem II, the function 
ga(y, m)=If.f, belongs to L2(0, ©) and converges strongly to a function 
ga(y, m) asa—B, 


(11.1) | m) — go(y, 
We now define Jj,f in (0, ©) by putting 
(11.2) Traf = gs(y, for = 1,2,--+ ]. 
This function then has the desired properties. For 0<y <n obviously 
= 


and so 


(11.3) go(y, n) | dy <f | ga(y, m) — goly, n) | ‘dy +0 


as a tends to Therefore, for 1sm<n, 
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2) — ga(y, m) ay) < fay) 


+ ( leo» - +0 [a 6]. 


Hence ga(y, m) =ga(y, m) in (0, m), and 


(11.4) Traf = ”) 
in (0, form=1,2,---. 
Therefore I,fCL2(0, m) for any , and, by (11.3) and (11.4), 
0 0 


as a—§; which proves the first part of the theorem. 
Let us take (cf. 4.4) 0<y<n, 


= daly, + Waly, 


Plainly $.(y, = in (0,2). Nowf,CL2(0, ©) and R(n) > —1/p> —1/2, 

and so, by Theorem II, Jg,,f, exists, belongs to Lz, and 

(11.6) f | — Srafal'dy f | Fafa [as]. 
0 0 


Let 5 be any positive number smaller than n. Then there exists a function 
Wa(y, m), depending on m but not on 8, such that 


(11.7) | — voly, m) 0 [a>], 


as we shall now show. For 0<y<m and »Sx< ~, the function 
x(x, = — 
tends to x(x, y, 8) as a8, and 
| x(a, a) | < Ka-@-1| f(x) | C Li(n, 
when y is fixed and | a| <K. Hence, by Lebesgue’s convergence theorem, 
Wa(y, 2) exists, and W.(y, —Ws(y, when 0<y<n. For 0<ySd<n, we 
have x—y2(1—)b/n)x =cx, 
| velo, m)| S| f(a) | dz Ky, 
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where K does not depend on a when |a—§| <1. Hence also 
| va(y, — m)| S Kye, 


Since y® CL,(0, 6), applying Lebesgue’s theorem again, we obtain (11.7). In 
consequence of (11.5)—(11.7), for ha(y, m) =ds(y, Waly, m) we have 


(11.8) | — n)|'dy +0 [a — 8]. 


When we define Jif in (0, ©) by 

= forn—-1sy<nm [n=1,2,--- ], 
then, by the argument applied in (11.4), it easily follows that Jjgf=ha(y, n) 
for 0<y<m, which completes the proof. 
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THE STRUCTURE OF THE GROUP RING OF A p-GROUP 
OVER A MODULAR FIELD 


BY 
S. A. JENNINGS 


This paper deals with the group ring of a group of prime power order over 
the prime field GF(p), where p is the prime dividing the order of the group. 
It is well known that in the case of the group ring of a group over a field 
whose characteristic divides the order of the group, the ordinary theory of 
group characters is no longer valid: recently, Brauer and Nesbitt(') have in- 
vestigated the properties of the modular representations in this case, but this 
general theory yields only little in the special case that we consider here. We 
investigate the group ring from the point of view of the structure of its radi- 
cal, and in particular, determine a basis for, and the ranks of, the various 
powers of the radical in terms of the elements and order of a new series of 
characteristic subgroups. These subgroups are defined by a certain minimal 
property which combines the commutator and the pth power structure of the 
group, and should prove useful in general investigations on the structure of 
p-groups. 

1. It is well known that the group ring of a group of order g is semi- 
simple, provided the characteristic of the underlying field is zero, or a prime 
which does not divide g(*). If, however, the underlying field has character- 
istic p, and p divides g, then it is readily seen that the group ring has a radical 
which is not zero. Let the elements of the group be G:=1, Ge, - - - , G,. Con- 
sider the element ¢=G,+G:+ - -- +G, in the group ring. We have 
and hence, if A =) aG; is any element in the ring, ¢-A =A -o=( Yai) -o; that 
is, scalar multiples of o form an ideal (¢). However, (c)-(¢)=0, since 
o-0=0-(>_1) =0, ((501) =g=0 modulo p), and hence the group ring contains 
a nilpotent ideal different from zero. We have proved(*), therefore, 


THEOREM 1.1. The group ring of a group over a field whose characteristic di- 
vides the order of the group is not semi-simple. 


We investigate the structure of the group ring in the extreme case, where 


Presented to the Society, October 28, 1939; received by the editors November 24, 1939, 
and, in revised form, September 20, 1940. 

The essentials of this paper Comprise a thesis submitted in conformity with the require- 
ments for the degree of Doctor of Philosophy at the University of Toronto, May, 1939. It was 
written under the direction of Professor Richard Brauer, and I would like to acknowledge my 
debt to him for the assistance and encouragement that he gave me. 

(*) R. Brauer and C. Nesbitt, University of Toronto Studies, Mathematical Series, no. 4. 

(*) See, for example, van der Waerden, Moderne Algebra, vol. 2, $125. 

(*) E. Noether, Mathematische Zeitschrift. 
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the order of the group is a power of the characteristic of the underlying field. 
In what follows, @ is a p-group of order p*, and I is the group ring of G@ over 
the prime field GF(p). Where necessary, we emphasize the fact that I is the 
group ring of by writing T=I'(@). 

We prove first the following 

THEOREM 1.2. The radical, N, of the group ring T of a p-group © of order p* 
over the field GF(p) is of rank p*—1, and has as basis all elements of the form 
G;—1, where G;E@, G;#~ 1. A necessary and sufficient condition that an element 
A=)>-aG; of T lie in N is that a;=0. The semi-simple part of T is of rank 
one and is isomorphic to GF(p). 


It is known that the only irreducible modular representation of © is the 
1-representation(‘) and hence, if is any representation of G, & may be trans- 
formed to the form 

(1) 

(1) 
Every representation of @ also gives a representation of I’. In particular, if 
we take for & the regular representation of G, we obtain a (1:1) representa- 
tion of I’. Every element of the form (G;—1), where G;CG, is represented by 
matrices 

0 
(1.3) G;-1e 

* 0 
with zeros in the main diagonal. All elements which are represented by mat- 
rices of this form with zeros in and above the main diagonal form a nilpotent 
ideal, and hence G;—1 belongs to the radical R of I’. Since there are p*—1 in- 
dependent elements G;—1, the rank of & is at least p*—1. Since IT is of rank 
p*, T'/®N is of rank 0 or 1. The element 1 is not in MN, however, since it is not 
nilpotent; and hence the rank of T is p*—1, and the rank of I'/& is 1. It fol- 
lows that '/M~GF(p). That the elements G;—1 form a basis for Rt follows, 
since there are p*—1 of them, and they are independent. The remainder of 
the theorem is immediate(‘). 


Coro.iary 1.4. If G is any element of G, then G=1 modulo N. 
The corollary follows from the fact that G—1=0 modulo &. 


(4) L. E. Dickson, these Transactions, vol. 8 (1907), pp. 389-398. Cf. also Brauer and 


Nesbitt, loc. cit. 
(°) L. Lombardo-Radici, in a recent paper has given a group-theoretical proof of Theorem 


1.2. 
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2. When QM is the radical of I, we may form the various powers of (°) 
(2.1) NIRED--- DRZDNH1 = 0, 


MN» consists of sums of products of w elements of J. If the situation is as in 
(2.1) with N2~ 0, N4+'=0, we say that L is the exponent of N. We define 

Let &, be the set of all elements K,G@ such that K,=1 modulo}. 
&, is a subgroup of G, since if K,, KY =1 modulo M, then K,Ky =1 modulo 
M. Moreover, &, is a self-conjugate subgroup of G, for if G is any element 
of @ then G-!K,G=1 modulo J’, since J is an ideal of I’. Indeed, it is clear 
that &) is a characteristic subgroup of G, since any automorphism of © leaves 
MN and its powers unaltered. Since N*DMNR* for A\<y, we have 
By Corollary 1.4 8:=@G, and by (2.1) ®24:=1. We have proved, therefore, 


THEOREM 2.2. The sets Ry, A=1, 2, - - - , comsisting of group elements which 
may be written in the form 1+, m. EN, form a decreasing series of character- 
istic subgroups of @: 


= 1. 


We shall refer to these subgroups as the &-series of the group ("). We 
write &,(G) for , when necessary to stress the fact that &, is a member of 
the -series of a particular group G. 


THEOREM 2.3. The &-series of any group © has the following properties 
(1) (Rr, 
(2) tf KiERi. 
As a consequence of (1) and (2), we have 
(3) ts abelian of type (2, p). 


Proof. To prove (1) we must show that if K,C8,, K/ C8,, then 
Ky'K Now if we may write 
K,=1+m™, 


(2.4) 
Ki =1+n,, ni ENR, 


and we have 


(*) Cf. Dickson, Algebren und ihre Zahlentheorie, chap. 6. 

(7) In a paper which appeared after the present paper had been written, H. Zassenhaus has 
described (Ein Verfahren, jeder endlichen p-Gruppe einen Lie-Ring mit Charakteristik p susuorden, 
Abhardlungen aus dem mathematischen Seminar der Hamburgischen Universitat, vol. 13 
(1939), pp. 200-206), for a given p-group, a series which he calls “the dimensional groups modulo 
p.” This series appears to be identical with our -series. It is interesting that these groups should 
arise both from the ring, and from the Lie-algebra associated with a p-group over a modular 
field. 

(®) For this notation, see P. Hall, A contribution to the theory of groups of prime power orders, 
Proceedings of the London Mathematical Society, vol. 36 (1933-1934), pp. 29-95, especially §2- 


} 
= 
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Kx'K/ “RK, = 1+ — Kj Ky) 
= 1+ + m)(1 + — (1 + + m)) 
=1+ (mn! — nim) = 1+ tran 
where %)4,€9**, which proves that (K,, K,’)=1 modulo ++. Again, if 


K:E8;, then K;=1+7,, where n;EGMN'; and since 1 and nm; permute, and we 
are in a field of characteristic p, we have 


Ki = =1+m, 


which shows that K7?=1 modulo M*?, and proves (2). Statement (3) follows 


readily from (1) and (2). 
Theorem 2.4, (1), shows that the -series is a central series of G, as defined 


by Hall(°). 

By 2.4, (3), ®./Ra41 is elementary abelian. Let &,/R.41 be of order p* (it 
may happen that d,=0 if and let - - - , be a complete set 
of representatives in @ of a minimal basis for ®,/R,41 (again if R= R41 we 
set F,,,;=1). Then any element GEG may be written 
(2.5) G =Fix'Fia Feit - 


where 0S%,;<, and the x,,; are uniquely determined modulo p. 
If F\,,~ 1, then Fy,; is not in R41, and hence (/,,;—1) is in ®,, and not 
in ®,41. Suppose K, is any element of &,. Using (2.5) we may write 


Ky = Fy" - modulo 05 ni <p, 
where the x,,; are uniquely determined. Using the identity 
(2.6) (AB — 1) = (A — 1)(B— 1) + (A — 1) + (B— 1) 
we readily obtain 


(2.7) Ky, —1 = — 1) modulo 


(since x,,;<p, we may suppose %x,,; in the underlying field). Conversely, if 
K,ER,, and we have a relation of the form 


Ky, —1 = — 1) modulo GF(P), 


this implies that 


From these facts we obtain 


(*) Hall, loc. cit., §2.4. 


[July 
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THEOREM 2.8. A minimal generating set { ---, Fr,a,} for 8, modulo 
Riz may be taken as any maximal set of elements F,,; of Ry for which (F,,;—1) 
are linearly independent modulo Q*'. 


3. We are now in a position to determine a basis for %* modulo J+" in 
terms of the elements F,,; defined above. For fixed w consider all products of 
the form 

with >>;,(Aa,;)=w, the summation extending over the same J and i as in 
the product. We insist that in such a product those factors which are present 
shall be in the natural order of increasing i and X, as in (2.5). Let us call the 
various distinct products (3.1) 


Nn. 
We define w to be the “weight” of these products. Letting w=1, 2, 3,---, 
we obtain exactly p*—1 such products which are formally distinct, since 
d,+d.+ --- =a. However, any element of the form G—1, where GEG, 
may be expressed as a linear combination of the N{”, since by (2.5) 
G—1=( ]] F%)—1 and by using the identity (2.6) a sufficient number of 
times we get the result. Hence, using Theorem 1.2, we see that the products 
N£ are independent, and form a basis for 2. 
We prove now the following: 


THEOREM 3.2. The elements N®, with i=w, form a basis for Nv. 


Proof. Certainly the N¥ lie in Nv, and are independent. We have to show 
that every n,©M” can be expressed as a linear combination of these elements. 
Suppose the theorem false. Let w be the largest power of 3t for which the 
theorem does not hold (such a largest power exists since the theorem is true 
for w=L+1), and let n.GN* be an element which cannot be expressed lin- 
early in terms of the N{. Then there is no relation of the form 


ty =>, modulo 


where the c, are in the underlying field, since otherwise n, —YaNn, which 
is in N+, could be expressed by NY with j2w-+1, by our choice of w, and 
we would obtain a contradiction. 

Now by the definition of N, m,. may be written, modulo R“*", in the form 


(3.3) hy = >, II (Fi.p; — 1) (w factors). 


There must be at least one product I(A.,- 1) which, modulo M+’, is lin- 
early independent of the N%*”. 


| 


180 S. A. JENNINGS ° [July 


More generally, consider all products 
(3.4) r= with >> o; = w. 


A product 7 is here taken as “higher” than a product 7’ if the number of 
factors with o;=w is greater in 7 than in 7’; if they have the same number of 
such factors, then 7 is “higher” than 7’ if 7 has the greater number of factors 
with o,=w—1, etc. We select a highest product 7 (cf. (3.4)) which is linearly 
independent of the NX” modulo N+". 

We show now that if 7 is chosen thus, and if we interchange two consecu- 
tive factors in 7, then the new product thus obtained (which is as “high” as 
), again is linearly independent of the N{. 

Let (A —1) and (B—1) be the two factors in 7 to be interchanged, A being 
in R, and B in &,. Set r=2,(B—1)-(A —1)m. Using the identity 


(3.5) (B-—1)-(A —1) = (4—1)-(B—-1)+ 
where C=(B, A), we obtain 

= — 1)-(B — 1) + — 1)-(C — + — 
Using (2.4), (1) we see that the second term on the right is in M’+!, and the 
factor (C—1) is in N*+’, whence, using (2.5) and (2.7), we get a formula of the 


form 


All terms of the form 7:(F,4.,.—1)m2 are “higher” than 7, however, and can 
therefore be expressed by the N, modulo N+, and since 7 is independent 
of the N{, so is 7:(A —1)(B—1)m.. 

We may therefore take the factors in 7 in any order we please, and still 
have a product which is independent of the N{”. Order the factors in 7 as 


in (3.1): 
oP II (Fi,» 1)%,», (7B;,») = w. 


Suppose an exponent §;,, were greater than p—1. We replace (F;,,—1)” by 
(F?,—1), and since F?,E Ri», we use (2.7) to express (F;,,—1)” in the form 
(Fin — 1)? = > — 1) modulo 
On making this substitution for (F;,,—1)” in + we get expressed as a sum 
of terms all “higher” than 7, which is impossible, since 7 is independent of the 
N{ and these “higher” terms are not. However, if all the §;,, are less than , 
then = itself is an Ne. In any case we get a contradiction, and Theorem 3.2 


is therefore proven. 
As immediate corollaries we have: 
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THEOREM 3.6. The elements NX for fixed w form a basis of N° modulo Ne*'. 
The number 1, of these elements is equal to the rank of Ne/Ret'. 


THEOREM 3.7. The rank l,, of N° /N* is equal to the coefficient of x” in the 
expansion of 


(1+ A+ + 


and the exponent L of N is equal to >.y)Ad)(p —1). 


To prove Theorem 3.7 we need only notice that the coefficient of x” is the 
number of ways of selecting the formally distinct products (3.1). 

The set of numbers (L;h, - - - ,/z) has been called the “genus” of the radi- 
cal by Hazlett(!*). They determine, to a certain extent, the structure of Jt. 
We have obtained an explicit expression for the genus of the radical of the 
group ring of a p-group in terms of the orders of the §-series of the group. 

4. In this section we establish certain properties of the R-series which are 
necessary to identify this series abstractly. We proceed at once to prove: 


THEOREM 4.1. If is a self-conjugate subgroup of G, and HCRK;(G), then 
the R-series of starts with G@/H, K2/H, - - - , Ri/H, that is, 


Ri(G/H) R(G)/H, AS i. 


Let G@/S =@G’. Then we have a homomorphic mapping G©—G’. Let I’ be 
the group ring of @’ over the field GF(p). The homomorphism above can be 
extended to a homomorphism of [I upon I’ in a natural manner as follows. 
Let {G,} be a complete set of representatives in G of G@/H, and let H.,, 
v=1,2,---,betheelements of §. Every element yCI may be written there- 
fore 


Cy.» € GF(p). 


In the mapping GG’, every element G,H,-G,. A mapping of I upon I’ 
can be defined thus: 


(4.2) += = x on) 


It is readily verified that the mapping as given by (4.2) is a homomorphism. 
Consider those elements of ! which map into 0 in I’: if y is such an element, 
by (4.2) we must have Zhen = 0 and hence we may write 


x — 1); 


(*°) O. Hazlett, On the classification and invariantive characterization of nilpotent algebras, 
American Journal of Mathematics, vol. 6 (1905), pp. 109-138. Cf. also G. Pickert, Mathema- 
tische Annalen, vol. 116 (1938), pp. 217-280. 
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and since HCR,(G), we see that yEN*(T). Hence if y and 71, in I’, map into 
the same element in I’, then 


= modulo Né(L). 


It is clear that N([) maps upon a subset of N(I'’), and hence NR(I')* maps upon 
a subset of N(I'’)*. Conversely, if v’=)°c,(G,9—1), C, in GF(p), is an ele- 
ment of I’, the element v=) c,(G,—1) of I’ is mapped upon »’. It follows 
that if v; is an element of 2t(I'’)*, we may find an element », of N(I)* with 
this image v/. If ¥, is any other element of I with this image, then v,=), 
modulo 9‘, according to the remark above. If pi, then ¥,=v,=0 modulo 
MN(T)*. Hence, for pS, the elements of N(I)* and only these elements are 
mapped upon elements of R(I'’)*. This implies that &,(G) is mapped upon 
R,(G’) and hence K,(G)/H~YK,(G") for p Si. 


5. Consider any central series of G 
(5.1) 


such that 
(1) 
(2) if 

The §-series is such a one, with the stronger property (2.4), (1). 
Among all the series (5.1) there is a minimal series 


(5.2) G= 712M. 


which is defined by 
(p) 


M; = { (Mir, G), 


(i/p) being the least integer 2i/p, and M™ the set of all pth powers of ele- 
ments of I. It is easily verified that §,2M:, for any series (5.1), and in par- 
ticular 


(5.3) RK; DM. 


We call the series (5.2) the D-series of G. Where necessary we write 
MM, = M,(G) to stress the fact that we are discussing the P-series of the par- 
ticular group @. It is obvious that we have the following: 


THEOREM 5.4. If § is a self-conjugate subgroup of G, then the subgroup 
M,(G) maps on the subgroup M,(G/H) in the homomorphism of G upon G/H. 


We proceed to prove: 
THEOREM 5.5(1"). The R-series and Mt-series of are identical. 


(#) I am indebted to Professor R. Brauer for the definition of the Dt-series and for the sub- 
sequent proof of Theorem 5.5. 


4 
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Proof. Suppose that we know already It;=; for i=1, 2, --- , ¢, so that 
we have 
DM: =R: 

We apply (4.1) and (5.4) with § = M4: and write G’ = G/M41. We then have 
= MiG’) = &1(G’) D--- DMG’) 

= D Rui’) D Mui’) = {1}. 
If we can prove ®14:(G’) = {1}, it will follow that ®.4:1(@) =M4:(G), and 
this will finish our proof. If we replace ©’ by G, we see that it is sufficient to 


treat the following case, namely, that in (5.6) Dti4:= {1}, in which we have 
to show that also ®14:= {1}. 

Let mz be an element of M”“. As in Theorem 3.2, and because Jt2+!=0, 
nz, is a linear combination of products II(A.,- 1), with L factors. As before, 
consider more generally all products 


(5.7) r= II 1) 
with > o:=L, and o;St (any order of factors admitted). 


(5.6) 


(5.6’) 


LemMA 5.8. Every product m of the type (5.7) may be expressed linearly by 
the products 


My” = 1), 
i 


where 0SB:,»<p, and > °:»iB;,,=L, the factors being in the natural order as in 
(2.5). 


To prove this lemma we use a method similar to that used in Theorem 
3.2. A modification is necessary because we postulated only the property 
(5.1), (1) for the Dt-series, rather than the stronger Dt ;) ;. 

Suppose the lemma false and let 7 be the “highest” product which cannot 
be expressed linearly in terms of the M{”. As before(*), we show that the 
same property is enjoyed by the product obtained by interchanging two con- 
secutive factors (A —1) and (B—1) of 7. Let r=2,(B—1)(A —1)2 and sup- 
pose AER,, BER., p, cSt. Now (A—1) may be replaced by an expression 


GF(p), 


and since 2“+!=0, and rE RN“, we may replace (A —1) by this sum in the ex- 
pression for 7 above, and obtain 


(5.9) 


(*) Compare the proof of Theorem 3.2. 


| 
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— 1)Pia, — 1) Pia, — 


As before, we use the identity (3.5) to,interchange successively (B—1) and 
(Fia,—1). When, in one of the terms of 7, (B—1)(Fi,,—1) 
is replaced by (Fi,,,;—1)(B—1), we get, in the expression for 7, two additional 
terms 7; and 73. In the first, the two interchanged factors (B—1)(Fi,,—1) 
are replaced by (F,,,B—1)((B, Fi,,,) —1) and in the second by ((B, Fi,,) —1). 
The first term 7, vanishes since it is in 2“+!=0. The other term 7; is trans- 
formed as follows: (B, F,,,) lies in = (M., If = t, then 
((B, Fia,) —1) =0, since if we have R.41= M41. We replace, 
using (2.7), ((B, Fi,a,)—1) by a linear combination, modulo N*** of terms 
(F.41,.—1). Hence this term 7; becomes a sum of terms “higher” than 7 and 
of a term in J(4+'. The latter vanishes, the first terms can be expressed by the 
M\. This shows that 7: can also be disregarded. Finally, 7,(B—1)(A —1)m 
will be replaced by 


m( — 1) ia, — 1)(B — = — 1)(B — 


Since + could not be expressed linearly by the M%, this new product 
:(A —1)(B—1)m2 cannot be expressed by them either. 
We may therefore pick 7 in the form 


(Fi — 1)%», iB;,, = L. 


If all B;,,<p, then 7 is itself an M{”, which is a contradiction. Suppose 
8:,,2p. Then we write (F,;,,—1)?=(F?,—1): and hence 
If ip >t, Mip=1, and F?,=1, which would lead to r=0. If ip St, 
then M;,= Ri», and we replace (F;,,—1)” by a combination of the (Fi,,,—1), 
which gives rise to terms all “higher” than r. This again is a contradiction, 
and the lemma is proven. :, 

The proof of Theorem 5.5 now follows at once. There is an M40, 
since and hence —1)di, where yv=1, 2,---, di; 
i=1, 2,---, t. However, L=)>j(p—1)d;, where j=1, 2,---, e if &.¥1, 
R.4i1=1. Comparing we see t2e, and hence Ri41=8R.41=1, which proves 
= as required. 


CoROLLARY 5.10. (Mi, Mj) 


6. We conclude with a discussion of the &-series of two special types of 
p-groups, namely, groups all of whose elements except the identity are of 
order p, and abelian groups. Lombardo-Radici("*) has investigated the struc- 
ture of the radical of the group ring of an abelian group by elementary meth- 
ods, and we shall show that the application of the more powerful ideas of the 
present paper leads to identical results. 


(4) L. Lombardo-Radici, Rendiconti del Seminario Matematico della Universita di Roma, 
(4), vol. 2 (1938), p. 312. 
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Consider first a group @ which contains no element of order greater than p. 
Clearly conditions (2.4), (2) and (5.1), (2), become trivially satisfied, and the 
S-series of © is defined by the relation (5.2), (1), which becomes 


(6.1) =G, = GB). 


These relations, however, imply that the &-series is the “lower central series” 
of G(*). That is, % =D, = Hy, where - - - 1 is the lower 


central series of G. 


THEOREM 6.2. The &-series of a group which contains no elements whose 
order is greater than p is identical with the lower central series of the group. The 
“length” of the R-series of such a group is equal to the class of the group. 


Now let & be an abelian group of type (p*1, p**,---, p#*#), where 
In this case conditions (2.4), (1) and (5.1), (1), become 
trivially satisfied, and the -series of & is defined by the relation (5.2), (2), 
which becomes 
(6.3) Ri = {Ken}. 

Let A be the subgroup of the pth powers of elements of Y. It is readily 
verified that 

(6.4) = Cc Rw Worn, A= 0, 1, 2, Mie 
In particular, since A“1-» ~1, Y*) =1, we have 

THEOREM 6.5. The &-series of an abelian group of type (p*', p**,---, p*4), 
2pa, has length 

From Theorem 3.7, we deduce that for the group ring of an abelian group 
the rank of 2tv/N+! is equal to the coefficient of x” in the expansion of 

parr... , 
where p” is the order of AM /A, By remarking that 5, is equal to the num- 
ber of the integers u, which exceed X, it is readily verified that the above prod- 
uct is equal to 

which is the form in which Lombardo-Radici obtained his result. 


UNIVERSITY OF TORONTO, 
Toronto, ONTARIO, CANADA, 
YALE UNIVERSITY, 
New Haven, Conn. 


() Cf. Hall, loc. cit., §2. 
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INEQUALITIES FOR HARMONIC POLYNOMIALS 
IN TWO AND THREE DIMENSIONS 


BY 
A. C. SCHAEFFER AND G. SZEGO 


In what follows we discuss certain inequalities involving harmonic poly- 
nomials of two and of three variables, that is, polynomials u(x, y) and 
u(x, y, 2) which satisfy Laplace’s equation uz..+uy,=0 and us2+Uyytu..=0, 
respectively. The inequalities in question furnish bounds for these polyno- 
mials and for their derivatives under proper conditions. Of particular interest 
are inequalities of the type of S. Bernstein’s theorem, as discussed by the 
second author in a recent paper [7]('). 

The first part of the present paper deals with the two-dimensional and 
the second part with the three-dimensional case. Of fundamental importance 
throughcut the paper is an interpolation formula which is stated and proved 
in §2 of Part I. In fact the results of Part I may be regarded as systematic 
applications of this formula. Several inequalities of this part are generaliza- 
tions and refinements of earlier theorems. Most of the problems of the second 
part are new. 

In an Appendix we consider a generalization of the main problem treated 
in Part II, and another problem which deals with ellipses and is only in loose 
relationship with the other topics considered in the present paper. 


Part I. Two-DIMENSIONAL HARMONIC POLYNOMIALS 


1. DEFINITIONS AND NOTATIONS 


1. We consider polynomials u(x, y) of degree m in the cartesian coordi- 
nates x, y satisfying Laplace’s differential equation. Let 21. Introducing 
polar coordinates r, @ we write u(x, y) = U(r, @). The standard representation 


(1) U(r, ¢) = ao+ r™(dm Cos mp + b» sin md) 


is well known. For the sake of simplicity we assume (except in the Appendix, 
§2) that the a,, and b,, are real, although many of the following results can 
be extended to harmonic polynomials with complex coefficients. The bound- 
ary function U(1, ¢) = U(¢@) is the most general real trigonometric polynomial 
of degree n, 


n 
(1’) U(¢) = + 25 (am cos mp + bm sin mg). 
Presented to the Society, April 6, 1940; received by the editors September 11, 1940. 
(*) Numbers in brackets refer to the Bibliography at the end of the text. 
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The conjugate harmonic polynomial V(r, ¢) is unique except for an additive 
constant; we write 


(2) Vir, ¢) = >> r™(— cos md + Gm sin 


Then U(r, @) and V(r, @) are the real and imaginary parts, respectively, of 
the polynomial 


(3) F(z) = ao + 25 (adm — ibm)z™ 


when 
2. Let K, be the class of trigonometric polynomials U(¢) of degree n 
satisfying the condition 


| U(vr/n)| < 1, 2n—-1. 


Replacing this condition by 
U(vx/n) = 0, 2n—-1, 


we refer to the corresponding trigonometric polynomials of degree as those 


of the class Ly. 
3. Let Xo, fo, Ar, Mi, » Any Mn De given real numbers with wo=yu,=0. In 
the following development we are interested in obtaining inequalities for the 


expression 


(4) G + 2 > (AmOm + 


where a,, and 6b,, are the coefficients of an arbitrary trigonometric polynomial 
of the class K, or L,. In these investigations the trigonometric polynomial 


g(o) = 2 (An—m COS Mp — SiN mo) 
(5) 
= (rm cos — m)d — pm sin — m)¢d) 
m=0 


will be of primary importance. Here the symbol }-/"., means that the first 
and last terms (m=0 and m=n) are to be multiplied by 3. The above defini- 
tions and notations are used throughout the text. Of course (4) can be written 
in the form 


1 n 
G= (rm cos mp + pm sin mo) do. 
2n J 


m=1 


4) 
m=1 
m=1 
m=1 
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2. FUNDAMENTAL FORMULAS AND THEOREMS 
1. Our starting point is the following important 


INTERPOLATION FORMULA. Given the real numbers Xo, 1, Ma, Any Mn 
with o="n=0 and the trigonometric polynomial U(¢) of degree n, we have by 
using the notations (1'), (4), (5) 


1 1 
(6) G= (— 


Special cases of (6) due to M. Riesz [2] and Szegé were discussed in [4]. 
These cases were used in the proof of S. Bernstein’s theorem and the “gradient 
theorem” (cf. §4) of Szegé, respectively. The interpolation formula of 
M. Riesz [2] is the special case corresponding to \n=cos ma, OSm<Sn, 
Mm =sin ma, 0OSmSn-—1; it is the following: 

U(a) = 26, sin na , 
1 2n—-1 
> U(vr/n) {1 + 2 cos (a — vx/n) + 2cos2(a — vx/n)+--- 
7 
(7) + 2 cos (n — 1)(a — + cos n(a — vr/n)} 


sin ma 
= 2b, sin na + — > (— 1)’U(vr/n) cot (a/2 — ve/(2n)). 


We also note the formula for the corresponding harmonic polynomials (re- 
garding (8) see [5, p. 75]): 
1 2n-1 
U(r, a) = 2b,r* sin na + U(er/n){1 + 27 cos (a — ve/n) 


(8) 
+ 2r? cos 2(a — vx/n) +--- 


+ 2r"-! cos (n — 1)(a — vx/n) + r* cos n(a — vx/n)}, 


V(r, = — cos na + U(vr/n) { 2r sin (a — ve/n) 


(9) 
+ 2r? sin 2(a — vx/n) +--- 


sin (n — 1)(a — ve/n) + sin n(a — ve/n)}. 
2. From the formula of M. Riesz, (6) can easily be derived. A direct proof 
of (6) can be based on the well known remark that for any trigonometric 
polynomial f(¢) of degree 2m —1, 


1 2n—1 


1 
(10) = f 


Now, 


189 
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(— 1)” cos — m)vx/n] = cos (mvx/n), 


(— 1)’ sin [(n — m)vx/n] = — sin (mvx/n), 


(11) 


so making use of (5), the right-hand side of (6) is equal to 


2U (n/n) cos (mvx/n) + um sin (mvx/n)). 


2n 


On changing the order of summation and using (10) we find that this is equal 
to G. It has to be taken into account that 


1 2n—1 
An cos (nvx/n)(2a, cos (nvx/n) + 2b, sin (nvx/n)) = 
3. Asa first consequence of this interpolation formula we prove 


THEOREM A. Let Xo, Mo, A1, M1, » Any Mn De given real numbers, uo=y,=0, 
for which 


(12) g(vx/n) = 0, 0s 2n—-1. 
If U(@) belongs to the class Ky, then 


(13) |G| =| rodeo + 250 + | S 
m=1 


If (12) is not satisfied (that is, if for at least one value of v the sign < holds), 
then there is a member of K,, for which G>d,. 


REMARK. Let 1, v2, - - - , vy: denote all the values of v, OS vS2n—1, for which 
in (12) the sign > holds. Then |G| =. if and only if (—1)’U(vr/n) =v, 
v=, ¥o,--+, v1. Here y represents either +1 or —1. If in all the inequalities 
(12) the sign > holds, then |G| =, if and only if U(¢) = +cos nd+c sin ng, 
c real. 


This result was proved by Szegé in the less precise form that (13) follows 
if, in place of (12) and the condition that U(¢) belongs to K,, we have g(¢) 20 
and | U(¢)| <1 for all real @. The above generalization of the theorem was 
proved by S. Bernstein [1] using the method of best approximation. The pres- 
ent method is similar to Szegé’s. 

4. Inequality (13) is a simple consequence of the fundamental interpola- 
tion formula; for under the hypotheses of Theorem A, 
1 1 1 22-1 
— DY (orn) | S— =r». 

2n 2n 

Now let g(kx/n) <0 for a special value of k. We construct a trigo- 

nometric polynomial of class K, for which G>dA,. The function f(¢) 


(14) |G| = 


i 
4 
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=(2n)-' sin n@ cot (¢/2) is a trigonometric polynomial of degree  vanish- 
ing at ¢6=vx/n, 1S v<2n—1, and equal to 1 at ¢=0. [This function serves 
as a basis for the interpolation formula of M. Riesz. See (7). ] Then the trigo- 
nometric polynomial defined by 


(15) = L, (— — sgn g(vx/n) 


belongs to K,. But from (6) 


1 2n—1 1 2n—-1 
20 


But more than this is true. If g(kx/n) <0 for a special k, there is a trigonometric poly- 
nomial of degree m which is bounded by 1 for all real ¢, but for which G>An. To show this let ¢ 
be a small positive number and let 

= (1 — — €/*)(cos np + U(4)) 
where U(¢) is defined by (15). Suppose U,(¢) attains its maximum at ¢:, which of course 
must lie within a distance +/(2n) of some point »x/n. Then 
= n sin 
so, from the inequality (sin 6) /@=2/z, | sx/2, 
e| | = n| sin — vx/n) | 2 (2n/x) | — vx/n|. 
Thus ¢; lies in fact within a distance ce of some point »x/n, c, independent of «. Then the mean 
value theorem furnishes 
— Udvr/n) = (1 — — — vx/n)(— n sin nb + U'(8)) 
where |@—v»x/n| S| ¢i:—»x/n| Scie. The-last factor on the right will be less than cze, cz inde- 
pendent of so 
| Ur) | < — e— + e+ acre) <1 
for all small e. 
But 
Qn-1 
G = = (1 — — €)/(2m) {1 + sgn g(vx/n)} 


= (1 — — + + (¢/n) | g(bx/n)| } > 
if ¢is small enough. 


If all g(v~/m) are greater than zero the equality occurs in (14) if and only 
if (—1)’U(vr/n) =y, OS vS2n—1. Here y represents +1 or —1. In this case, 
however, the function yU(¢)—cos n@ vanishes at vr/n, OS vS2n—1, and 
so is identically equal to c sin n@ where c is a real constant. The more general 
statement in the Remark to Theorem A is also clear. The values of U(vr/n) 
for the remaining v2, - - , are obviously immaterial. 

5. A result which is closely related to Theorem A is the following: 


THEOREM B. Let Xo, fo, Ar, Mi, * * » Any Mn given real numbers, 
for which 
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(17) (— 1)’g(vr/n) = 0, 2n—1. 


If U(@) is a member of the class Ln, then 
(18) G = odo + 2D) (Amdm + = 0. 
m=1 


If (17) is not satisfied (that is, if for at least one value of v the sign < holds), 
then there is a member of L,, for which G <0. 


REMARK. Let v4, v2, , denote all the values of v, OS vS2n—1, for which 
in (17) the sign > holds. Then G =0 if and only if U(vr/n) =0, v=, v2, 
If in all the inequalities (17) the sign > holds, then G=O if and only if 


= csin nd, c real. 


Inequality (18) follows immediately from (6). Now suppose (—1)*g(k/n) 
<0 for a special value of k. Then 


U(¢) = (1/2n) sin n(@ — cot $(¢ — kx/n) 


belongs to the class L,, and U(kw/n) =1. But for this function 


2n—) 


1 1 
G=— (— = — (— 1) < 0. 
28 2n 


If for all v, (—1)’g(vr/n)>0, the equality occurs in (18) if and only if 
U(vr/n) =0, OS vS2n—1. But this implies that U(¢) =c sin nq, c real. The 
more general assertion of the Remark to Theorem B is also clear. 

6. Theorems A and B are “dual” theorems in the following sense. Let 
Xo, Mo, Aa, Mi, * » Any Mn} Mo = be given real numbers, and suppose that 
the function COS Sin m@) satisfies (12). If 
{rw , Mn } is a new sequence defined by An =An—m, Mm = —Mn—m, the func- 
tion go() =2)-.o(Av_m Cos m@—p,/_» sin m@) will satisfy (17). In fact it fol- 
lows from (11) that go(vr/n) = (—1)’gi(vr/n). Thus if the sequence Hm } 
is such that Theorem A is applicable to polynomials of the class K,, the se- 
quence {),, un, } will be such that Theorem B will be applicable to polyno- 
mials of the class L,. The converse is also true. 

7. Finally we note some identities which will be useful in the later consid- 
erations (cf. [5, p. 75]): 


A cos ma 
m=( 


(19) 
(1 — r*)(1 — r* cos np) + 2r**t! sin no sin o 


1 — 27 cos + 


n 
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cos mo 
m= 0 


(r? — 1)(r" — cos np) + 2r sin n¢ sin 
1 — + #? 


(21) C=2 mo = sin cot (¢/2). 
m=0 


For ¢=v7/n, v an integer, we have 

(22) sgn A = +1, sgn B=(-—1) if r<i, 
(23) sgn A = (— 1)’, sgn B= +1 if r>1, 
and 

(24) sgnC=0 or +1 


according as » is not or is divisible by 2n. 


3. APPLICATIONS 


1. In this paragraph we consider several applications of Theorems A and B. 


I. Let U(r, @) be a harmonic polynomial and let U(1, ¢) = U(¢) belong to 
the class K,. Then for R>1 


(25) | U(R, ve/n) + 6R*U(R-, vx/n)| R* + 4, 2n—-1, 


where = +1 or —1. In the special case v=vo of (25) the equality occurs if and 
only if U(1, vr/n)=y either for all even v or for all odd v according as 
vot4}(1—5) is even or odd; here y= +1 or —1. 


From this follows 


I’. Let U(r, ) be a harmonic polynomial of degree n satisfying the condition 
| U(1, ¢)| $1, ¢ arbitrary real. Then for R>1, 


(25’) | U(R, ¢) + + 6, arbitrary real, 


where 5=+1 or —1. The equality occurs in (25’) if and only if + U(r, $) 
=1—r+Ar"™ cos n(d— go) where is real, 


To prove I it will be sufficient to consider the special case vy=0. Let 


Am = R™+6R*™*, pn = 0, 
where 6= +1. Then 


= cos mp + 26 cos (n — m)¢, 
m=( m=( 
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and making use of (11) we obtain 


(26) g(vr/n) = 2(1 + 1)”) cos (myx/n). 


The last sum is positive if R>1 [see (23) ]. Consequently g(vr/n) is greater 
than zero either for all even v or for all odd v, and vanishes for the remaining v. 
Then (13) furnishes 


+ 8R*) + 235 an(R™ + | < 
m=1 


that is, inequality (25). The conditions of equality in (25) follow from the 
Remark to Theorem A. Suppose for example that »»=0 and 6=+1. Then 
(26) shows that g(vr/n) >0 for even v and =0 for odd v. Thus the equality 
holds if and only if U(1, vr/n) = for even v, whereas U(1, vr/n) is arbitrary 
for odd ». 

2. Inequality (25) is true if 6 is not required to be +1, but is allowed to 
have any value between —1 and +1. This follows by the argument used in 
the proof of I, since (26) is non-negative if —155<1. It is interesting to 
note, however, that if —1<6<1 inequality (25) may become an equality, 
but under conditions different from those stated in I. For if —1<6<1, then 
g(vr/n)>0 for all », so €25) becomes an equality for the narrower class of 
functions U(r, = +r* cos sin real. 

3. Inequality (25’) is obtained from (25) in a familiar way. However the 
question of (25’) becoming an equality requires special consideration. Let the 
sign “=” hold in (25’) for ¢=0, and let = +1. In virtue of the result on 
the conditions of equality in I we have U(1, vr/n) = y for v=0, 2,4, - - -,2n—2. 
Then the derivative of U(1, @) with respect to @ must vanish at the same 
points. Thus, if \ is any real constant the function f(¢?) =yU(1, ¢) —cos n@ 
—X(1—cos ¢@) will have n double zeros, mod 27. But choosing A = y U(1,4/(2m)) 
there will also be a zero at $6=7/2n; that is, f(¢) will have 2n+-1 zeros, mod 27, 
and so will vanish identically. This furnishes ~y U(1, ¢) =A+(1—A) cos n@; in 
order that | U(1, ¢)| <1 be satisfied it is necessary that 0S <1; finally we 
substitute 1—) for A. 

4. The dual of I is 


II. Let U(r, @) be a harmonic polynomial and let U(1, ¢) = U(¢) belong to 
the class L,. Then for R>1 


(27) | U(R, ve/n)| R°U(R-, vx/n), Os» 2n—1. 


The equality holds if and only if U(1, vr/n)=0 either for ali even v or for all 
odd ». 


A consequence of this is the following theorem of Szegé [3, p. 333]: 


| [September 
m=( 
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II’. Let U(r, @) be a harmonic polynomial of degree n satisfying U(1, ¢) 20, 
¢ arbitrary real. Then for R>1, 


(27’) | U(R, ¢) | R*U(R", 9), arbitrary real. 


The equality occurs if and only if U(r, 6) =r {1-+r" cos n(@— do) } » do and X 
real, X20. 


To prove II it is again sufficient to consider the case v=0. Let \,,=R*-™ 
+65R*, un=0 where, as before, R>1 and 6= +1. Then by the remark of 
§2.6 and by (26), the function g(¢) constructed with the present choice of 
Am and pt» will satisfy (17). More precisely, (—1)’g(vr/n) will be greater than 
zero either for all even v or for all odd v, and will vanish for the remaining v 
in the range 0S »S2n—1. Thus, according to Theorem B 


ao(R® + 8) + 23° (R*-" +.5R)an = 0 


or 
(28) R*U(R—, 0) + 8U(R, 0) 2 0. 


This shows that (27) is true for v=0. 

If (27) is an equality (for y=0) then (28) will be also for proper choice 
of 5. Then the Remark to Theorem B shows that U(1, vr/n) must vanish, 
either for all even v or for all odd v. Conversely, if U(1, vr/n)=0, » even, 
we choose 6= +1; then according to (26), g(vr/n) =0 for all odd v so that in 
(28) the equality holds. The same is true in (27). The argument is similar if 
U(1, vr/n) =0 for all odd »v. 

5. From the extensions of I and I’ given in §3.2 we obtain for 5=0: 


If U(r, @) satisfies the conditions of 1, then for R>1 

(29) | U(R, ve /n)| O<vS2n-1. 
If U(R, $) satisfies the conditions of 1’, then for R>1 

(30) | U(R, ¢) | sR’, @ arbitrary real. 


The second of these is already known [3]. In the second part of the present 
paper we deal with the space analogues of (29) and (30). 

6. Here we insert a direct proof of II’ different from that given above or in [3]. It is suffi- 
cient to prove (27’) for the special case ¢=0; also considering ${ U(r, ¢)+U(r, —¢)} instead 
of U(r, @) it suffices to prove (27’) for the case in which ¢=0 and U(r, ¢) contains only cosine 
terms, that is, for 


U(r, ¢) = a0 + 22 COs me. 
Finally we can assume U(r, ¢) >0 for OS7r<1. Now U(r, ¢) is the real part of the polynomial 
F(z) = F(re**) = ao + 220 ¥ 0, |s| <1, 
m=0 
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so p(s) =2"F(z-')/F(z) is regular for |s| <1. According to a familiar argument, (z) has the 
constant modulus 1 for || =1, so 
| | < F(2), <1, 


unless p(z) =const.= +1. This inequality furnishes (27’) by choosing z= R-!, R>1. The as- 
sumption ~(z)=+1 implies a9=+2a,, from which, since U(i, ¢)20, we conclude(?) 


that U(1, ¢) =A(1 n@), A>0. 
Returning again to the general case, the equality can hold in (27’) at ¢=0 only if 


U(1, ¢) = A(1 + cos np) + 
where S(¢) is a sine polynomial. This again implies U(1, ¢) =A(1 +cos n¢). 


7. An inequality of S. Bernstein states: 


Let U(¢) be a trigonometric polynomial of degree n satisfying | V(i, ¢)| <1, 
¢ arbitrary real. Then | U (¢)| Sn, > arbitrary real, with the equality if and 
only if =cos go), do real. 


This will be a consequence of the following(*): 


Let U(@) belong to the class Ky. Then | U'(4/(2n))| Sn with the equality if 
and only if U(@) = +cos sin real. 
To prove this, let 
Am = m sin (mx/(2n)), iim = — mcos (mx/(2n)), Osmsn. 


Then 


= 2 — m){cos (mx/(2n)) cos + sin (mx/(2n)) sin mo} 


sin — 9) 
is the classical Fejér kernel, and g(vr/n) >0. It follows from Theorem A that 


| 2 > sin (mx/(2n)) — bm cos (mm/(2n))} | S 


which is the assertion. 


4. THE “GRADIENT THEOREM” 


1. Szegé proved the following results [4] which for ease of reference we 
call the “gradient theorem” and the “generalized gradient theorem.” They 
are refinements of S. Bernstein’s theorem. 


(*) L. Fejér, Uber trigonometrische Polynome, Journal fiir die reine und angewandte Mathe- 


matik, vol. 146 (1915), pp. 53-82; p. 72. 
(*) Cf. G. Pélya and G. Szegé, Aufgaben und Lehrsdtse aus der Analysis, vol. 2, 1925, 


Problem IV, p. 201, and pp. 35, 218, 219; see in particular p. 219. 


m=0 
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GRADIENT THEOREM. If U(r, @) is a harmonic polynomial of degree n satis- 
fying | U(r, ¢)| S1 in rS1, then | grad U| <n in rS1. The equality holds if 
and only if U(r, =r" cos n(@— Go real. 


GENERALIZED GRADIENT THEOREM. If U(r, $) is a harmonic polynomial of 
degree n satisfying | U(r, ¢)| S1 in ri, then 


(31) | grad U(r, 6) | + on(r, | Sm inr 31. 


Except at points (1, o) where | UV(1, ¢)| =1 the equality occurs if and only if 
+ U(r, 6) =1—A+Ar* cos Go), A and go real, OSASZ1. 


Here and henceforth ¢,(r, ¢) denotes the mth Cesaro means of first order; 
if U(r, @) is given by (1), then 


(32) 6) = Go (1 — m/n)r™(an cos mp + bu sin m9). 


If U(r, @) and V(r, ¢) are conjugate harmonic polynomials we note that 
| grad U| = + = + 
= {(U,)* + 
In particular it follows from the gradient theorem that | U,| Sm and | U,| Sn. 
The last inequality is S. Bernstein’s theorem. 
2. Incidentally the conditions of equality for the generalized gradient 


theorem were not discussed in [4]. To obtain this theorem by the method of 
the present paper we first show that 


(34) | cos aU,(1, a/n) + sin aV,(1, a/n) + non(1, a/n)| Sm 


(33) 


for every real a. Now U(r, ¢—8), 6 real, also satisfies the conditions of the 
generalized gradient theorem; so (34) will imply that 


| cos aU,(1, + sin aV,(1, + non(1, ¢)| 


Inequality (31) will be an immediate consequence of this, at least for r=1. 
To prove (34) let 


Am = m cos (a — ma/n) + (nm — m) cos (ma/n), 
Hm = — msin (a — ma/n) + (mn — m) sin (ma/n). 
Then 


m=0 m=0 


so 


| 

| 

| 

| 

| 

{ 

| 

| 

| 
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g(vr/n) = 2{1 +(- 1)’} > (n — m) cos (m(a — vr)/n) 


sin ((a — vr)/2) )? 
sin ((a — = 


A little algebraic manipulation will show that |G | is equal to the left-hand 
side of (34), hence (34) is a consequence of Theorem A. 

To discuss the conditions of equality note that g(vm/n) =0 if and only if » 
is odd or a—vz is of the form a—va=2km where k is an integer not divisible 
by . Consequently, if a/m is not an integer (34) is an equality if and only if 
U(1, vr/n)=7, y= +1, for all even v. If a/m is an integer the same is true 
unless a=0 (mod 27). In this exceptional case we see that the left-hand side 
of (34) is equal to 

| U,(1, a/m) + non(1, «/n)| =| nU(1, a/n) | 


and this is equal to m only at points where U(1, a/n) = +1. 
The same argument which was used in §3.3 shows that at points on the 
unit circle where | UV(i1, ¢)| <1 the equality holds only if + U(1, ¢)=1—X 


+d cos OSAS1, Go real. 
This proves the generalized gradient theorem for r=1. If U, denotes the 


directional derivative of U in a fixed direction s, then U,(r, ¢)-+-no,(r, $) is 
a harmonic function. It follows that 
(35) | 6) + noa(r, 2, r<i. 
But now, if (r, @) is a fixed point in the interior of the unit circle and s is 
allowed to vary we have 

| grad U(r, ¢) | + n| o,(r, ¢) | = max | U(r, ¢) + no,(7, ¢) | = n. 


According to the maximum principle, (35) can be an equality only if the 
corresponding equality is identically satisfied. In this case U,(1, @)+no,(1, ) 
= +n for all real so + U(1, 6) =1—A+A cos 

3. In the further course of this paragraph we prove the following general- 


ization of the gradient theorems. 


III. Let U(r, @) be a harmonic polynomial and let U(1, ¢) = U(¢) belong 
to the class K,. Then if p>q20, p+q22, and ais real, 


(36) | cos a{ U(p, a/n) — U(q, a/n)} + sin a{ V(p, a/n) — V(q, a/n)} | 
+ | p"U(p-, — a/n)| S p* — 


The equality occurs if and only if U(1, vr/n) =, y= +1, either for all even v or 
for all odd v, the only exception being the case n=2, p+q=2, a/m an integer. 


From this follows: 


j 
m=(0 
> 
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III’. Let U(r, ) be a harmonic polynomial of degree n satisfying | U(1, ¢)| 
31, arbitrary real. Then if p>q20, p+q22, 
[{U(p, ) — U(g, + {V(p, — )} 
+ | p*U(p7, — S p* — 
The equality occurs if and only if + U(r, 6) =A+(1—A)r* cos n(@— go), A and 
oo real, OSX 31, the only exception being the case n=2, p+q=2(*). 


These results include the generalized gradient theorem as a limiting case. 
For, let each side of (36) and (36’) be divided by »—g and let p—>1, g—>1. We 
obtain 


(36’) 


| cos aU,(1, a/n) + sin aV,(1, a/n) | _ n| o,(1, a/m) | sn 
and 
[{U.(1, 6) + 6) + on(1, 6) | 2, 


respectively. The first inequality states slightly more than (34); the second 
inequality is the generalized gradient theorem. 
4. To prove III let 


Am = (p"™ — g™) cos (a — ma/n) + 5(p*-™ — g”-™) cos (ma/n), 
Hm = — (p™ — g™) sin (a — ma/n) + 5(p*-™ — g”™) sin (ma/n). 
Here 6 represents +1 or —1. Then 


g(¢) = >’ (p"-™ — {cos (ma/n — mo) + 5 cos (ma/n + nd — 


gon/n) = {1+ (— — cos (ma/n — mrx/n). 


If we can show that 


F(¢) = — cos mo 


(37) n n 
= — 1)* — @— 1)*} cosmo] real, 
k=l m=0 

it will follow that g(#) satisfies (12). But }--".9Cn—m,x cos m@=0 if k=1, this 

expression being, apart from a positive factor, the Cesaro means of kth order 

of the series }-+cos ¢+cos 26+ - - - . Moreover, from the hypotheses of III 
(*) In this case (36’) is an equality for ¢=@’ whenever U(1,¢’) = +1. (Compare the gen- 

eralized gradient theorem.) 


| 

| 

| 

| 

so 
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we have p—1>q-—1 and p—121-—g, so p—12 |g—1|. This furnishes (37). 
In case n2=3, F(¢) is even positive since (p—1)*—(q—1)*>0 and the Cesaro 
means mentioned are positive if k22. In this case g(vr/n) >0 either for all 
even v or for all odd v. 

Now, 


G=2 ) > (p™ — q™)(am cos (a — ma/n) — by sin (a — ma/n)) 


+ 5{(p" — g")ao + (p™-™ — g"-™)(am cos (ma/n) + bm sin (ma/n))} 


= cos a{ U(p, a/n) — U(q, a/n)} + sin af V(p, a/n) — V(q, a/n)} 
+ 8{ pU(p-, a/m) — qrU(q"', a/n)}; 
so an application of Theorem A proves (36). 

5. If m23 and the equality occurs in (36), G will be equal to +X, for 
proper choice of 5. But, since g(vr/n) >0 either for all even v or for all odd y, 
we must have U(1, vr/n) =v for the same v, where y represents either +1 
or —1. 

The inverse statement is also clear. Assuming U(1, vr/n) =v for even v 
we choose 6= +1. Then (for n23) g(vr/n) =0, v odd, so G=ykX, holds. This 
means that the equality holds in (36) since 


|G| <| cos a{ U(p, a/n) — U(q, a/n)} + sin af V(p, a/n) — V(q, a/n)} | 
+ | p"U(p-', a/n) — qrU(q, a/n)| da. 


In case n=1, F(¢) =4(p—q) >0 so the same conditions of equality hold. 
This is true also for n=2 since F(¢) =(p—q) { }(p-+q—2) +2 cos? (¢/2) }, the 
only exception being the case p+q=2 when at the same time a is an integral 
multiple of x. [For the calculation of g(vr/2) we need only F(}(a—v)), which 
is 0 only if p+q=2 and (a—vm)/2 is an odd multiple of z. | 

Regarding the special case p>1, g=1, see the joint paper of Rogosinski 
and Szegé in Mathematische Zeitschrift, vol. 28 (1928), pp. 73-94, in par- 
ticular p. 81, (39). 

6. The dual of III is: 


IV. Let U(r, o) be a harmonic polynomial and let U(1, ¢) = U(¢) belong 
to the class L,. Then if p>q20, p+q22, 
| cos a{ U(p, a/n) — U(q, a/n)} + sin a{ V(p, a/n) — V(q, a /n)} | 
S p"U(p"", a/n) — a/n). 


The equality occurs if and only if U(1, vr/n) vanishes either for all even v or 
for all odd v, the only exception being the case n=2, p+q=2, a/m an integer. 


(38) 


From this follows: 


q 
4 
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IV’. Let U(r, &) be a harmonic polynomial of degree n satisfying U(1, ¢) 
20, ¢ arbitrary real. Then if p>q20 and p+q22, 


[{U(p, 6) — 6) }* + {V(p, — 4) 
S — qrU(q"", 


The equality occurs if and only if U(r, 6) =d{1+1* cos n(¢—do)}, A and go 
real, \=0, the only exception being the case n=2, p+q=2. 


(38’) 


To prove IV we set 
Am = (p"-™ — g*-™) cos (ma/n) + — cos (a — ma/n), 
Hm = (p"-™ — sin (ma/n) — — g™) sin (a — ma/n) 
where as before, = +1. In virtue of the remark of §2.6, it is only necessary 


to compute the corresponding quantity G, that is, 


G = (p" — + 235 — cos (ma/n) + bm sin (ma/n)) 


+ 23> (p™ — g™)(Gm cos (a — ma/n) — by sin (a — ma/n)). 


By Theorem B, we have G20; or 


p*U a/n) — a/n) + 8 cos a{ U(p, a/n) — a/n)} 
+ a{V(p, a/n) — V(q, a/n)} = 0. 


7. The dual of the generalized gradient theorem is the following: 


V. Let U(r, &) be a harmonic polynomial of degree n satisfying U(1, ¢) 20. 
Then for 


(39) | grad U(r, ¢)| S noa(r, ¢). 


The equality occurs if and only if U(r, $) 1+r* cos }, A and go 
real, X20. The only exception is the case in which U(1, do) =0; then the equality 
holds in (39) for r=1, 6=o. 


Incidentally V may be obtained by dividing each side of (38’) by p—q 
and letting p—1, g—1. The left-hand side approaches [{U,(1, ¢)}? 
~ { V,(1, d) } 2]1/2, while the right-hand side approaches no,(1, ¢). This shows 
that (39) is true for r=1. But then, by a familiar application of the maximum 
principle it follows for r <1. 

8. In terms of rational polynomials, III’ may be stated in the following 
equivalent form: 


VI. Let F(z) =>-%-o¢me™ be a polynomial of degree n satisfying | RF(s)| <1 


| 
| 
| 
| 
| 

| | 
| 
| 

1 
| 
| 
| 
4 
| 
| 
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in |z| <1. If p and q are real numbers, p>q20, p+qz22, then for |z| <1, 
(40) F(p2) — F(qs)| + | R{ — | — 

The equality holds if and only if F(2)=az"+b where |a| +|Rb| =1, the only 
exception being the case n=2, p+q=2(°). 


Finally we observe that from the fact that (37) is non-negative the fol- 
lowing refinement of a theorem of Rogosinski-Szegé follows, cf. loc. cit., p. 77, 
(21): 

Let {sa(z)} be the partial sums of a power series f(z) =co+c:s+c22"+ - -- 
convergent in the unit circle | z| <1 and satisfying the condition | f(s)| S1 for 
|z| <1. Then 


mS 


where | 1, 1>0, re>0, 1 Pre, 22. 
9. Let 
F(z) = 
m=0 


be a polynomial of degree m satisfying the condition | RF(z)| <1 in |z| $1; 
according to the gradient theorem 


= menses Sn, $1. 
m=1 


By repeated application of this theorem we obtain 


| (k) n! 


or: 


(41) | js| S1,1S5k Sn. 


mak 


In all these inequalities the sign < holds unless F(z) =e2", | e| =1, 
Using (41) we now prove: 


VII. Let yo, ¥1,--*, Yn be real numbers satisfying 


(42) by = >> (— 1)*"C,,mym = 0, Osvsn. 


If F(s) =>--o¢m2™ is a polynomial of degree n with real or complex coefficients 
(®) See the footnote to III’. 


% 
n 
a m=( 
id 
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satisfying | RF(z)| <1 in |2| <1 we have 

(43) DX | S — — | F(2)|), |s| <1. 
m=0 


The equality holds if and only if F(z)=es", |e| =1, |z| =1, or yo=n1=% 
If 5, is defined by (42) the known inversion formula 


(44) Yn = > Cmv> 


may be proved in the following way. Expanding e* and using Cauchy multi- 
plication we verify that 


= Py gm, 
m=0 m=0 m! 


Bringing e* to the left and again using Cauchy multiplication we obtain (44). 
Then (44) implies that 


so, according to (41), 
DY S F(z)| + &| F(z) | + — 
m=0 ye] 


in |z| <1. If the equality holds, then F(z) =es", =1, |s| =1; or 
= ---=6,=0. The second possibility is equivalent to the relation 

10. As a very simple application, (30) follows. Indeed, assuming that 
U(r, @) is even, and defining F(z) as in §3.6, the coefficients c,, are real. 
Putting we obtain 


& = (— = (R- 1) > 0. 
m=0 


Also F(R) = U(R, 0), so from (43) for z=1, 


(45) | U(R, 0)| =| S R* — (1 — |U(1, 0) |). 
m=0 

This is slightly sharper than (30). 
11. Another simple application follows by choosing 7,n=p"—q™ where 
p>qz20. Then so (42) is equivalent with p+gq22 pro- 


| 

| 

| 

| 

| 
| 

| 

| 

i 

2 

| 


= 
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vided n= 2. If F(z) satisfies the conditions of VII it follows that 
| F(p) — F(q)| — 


This is slightly less general than VI. 
12. Finally we point out that the following classical theorem of A. Markoff 
(cf. [2, pp. 359-360]) is also a simple consequence of the gradient theorem: 


Let h(x) be a polynomial of degree n with real coefficients(*) satisfying the 
condition |h(x)| <1 im —1SxS1. Then |h'(x)| <n? in —1<x<1,m>1. For 
n=1 we have |h’(x)| $1. 


Let 


h(cos = >> Qm COS mo, F(z) = > 
m=(0 m=0 


We have for 0<@<zm, z=e**, 
sin mod 
sin 


1 Zz n 
= -f { > 
Z— m=1 


the integration extending along the chord from 2 to z. Since | RF(z) | S1, 
z| <1, we have | F’(z)|<m and | {sF’(z)}’| <m?, |z| <1, so for n>1, 
h'(cos ¢)| <n? follows. 


h'(cos ¢) = Mom = Motm(z™ — 2”) /(z — 2) 


5. DIRECT PROOF OF V 

1. Writing U(¢) and V(¢) for U(1, ¢) and V(1, ¢), respectively, to prove V it will be suffi- 

cient to show that 
| + 4V'(0)| < no,(0) 

where o,(0) is the nth Cesaro means of first order of U(0). The proof of this inequality can be 
based on a theorem of Fejér which states: Let U(¢) be a trigonometric polynomial of degree n 
which is non-negative for all real values of ¢. Then there exists a polynomial A(z) =) not” such 
that U(p) =| A(e**)|*. 

In our case 


U() =| |? = 


= a4, cos | » — a4, sgn (vy — sin | » — 4, 


= ard, sin | » — — sgn (» — w) cos |» — 
and 


(46) U'(0) = — + | » — w| andy, 
(47) non(0) = (n —| » — 


In these and the following expressions the summation extends over the range 0S » Sn, OSyuSn. 


(®) This is not an essential restriction. 


a 

i 

i 
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The quadratic form with coefficients | v—p| was studied by Szegé [6]. He showed that the 
second sum in (46) may be written in the form 


where Z», =e*2™-)) #/" is a root of the equation z*+1=0. Thus the linear transformation 


Ao = (n/2)"*(ao + a1 +++ +n) = (n/2)¥2A(1), 
Am = (ao + artm + — tm) = — tm), 1S m Sn, 


furnishes the canonical representation 
Also, from (47) i 
non(0) = 2| Ao|* —| Aol? + | Am |? = | Am |?. 
m=l m=0 
Next we express the first sum in (46) in terms of the A». Since 
= (2%) (Lom) = 


and since > ya,4, is the conjugate of this, 


(50) U'(0) + = — Aol? - | 4a 


Let w(z) = (z*+1)(s—1). Making use of (49), the Lagrange interpolation formula furnishes 


+ 


= (n/2)¥ 


and this may be written 
(51) A(G) = — tm) + (On) + 1) 
since w’(2m)=n(1—Zm)/Zm, w’(1) =2. Differentiating (51) and setting s=1, 
Using Cauchy’s inequality 


In the last equality the special case ao=1, a:=a2= «++ =a,=0, of (48) is used in order to 
obtain From this 


follows, which is the statement. The equality holds if and only if (53) is an equality; 
that is, if and only if either Ao=0, or An=A/(1—zZ»), m=1, 2,--+, m, 4 a constant and 
A(i){A’(1)—4nA(1)} pure imaginary. The second condition implies A(zs)=const., 
m=1,2,-++,m,s0 A(z) =pz"+q where p and g are constants. The additional condition regard- 


(53) 


| 

| 
| 
| 
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ing A(1) and A’(1) furnishes | p|*=|g|*, so A(s)=p(s"+~), || =1. The other condition for 
equality, namely Ay=0, is equivalent with U(0) = U(1, 0) =0. This establishes the statement. 

2. The generalized gradient theorem is an immediate consequence of V. If U(r, ¢) satisfies 
the conditions of that theorem, then 1+45U(r, ¢) is non-negative in the unit circle where 
6=+1 or —1. Thus by what we have just shown 


(55) n + dnon(r, ¢) 2 | grad U(r, ¢)|. 
Here 1+-é¢,(r, ¢) is the Cesaro means of the harmonic polynomial 1+6U/(r, ¢). 


Part II. THREE-DIMENSIONAL HARMONIC POLYNOMIALS 


INTRODUCTION 


In this part we deal with harmonic polynomials u(x, y, z), that is, poly- 
nomials in the cartesian coordinates x, y, z satisfying Laplace’s differential 
equation Au=0. We frequently prefer to use polar coordinates r, 0, @ (in 
the usual notation) writing: u(x, y, z) = U(r, 0, 6). Then the standard repre- 
sentation 


U(r, 0, = 6) 
(1) 


+ > sin (cos 6) (ay, cos + sin 
v=1 


holds; here P,(x) is the nth polynomial of Legendre in the customary nota- 


tion. 
1. As already mentioned, our main task in Part II is to prove the three- 
dimensional analogue of inequality (30) of Part I, that is: 


Let u(x, y, 2) be an arbitrary harmonic polynomial of degree n satisfying the 
condition 


(2) | U(x, y, <1, + y?+ 2? 1. 


Let n=1. Then at a point (x, y, 2) in the exterior of the unit sphere, that is, for 


(2m + 1)R* 


= { 
2 (2n+1) 


— (n + 1)? 
n? — (n — 2)? 


+ (2n — 3) 


4 


| 
= 
| 
| 
| 
| 
(3) 
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This bound c,(R) is attained exclusively for the polynomials u(x, y, 2) whose 
boundary values on the unit sphere appear in the form +cos ny where ¥ is the 
spherical distance of the variable point (1, 0, @) from a fixed point (1, Oo, $0). 

For the polynomials mentioned the bound c,(R) is attained only when (x, y, 2) 
lies on the line connecting (1, 00, do) with the origin. 

A direct characterization of c,(R) is the following: Write cos n@ as a linear 
combination of Legendre functions P,(cos 6) : 


(4) cos #8 = hyoPo(cos 0) + hai Pi(cos 0) + --- + 6). 
Then 
(5) = Iino + + + 


so ¢,(R) is a polynomial of degree m in R. 
It is easy to show (§7) that for R>1 


(6) én(R) — as no, 


so the result is slightly different in character from the corresponding result 
in the two-dimensional case in which the maximum in question is precisely R*. 

The proof of the Theorem mentioned requires a rather elaborate appara- 
tus, in particular a discussion of the trigonometric polynomials 


1 


(7) ¢n(R) + >> Cn—m(R) cos m0 + co(R) cos 


1 


This discussion is made possible by the following remarkable representation 


~15 150,15 tsR 


t 3/2 


¢x(R) = R* + 
(8) 


We prove (8) by function-theoretic considerations applied to the “generating 
function” of the sequence {c,(R)}. 

2. In order to prove (3), say for 9=0, we might try to use an argument 
similar to that in §4.10 of Part I. Since 


n R- m ™U(r, 0, 
U(R, 0, 4) = | 


it would suffice to show that all the expressions in the braces { } assume 
their maximum value if U(1, 6, @) =cos n@. This is indeed the case for m=0, 
and, according to a recent result of Szegé [7], also for m=1. In §6 of Part II 


| 

| 

| 
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we shall prove this for m =2; however the proof (or refutation) of the general 


assertion seems to be difficult. 
The theorem of Szegé just referred to states even more generally that un- 


der condition (2) the directional derivatives | du/dl| where (x?+y?+-2?)!/2 
=r=1 and / is an arbitrary direction, assume their maximum value only for 
functions with boundary values of the form +cos ny. [This is of course equiv- 
alent to an estimate of | grad u| .] More generally, we might ask for the maxi- 
mum of 
dh, als 


where /,, /2, - - - , J, denote arbitrary directions. The former problem is a spe- 
cial case corresponding to coinciding directions - - - , lm. 


r = 1, 


1. PRELIMINARIES 


1. Considering the set of harmonic polynomials of degree m which satisfy 
condition (2), we see that the maximum of | | at an exterior point (x, y, 2) 
is the same at all points on a sphere with center at the origin. Therefore we as- 
sume that x=y=0, z=R. Also, by taking the mean-value 


we see that the maximum remains the same by restricting the set in question 
to the polynomials u(x, y, z) = U(r, 6, @) independent of ¢. This leads to the 
following equivalent formulation of the problem: 


Let u(@) be a cosine polynomial of degree n, 
(9) u(0) = >> amPm(cos 8) 
m=0 


expanded in terms of Legendre polynomials, and let | u(@) | 1 for0S0<s7. What 
is the maximum of ? 


2. Since 


(10) Gm = + 1) f u(0)Pa(cos 6) sin 6 dé, 
0 


we have 


(11) > anR”™ = > 4(2m + 1)P.(cos sin 6 dé. 


m=0 


We shall prove that the maximum in question is attained when u(@) = +cos 0 


yt 
‘ 
i 
¥ 
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and that this maximum is 


(12) ¢a(R) = ff no > 4(2m + 1)P(cos sin 6 dé. 
0 m= 


This will imply (5). Representation (3) is obtained by taking into account 
the well known expression of cos n@ in terms of Legendre polynomials(’). 

3. The polynomial c,(R) contains only terms R*, R*-*, R**,---, the 
first coefficient being positive and all the remaining coefficients being nega- 
tive. Since c,(1) =1, this implies, as is easily seen, that all derivatives of c,(R) 
are positive when R21. We have 
(13) c(R) = 1, o(R) = R, co(R) = $R? — 3, 

cs(R) = $R* — ca(R) = $4R‘ — — 


2. GENERATING FUNCTION OF THE SEQUENCE {c,(R)} 
1. The following important result is to be proved. 
Let R>1. The generating function of the sequence {c,(R)} is, for |z| <R-', 


F(R, 2) = F(2) = 4eo(R) + cal 


1 — 2? 
1) 
{(R — 2)(1 — Re) }*? 
1— 2? 
(R — z)(1 — 

The determination of the multi-valued functions involved in this formula 
is evident: for small positive z we take {(R—z)(1 — Rz) }3/2>0, 2'/2>0, 
{z(R—z)/(1—Rsz) }/2>0, and the branch of arc tan w which vanishes at w=0. 

The starting point of the proof is definition (12) of c,(R). We make use 


of Legendre functions of the second kind (cf. Szegé [7, p. 58]). 
2. Let Q,() be Legendre functions of the second kind in the usual nota- 


tion. It is well known that 


(15) lim {Q,(u + ie) — Qn(u — ie)} = — ixP,(u), —1<u <1, 
e—+0 


(14) = 4(R?— 


21/2 arc tan ( 
1 — Rz 


+4R 


so if z=re”®, 0<r<i, 0<0@<z, then 


2 
(16) P,(cos 6) = lim +="). 


(7) See E. W. Hobson, The Theory of Spherical and Ellipsoidal Harmonics, Cambridge 
University Press, 1931; p. 47, (48). 
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Hence 


sin > + 1)P.(cos 6)R™ 
m=0 


2 n 
= 3 42m + + 


r—1—0 2% 
i-# 

(17) tim st -+ + 

TS 
Now 

+ 

can be expanded into a power series of s convergent for || <1; the first non- 
vanishing term of this series is cz™*!, c*0. Also (°) 
(18) | + |s| <1,m— @, 


so the series 


is convergent for || -R<1. 
According to (12) and (17), c,(R) is the real part of 


lim no - > + + ao, 


© J 9 22 


This is simply the coefficient of z* in the expansion of the function of 2 in 
the curled brackets. [For n=0 this gives twice the constant term of this ex- 
pansion. ] However, this coefficient does not change if the sum ) 9 is re- 
placed by >>*.9; so we obtain for the generating function (14) the representa- 
tion 

1 — 3? 


(19) F(R; 8) + + 
m=0 


3. In order to calculate the last expression, we use the formula(*) 
(20) Qm(#(2 + = “tie + + — 2) cosh 
For sake of simplicity we assume that z is real and positive, 0<z< R™. Since 
+ + — 2) cosh + + — 2) = > R, 
(8) Cf. for instance, G. Szegé, Orthogonal Polynomials, American Mathematical Society 


Colloquium Publications, vol. 23, 1939, p. 195, (8.23.2). 
(*) See, for instance, Szegé, loc. cit., p. 90, (4.81.2). 


ay 
f 
4 
4 
m=0 
34 
+ 
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term-by-term integration is permitted and we obtain 


F(R;2) = : (2m + 1) + + — 2) cosh 


1-22? +R4+ — coshr 
(21) -——f T 
8 J. —R+4(s — 2) cosh r}? 
A + cosh 1+ # + 2At 
4J_.. (B+ cosh7r)? 1 + 


where 


_1+4+2Re+2 


(22) 1 — 3? 1 — 2? 


Obviously A >1, -1<B<-+1. 
4. The primitive function of the last integrand in (21) is 


1—AB t+B B-A Bit+1 
Hence, omitting trivial details, we find that 


(R? — 1)42?(1 — 2%) [z (4 


R-3z 


— — arc tan 


F(R; 2) = 


{42(R — )(1 — Rz)}*/2 
2Rz(1 — 2?) 
— 2)(1 — 


1— 2? i+ 


21/2 log 


) {(R — — Rs)}*? (2 
1 — Rz 


which easily furnishes (14). 
Another way of writing (14) is 


1 
F(R; 8) = 1 
41 


(14’) 1 — 2? 
(R — 2)(1 — Rz) 


1 — 2? 


R—2)(1 — Rs) 


= G(R;2z) +4R 
Obviously 


(23) G(R; s) = G(z) = > {ca(R) — + R-*)}2". 
n=l 


| 
| 
| 
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3. DISCUSSION OF THE FUNCTION G(z) 


The function G(R; 2) =G(z) defined by (14’) and (23) is regular except 
perhaps at the points 


1,0, 1, B, @. 


We intend to discuss the behavior of G(z) near these points; also, we wish to 
calculate the limits of G(z) on the “upper” and “lower” border of the real 
segments [— «, —1] and [R-', 1]. 
1. —«o <z<-—1. First, for —1<z<0 we have 
—2(R—- 
1— 2? 1—Rz 
1 — Rz 


G(z) = 3(R* — 1) 


Here { }3/2>0, (—z)!/2>0, (—2(R—z)/(1—Rz))'/?>0, and the log is real. 
This easily furnishes, for — © <z<—1, 


1—z? 
(—z)!/2 (log 


{(R—s)(1—Rs)}*” 


(24) G(s) =}(R?—1) 
1—Rz 


where the signs + and — refer to the upper and lower border, respectively. 

2. R-'<z<1. First, for 0<z<R-' we have the formula (14’) in which 
{ }8/2>0, and the log vanishes for z=0. 
If z increases from 0 to R-', the expression z(R—z)/(1—Rz) increases from 
0 to + © and the imaginary part of the log increases from 0 to r. 

If z describes a small circle around R-', from (1—Rz)*/?, z<.R-', we ob- 
tain by analytic continuation (Rz—1)*/*e*%**/2, g>R-!, on the upper and 
lower border, respectively. Also, from 


2(R — z)\'/? 
1 — Rz 

we obtain F z>R-'. Thus we find for z>R-! 


{(R — 2)(Rs — 1)}#/2 eg 2(R — 2)\1/2 


Rz-1 


G(z) = — 1)ettix/2 


where the imaginary part of the log approaches 7 as > R-'+-0. 


212 

2(R am z) 1/2 
1 — Rz—1 
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This can be written in the form 


Rz-—1 1/2 
ah 


2(R—2z) 


(25) G(z)=}(R?—-1 


on the upper and lower border, respectively. 
3. 1<z<R. If z increases from R-' to 1, the expression (Rz—1)/(z(R—z)) 
increases from 0 to 1; at z=1 the log becomes singular. Encircling z=1, we 


obtain 
— 2) 
2(R — z)\'/? 
1 — s* +( ) 
1/2 log 


{(R — 2)(Rz — 2(R — z)\1/2 
( Rz—1 ) 


G(z) = 3(R? — 1) 


(26) 


= 2(R? — 1) 


on both borders. Here the log is real. 
This shows that the branch of the function G(z) which we have considered 
is single valued for z>1; it has a simple pole at z=R. 


4. INTEGRAL REPRESENTATION OF ¢,(R) 
1. Since G(0)=0, we have for n21 


(27) R) — + R-*) = fewer 


where the integration curve consists of the following parts: 

(a) a “large” circle |z| =P, |arc z| e>+0; 

(b) the segment [—P, —1] described twice, the upper border in the in- 
creasing, the lower in the decreasing way; 

(c) the segment [R-', 1] described twice, the upper border in the increas- 
ing, the lower in the decreasing way; 

(d) a “small” circle around z=R described in the negative sense. 

The circle in (d) furnishes the negative residue corresponding to z= R. 

2. Since 

G(s) = O(|z|-"?) as 


the contribution of the large circle in (a) vanishes as the radius P approaches ©. 
According to (24) we obtain as the contribution of [— ©, —1]: 


213 
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i-# 
{(R—2)(1 — Rs)}*? 
f 
The contribution of [R-!, 1] is, according to (25), 
1 1 
rs {(R — 2)(Rz — 1)}*? 
1 1— t-? 
= 1(R? — vf {(R— — 1)}*2 
These integrals are convergent. 
Around z=R, the function G(z) is single valued, and from (26) we find 
s* 2(R — 
1) gi/2.2 
{(R — 2)(Rz — 1)}*/2 Rz—1 
= $(R* — 1) (1 — +--- =4$R(z— R)'+--- 
(Rz — 1)? R-3z 


where the terms not written out are regular at z=R. Thus the contribution 
of (d) is 


(— 2)/2(g-* — 


(R? — 1) 
(28) 


(— — 


— 


(29) 
— 


G(z) = 3(R? — 


— — R")R- = 4(R" — R-). 


Recapitulating, we obtain the important result 


(30) = R*+ p(R; t)(R® — #*)dt, 


where 


(R? — 1)(@ t 

4t? (R—#(Rt—1)) 
Formula (30) is trivial for »=0. We note that (except ¢=0) sgn p(R; #) 
=sgn (¢?—1). 


(30’) t) = p(t) = 


5. SOLUTION OF THE MAXIMUM ¥ROBLEM 


1. Returning again to the maximum problem form:lated in §1 of this 
part, we start with the remark that, as a generalization of (i2), 


(31) (R) = > 4(2m + 1)P(cos sin 6 dé, Osvasn, 
m=0 


holds. Indeed, 


ay 

a 
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f cos vOP,,(cos sin = 0, v<m. 
0 


Therefore, the cosine expansion of the function 7>.%_»}(2m+1)P,(cos 6)R™ 
sin 6 begins with the terms 


co(R) + cos v6. 


Thus we obtain from (11) 


(32) anR®™ = f + ¢,(R) cos ao 


2. Application of Theorem A of Part I to the last expression shows that if 
(33) = cos (mvr/n) > 0, Osrsn, 
m=0 


then the maximum of (32) will be attained only by u(@) = +cos n@. Here, as in 
Part I, the symbol >." means that the terms m=0 and m=n have to be 
multiplied by 4. It is needless to say that R>1. 

Our next purpose is to prove these inequalities. Note that having done 
this we have proved much more than the original statement, namely the in- 
equality under the condition that | u(vr/n)| <1, 
Osvsn. 

Since c,(R) >0 (cf. §1.3), it suffices to prove (33) for 1SvSn. 

3. We combine the representation (30) with formula (20) of Part I and 
find that 


R* + (- 1)! 

— 2R cos (vr/n) + R? 
R* + (- 1)>-* 
R;t R?-1 

+ f 0 143 ) 1 — 2R cos (vr/n) + R? 

n v—1 

im + (— 1) \ a 
— 2t cos (vx/n) + # 
where the integration extends over —1<5¢#<0 and 1<#<R. Then to prove 
(33) it will be sufficient to show that 

#2—1 1—2R cos 

3 R;#)41- 0 
(35) 1+ f R*—1 R*+(-—1)""! 1—2¢ cos (vr/n)+# 


We consider only the case n 2 3, since (33) may be proved directly for n= 1, 2. 
Now, let us consider the expression 


Cm(R) = 3(R? — 1) 


| 
i 
| 
| | 
| 
| 
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— 2RA + R? 
= k(A) 


1 


as a function of A, —1S5A31. We have 
1 — Rt 
— 2+ #)? 


Let v be even. In this case k’(A)<0 whether —1<#<0 or 1<#<R, so 
min (A) is attained for \= +1. Since (35) is positive for y=0, it must be posi- 
tive for all even values of v. 

It remains to show that (35) is satisfied for odd v. 

4. First let 1<t<R. Since v is odd, 

— + 1) — 1)(é + 1) 


1 — 2¢ cos (vr/n) + (t — — 


(36) = 2(R — + (— 


q(t) 


is a polynomial of degree m with positive highest coefficient, all of whose roots 
are on the unit circle |t| =1. (For »=m the presence of the factor ¢?—1 is es- 
sential, however not for 1S»Sn—1.) Then q(t) is a convex function for ¢>1, 
and it vanishes at t=1. Thus 0<q(t) <q(R)(t—1)/(R—1) for 1<t<R. The 
expression in curled brackets { } in (35) is of the form 1—g(¢)/g(R) and so it 
must be greater than (R—#)/(R—1), 1<t<R. 

Thus the contribution of the range 1<‘<R to the integral of (35) will 
be greater than 


R+1 2 
(37) f dt 
4 J, — — 


Now, 
| | Rt—1| SR*—-1 for 1<t<R, 


so (37) is greater than 
R 
+ 1)-(R yf (2 — 1)dt = + 2)(R + 1)7 >}. 
1 


5. Let —1<t<0. Referring to (36), we see that in the present case k(A) 
is increasing (since v is odd). Then, by what we have just shown, (35) will 
be a consequence of the following inequality 

(R+ 
R?—1 R™+1 (¢+1)? 

To prove (38) we divide the integrand into two parts, and estimate them 

separately. First, 


(382) 
6 
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0 1 i-# 
= 4(R? — 
J = — 1) #/2(R + + 1)8/2 


< — f Re + 


= 4(R? — 1)R-*/2(R + 1)-/2 

< — 1)R* < 3(R? — 1)/(R? — R + 1). 
The absolute value of the remaining portion of the integral of (38) can be no 
larger than 
(R+1)? (k+4%(1+ 2") 
4(R® + 1) Jo #/2(R + + 1)3/2 
ben integrand will be largest when R=1. Then, since »23, (39) cannot ex- 
ce 


(39) 


4(R*?+ 1)Jo #/7(1+ 30 R?—R+1 
6. Our assertion will now follow from the inequality 
(40) 3(R? — 1) + 1) < HR? R+ 1), R>1, 


which is easily verified. This proves (33). 
The non-trivial character of (33) becomes clear from the remark that the 
inequality 


>’ ca—m(R) cos = 0 
m=0 
is not true for all real values of 9 and R21. Indeed [cf. Part I, (21) ] 
cos = >’ cos m@ = sin n@ cot (0/2). 
m=0 m=0 


This expression changes its sign at 1 SvSn. 

7. Since C,, >0, 0S» Sn, the equality sign in our main inequalities holds 
only for the special harmonic functions pointed out in the theorems of Part I. 
In order to discuss the conditions of equality in (3) we take into account the 
preliminary remarks of §1. Then we see that for x=y=0, z=R the equality 
holds only if (24)-1/%, U(1, 0, 6)d@ = +cos nO. Since | U | <1 we conclude (cf. 
[7, p. 58]) that U(1, 6, 6) = +cos n6. 


6. DiscussION OF ¢, (1) AND (1) 


1. According to the results of the previous section, we have for 1SvSn 
Cin(R) >0, R>1; C,n(i) =0; so C,,’ (1) 20—that is, 
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(41) cos (mvx/n) = 0, 
m=( 


This is trivial for y=0 because c, (1) >0. The constants c, (1) =p, are identi- 
cal with the constants introduced by Szegé [7, p. 60]. Inequalities (41) furnish 
the following theorem: 

Let u(x, y, 2) be a harmonic polynomial of degree n satisfying the condition 
| u(x, y, 2) | S1 in x?+y?+2?S1. Then on the unit sphere we have 


Ou 
(42) 


If the boundary values of u on the unit sphere are of the form +cos ny, y being the 
spherical distance of the variable point from a fixed point of the unit sphere, then 
the equality occurs in (42). 

This is slightly less than the main theorem of [7]. It is shown there that 
(42) is an equality only if u=+cos my. 

The representation 


(43) = c,(1) rat han (- (1 
0 


2 (1+ 


is the analogue of (30). It follows from (30) by differentiation. Another way to 
obtain (43) is to calculate 


—F(R,z = |—G(R, z = ) 
OR \OR R=1 n=l 
and to apply to this function considerations similar to those in §§3, 4. This 
generating function was used in [7]. 
A direct proof of inequalities (41) is possible based on the representation 


(43). 
2. Now let 7, =$c,/’ (1). We discuss the following inequalities, m 22, 


cos (myx/n) = cos (mvx/n) > 0, 
Osrsn. 


(44) 


It was pointed out in §1.3 that c,’’ (1) >0; so inequality (44) is trivial for »=0. 
Let 1 SvSn. It is advisable to calculate 


F(R, ») = G(R, + x = 


Introducing the abbreviation (R—z)(1—Rz) = K we obtain 
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OR G(R, = (1 — 2*)s"/2{ RK-#/2 


— — 1)K-*(1 — 2Rs + 2*)} arc tan 


+ (1 — — 1) 
so (cf. [7, p. 60, (28) ]) 


») > Pos” = 1/2(1 — + 2) arc tan (z'/*), 


n=l 
Furthermore 
3? 2(R — z)\1/2 
z)=(1-— K-3/2 — 3RK-*/2(1 —2Rz+:2*)} arc tan ( ) 
+ (1 — 
+ (1 — 4... 


where the terms which are not written out vanish for R=1. This furnishes 


= — 2'/2(1 — z)-2(1 + 2) arc tan + 2(1 — 2)-*(1 + 2), 


or 
n=l n=l n=] 

so, on account of (43), 


= = — pat 


(45) (— 1)" — 


3. By use of formula (21) of Part I we find 


m? cos = — (S) «sin cot (@/2)). 


m=0 
Then for we have 
— m)* cos (mvr/n) 
m=0 


= cos (vr — mvx/n) = (— m? cos (mvx/n) 
m=O 


cos n@ ) n 
( (; sin* 2 sin® (vr/(2n)) 


' 

i 

| 

| 
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Also 


+(= 1 — (— 1)’ 
2 \ sin? (0/2) 4 (vx /(2m)) 


so from (45) [cf. Part I, (21), (20) ] we obtain 


nm — — (— 1)”) 


4J, (1+)? i+ ( 


— m) cos (myx/n) = 


(46) 


where 1Svsn. 
Let v be even. The first term as a function of cos @ is increasing ; the integral 
in the second term is decreasing. Therefore the total expression is greater than 
1 1 4-1/2 
n/2— — dt = n/2 — 
279 1+ 
which is positive for 22. 
Let v be odd. Then, the integral in the second term of (46) is negative and 
n—1/2>0, so the statement is clear. Thus, we have proved the following 


Let u(x, y, 2) be a harmonic polynomial of degree n satisfying the condition 
| u(x, y, z)| S1 in x?+y?+2?S1. Then on the unit sphere 
1 | < 1 14) 
with the sign “=” if and only if the boundary values of u on the unit sphere are 
of the form +cos ny, y being the spherical distance of the variable point from a 
fixed point on the unit sphere. 


7. ASYMPTOTIC FORMULA OF ¢,(R) AS n—> 2 
From (30) and (30’) we obtain for fixed R>1 and n> ~, 


R 
= O(R*) + f p(R; )(R" — t*)dt 
4R1/2 (R — dt + 1 a 
(R? R* — 
4R12 


4R (1 — 


= O(R*) + 


(R? — R* —i* R R* —i* 


dt 


= O(R") + 


= O(R") + 


wit 
| 
m=0 
he 
i 
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1 1—i* i™ n—1 2-4---2 
0 


(1 — o (1 3:5 +++ (2m +1) 


~ = 21/2, no, 


which furnishes (6). 
Formula (6) also follows directly from (3). 


APPENDIX 


1. GENERALIZATION 


A problem similar to that treated in Part II can be formulated for har- 
monic polynomials in any euclidean space. By using classical results on the 
representation of such harmonic polynomials in terms of ultraspherical poly- 
nomials('*), we are led to the following problem: 


Let P(x) denote the ultraspherical polynomials, \>0, and let R be fixed, 
R>1. Considering all cosine polynomials 


(1) u() = amP2(cos 6) 


m=( 
of degree n=1, satisfying the condition | (6) | s1 for real 0, what is the maxi- 
mum of | ? 


1. In case of harmonic polynomials of p+1 variables we have to take 
\=4$(p—1). However the problem mentioned has sense for arbitrary \>0. 
The two-dimensional case (Part I) corresponds to the limiting value \—0, 
the three-dimensional case (Part II) to the value \=1/2. 

Again the maximum in question is attained for u(@) = +cos 0 if and only 
if the following condition is satisfied. Let 


(2) x 6), = tam R"; 


then 
(3) cos (mvx/n) = 0, 


2. The proof of this inequality for general \ seems to be rather difficult. 


(2°) See, for instance, E. Heine, Handbuch der Kugelfunctionen, vol. 1 (2d edition, 1878); 
see in particular pp. 454 and 461. Regarding the notation of ultraspherical polynomials we 
follow Szegé’s book quoted in Part II, §2; see in particular p. 80. 
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In the limiting case A\->0 cf. formula (24) of Part I. In the case \=1/2 we 


have inequality (33) of Part II. 
Another simple case is \ = 1. Since 


1 sin(m+1)@ 1 sin (m— 1)0 


(4) cos = — - 
2 sin 6 2 sin 0 


we have 
(5S) (R) 221; 


so that 


(R) cos (myx/n) 


2 dR 


d 


= #(1+ R) cos (mvx/n) 
+ (n — m)R*-™ cos (myx/n) + 4(— 1)"(1 — R-). 


According to well known properties of Fejér’s kernel, the second sum of the 
last expression is positive. The first sum is [cf. Part I, (20) ] 


— 1)(Re — (= 1)) 
1 — 2R cos (vx/n) + R? 


4 


This furnishes the positivity of (6) when v is even. Let v be odd; then we 
have only to show that 

— 1)(R* + 1) 
1 — 2R cos (vr/n) + R? 


>1— 


(1+ R-*) 


which is clear. 
Thus we established the following theorem: 


Let n=1and let 
(7) 


ant sin 6 


| (1) 
| ee Co (R) = 1, 
m=0 
m=( 
Ae 
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be an arbitrary cosine polynomial of degree n satisfying the condition | u(0)| $1, 
6 real. Then for R>1 


(8) DX (m + aR™| S + 1)R* — — 1)R™? 


m=0 


with the sign “=” if and only if u(@) = +cos n6. 


2. A PROBLEM ON ELLIPSES 


1. Some time ago W. E. Sewell('") dealt with the following extremum 
problem: 


Let E be an ellipse in the complex z-plane. If f(z) is a polynomial of degree n 
satisfying the condition |f(2)| 21,2€GE, what is the maximum of max lf’'(2)|, 
sCE? 


Sewell obtains an upper bound for this maximum, which is, however, not 
the precise one. His bound is of order as n— ~ , which is the precise order(?*). 

2. For sake of convenience we consider an ellipse Ez with foci at—1 and 
+1 and with semi-axes }(R+R-'), R>1. Let a=}(R+R™-). We prove the 
following result of negative nature: 


Let n2=5. There exist polynomials f(z) of degree n satisfying the condition 
|f(z)| $1, s€ Ep, such that 
| > 2n R™—R™ T,(a) 

T,(a) 

Here 7,(z) is Tchebychef’s polynomial ; obviously | T,.(2)/T. n(x) | <1 when 
2CEpr. This shows that for n25 the solution of the problem mentioned is 
not furnished by Tchebychef’s polynomial. This is remarkable since Tcheby- 
chef’s polynomial does furnish the maximum in question for all in the limit- 
ing case R—-1, that is, in the case of the segment (—1, +1). 

3. Let 22= Re*+R-—e—**. If @ runs from 0 to 27, z describes Erg; ¢=0 
furnishes =a. We have with certain complex coefficients Cm 


= Cm( R™e*™? + 
m=0 


(10) = Cu(R™ + R-™) cos mo + ix Cu(R™ — sin md, 


n — R-* 


(#4) W. E. Sewell, On the polynomial derivative constant for an_ ellipse, American Mathe- 
matical Monthly, vol. 44 (1937), pp. 577-578. 

(#2) G. Szegs, Uber einen Sats von A. Markoff, Mathematische Zeitschrift, vol. 23 (1925), 
pp. 45-61; see in particular p. 53. 
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Substituting in the interpolation formula of Part I, §2: 


(11) 0 Osms 
n= m= = Nn, 


we obtain 
(12) 
— R-(-» 
G, = (n — m) cos (myx/n). 
4. Our next purpose is to show that for »25, for some v=v(n, R) and 
for sufficiently large values of R, the inequality G, <0 holds. Indeed as R>~, 


— = — m) cos (mvx/n) — 2R-* cos ((m — 1)vx/n) + O(R~) 


(13) m=( 

1 1-—(-—1) 
=— — 2R-*.(— 1)’ cos (vr/n) + O(R~). 

2 1 — cos (vx/n) 
Let v be even and 0<»v<m/2; then the last expression becomes negative if R 
is sufficiently large. The condition regarding v implies n/2 >2, n25, and in- 
deed for n25 values v= v(m) of the kind mentioned always exist. 

5. Finally let 25, G,~n) <0 (R sufficiently large) and 


(14) = Ta(2)/Ta(a) — nh(2) 


where 7 >0 and h(z) is a polynomial of degree m satisfying the following con- 
ditions: 

(a) that h(z) has real coefficients; 

(b) that (—1)”’ RA(z,) >0, OS S2n—1; 

(c) that 


= — (— 1)°G,h(s,) 
2n 
(15) 


2n 


In (15) we have taken into account that Gas, =Ga—», = Which follows 


from (12). 
Such a polynomial h(z) can easily be constructed. We write if zC Er 


(16) h(z) = > ; 
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the coefficients h,, being real, 


(17) Rh(z,) = > ha(R™ + R-™) cos (mvx/n). 
m=0 


Now we determine the real coefficients h,, such that A(z,) assumes preas- 
signed values for 0S yS12, in particular such that (b) is satisfied for OS vSn; 
then the same condition (b) is satisfied for OS vyS2n—1 since 2n4,=Zn~. 
Finally (c) follows if the further condition is imposed that (—1)’Rh(z,) should 
be so large for y=v(m) as to furnish the dominant term in h’(a). 

Since max| T.(2)| , © Ep, is attained only for z=z,, OS vS2n—1, we ob- 
tain by a familiar argument, | f(2)| <1, zGEp, provided 7 is sufficiently 
small. From 


= Tx — nh'(a) 


we conclude that | f' (a) | >T,! (a)/T,(a) provided 7 is sufficiently small. 
This establishes the result stated. 
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FOURIER INTEGRALS AND METRIC GEOMETRY 


BY 
J. VON NEUMANN AND I. J. SCHOENBERG 


INTRODUCTION 


1. Let S be a metric space, the distance d(f, g) between two elements of S 
satisfying the usual postulates. Let f; (— 0 <t< @) be a function whose val- 
ues lie in S and which is metrically continuous, that is, d(f:4:, f:)0 if h--0. 
If this function has the property that 


(0.1) = F(t — 5) 


is a function of the difference t—s only, we call the curve I in S defined by f; 
(— 0 <t< ©) a screw line of S and F(t) =d(f:, fo) a screw function of S. The 
reason for this terminology is as follows. If r is a real parameter, the two 
curves (— <t< and I,: (— © <t< which are identical as 
point sets, are isometrically mapped on each other by the correspondence 
for 


d(fi, =F(t—s)= Serr); 


in view of (0.1). These congruent mappings of I into itself form a one-pa- 


rameter group. 

The following properties of a screw function F(t) of S are obvious: F(t) isa 
continuous non-negative even function and F(0) =0; if F(t) is a screw func- 
tion, then all functions F(kt) (& real) are screw functions. 

A different point of view which puts the emphasis on the screw function 
F(t) rather than on the screw line [ is as follows. Consider the real axis 
—«<t<o as a euclidean space E, and change its metric from |t—s| to 
F(t—s). We thus get a new space which, following Blumenthal, we shall call 
the metric transform of E; by F(t) and denote by F(£,). For what functions 
F(t) may this metric transform F(E£;) be isometrically imbedded in S? Clearly 
F(E;) enjoys this property if and only if F(¢) is a screw function of S. For if 
the mapping of the point ¢, of F(£,), into the point f,, of S, performs the im- 
bedding of F(Z) into S, then (0.1) expresses the isometricity of this imbed- 
ding. 

Presented to the Society, September 1, 1936, and December 29, 1938; received by the edi- 
tors September 23, 1940. The first communication to the Society [Bulletin of the American 
Mathematical Society, abstract 42-9-353] covered the contents of Part I and Part II of the 
present paper; the contents of Part III were the subject of the second communication of 1938 
[abstract 47-1-47 ]. Thus the contents of Parts I and II precede in time the articles [4] and [5], 
listed in the bibliography at the end of this paper, which were partly suggested by this earlier 
work frequently referred to in these articles. Part III, however, carries on the work presented 
in [4] and {5] and is essentially based on some of that work. 
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2. As examples we mention 
F,(¢) = (# + sin? 
which is a screw function of the euclidean space Es, in view of the identity 
Fx(t — s) = (¢— +sin (¢ — 5) 
= + 3(cos 2¢ — cos 2s)" + 2(sin 2¢ — sin 2s)’. 
Similarly 


N y2 
(0.2) Fav(l) = (24s sin* A, >0,0 <--+ < uy, 
v=] 


is a screw function of Ezy, as seen from 


N 
(0.2 -—s)= {34,(cos 2u,t — cos 
+ 4A,(sin 2u,¢ — sin 2u,s) }. 
Finally 
N-1 1/2 
Fu_-i(t) = (ce + >> A, sin? ut) i 


< 


(0.3) 


is a screw function of E,w_1, as shown by 


— s) = C(t — 5)" 


+ {44,(cos 2ut — cos 205) + 2A,(sin — sin 


We shall see that (0.2) and (0.3) are the most general screw functions of Es 
and Ezy-1, respectively, which are not also screw functions of a euclidean 
space of lower dimensions. 

The starting point of the present investigation was W. A. Wilson’s recent 
remark that if 


(0.4) F(t) =| 
then the metric transform F(E;) is imbeddable in the Hilbert space $, hence 
F*(t—s) = s| = 


for a suitable function f, (— © <t< ©) with values in § [8, p. 64]. According 
to our present point of view (0.4) is a screw function of §. We shall see that 
this F(t) is not a screw function of any euclidean space. 

3. The principal purpose of this paper is to determine all screw functions 
of Hilbert space. It consists of three parts. In Part I we state our fundamental 
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result (Theorem 1) and show by means of elementary results of Menger and 
Schoenberg that all functions F(t) there described are screw functions of §. 
Furthermore, those screw functions of § are characterized which correspond 
to screw lines I’ with one of the following properties: I is euclidean, bounded, 
rectifiable or closed. 

The converse statement to the effect that Theorem 1 yields all screw func- 
tions of § is established in two essentially different ways in Part II and Part 
III respectively. In Part II this is proved by a direct investigation of the 
group of isometric mappings of § into itself which is induced by the group 
of isometric mappings of a screw line into itself. Free use is made of the theory 
of Hermitian operators in Hilbert space. In Part III § intervenes only by its 
metric in accordance with the ideas of Menger on the metric characterization 
of metric spaces. The method used is an elaboration of the metrical approach 
of Part I which is made more effective by an appeal to the theory of positive 
definite functions, i.e., the characteristic functions of the theory of probabili- 
ties. This connection was pointed out in two recent papers by one of us [4, 5]. 
In [5, p. 837], it was shown that the question as to when the metric trans- 
form F(E,,) is imbeddable in § depended on certain limit (closure) theorems. 
Here we establish these theorems in a form similar to P. Lévy’s limit theorem 
concerning characteristic functions. 

In conclusion we want to say that the operator method of Part II, dealing 
with the imbedding of F(E,) in $, may also be extended to cover the general 
case of the imbedding of F(E,,) in $. Although this extension has been fully 
worked out, for reasons of conciseness we treat in Part II only the case of 


screw lines (m=1). 
Part I. THE FUNDAMENTAL THEOREM ON SCREW FUNCTIONS 
IN HILBERT SPACE AND ELEMENTARY CONSEQUENCES 
1.1. Let § be a real Hilbert space. For every t>— ©, and <+~, leta 
point f; of be given, such that 
(i) f: is a metrically continuous function of t, 


(ii) the distance of f, and f, depends on ¢—s only. 
According to the general definition of our Introduction, the curve I: f; is a 


screw line of S. Condition (ii) means 

(1.1) — fll = Fe 5). 
Then (i) merely states that 

(1.2) 0 if t-0, 


and conversely, (1.2) implies the continuity of f, and therefore of F(#) every- 
where. F(t) is called a screw function of $. 

Let fio Sty °° * » Stn (to=0) be m+1 points of I’. By (1.1) their mutual dis- 
tances are ||f:;—fs|| = F(t; —tz). As these points may be thought of as lying 
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in a n-dimensional linear subspace of §, i.e., a Z,, we have by a known theorem 
[3, Theorem 1] 


(1.3) {F%(t) + — F%(t: — te) } pipe = 0, 
t 

for arbitrary real p;. Conversely, let F(¢) be a continuous even non-negative 
function, with F(0)=0, enjoying the property (1.3) for arbitrary real ¢;, p; 
(n =2, 3, - - - ). Geometrically this means: The points tp =0, f:, - - - , tn, of the 
space F(E;), which is obtained from E,; by changing its metric from |t—s| to 
F(t—s), may be imbedded in E,. By a theorem of Menger [2] this is sufficient 
to insure the possibility of imbedding F(Z.) in $. We can therefore state 


LEMMA 1. A continuous even non-negative function F(t) vanishing at the 
origin is a screw function of if and only if it satisfies the inequality (1.3) for 
arbitrary real t;, p; and forn=2,3,4,---. 


The interest of this analytical characterization of screw function lies in 
its obvious consequence that the squares F?(¢) of screw functions form a con- 
vex class of functions: If F{(¢) and F7(¢) are squares of screw functions then 
also F?(t)+ F(t) is the square of a screw function. In view of the euclidean 
screw functions (0.2), (0.3), exhibited in the Introduction, this convexity 
property suggests the following explicit expression of the screw functions of §. 


THEOREM 1. (Fundamental theorem.) The class of screw functions F(t) of 
Hilbert space is identical with the class of functions whose squares are of the form 


(1.4) FX) = f dy(u), 


where y(u) is non-decreasing for u=0 and such that 


1 


A proof that all functions F(#) furnished by (1.4) are screw functions is 
exceedingly simple. For it suffices to show that F?(t) satisfies the inequality 
(1.3) (Lemma 1). Indeed, in view of the identity 


sin? +4- sin? — sin? (¢; — = 2 sin? + sin 2¢,u sin 2t,u, 


we have 


i, kewl 
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The converse statement that the square of a screw function is necessarily 
of the form (1.4) is proved in two different ways in Part II and Part III of 
this paper. 

1.2. Let us now see which of the screw functions of § are euclidean screv’ 
functions, that is, belong to some euclidean space. It is convenient for this 
purpose to write (1.4) in the form 

sin? tu 
(1.7) FY) = CP + ¥(0). 
+0 

THEOREM 2. A screw function F(t) defined by (1.4) is euclidean if and only 
if y(u) has a finite number N of points of increase. F(t) belongs to E,, and to no 
lower space En: (m' <m) if and only if 


(1.8) C=0, N =m/2 for m even, 
(1.9) C>0, N = (m + 1)/2 for m odd. 


Indeed, let N be finite. If C=0, then F(t) is of the form (0.2), and 
41, °°, Un are precisely the points of increase of y(u). We know by (0.2’) 
that F(t) is a screw function of E.,~. Moreover its screw line 


cos $4>” sin y= 1,2,---,N;— <t<@, 


lies in Ezy but in no linear subspace of Ezy. Similarly, if C>0, it is shown by 
(0.3), (0.3), that F(t) belongs to E,,, m=2N—1. 

Let now (u) have infinitely many points of increase. We want to show 
that F(t) is not euclidean, that is, the metric transform F(£,) cannot be im- 
bedded in a euclidean space. For if m is an arbitrary positive integer, we 
may find m points of increase u=u, (v=1,---, m) of y(u), such that 
+--+ <t,. We shall now locate in +1 points ¢=0, 
ti, - ++, tn, which cannot be imbedded in E,_:. Such points will enjoy this 
property if the quadratic form (1.6) is positive definite [3, Theorem 1]. The 
linear independence of the functions sin 2tu, - - - , sin 2¢w,, implies the exist- 
ence of values ¢;, such that 


(1.10) det ||sin ¥ 0. 

The form (1.6) is now positive definite; for otherwise there would exist values 
pi, with 

(1.11) > 0, 


which make the form (1.6) vanish. But the vanishing of the integral of (1.6) 
implies the vanishing of its integrand at all points of increase of y(u), hence 
in particular 


+ 
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(1.12) sin = 0, k=1,---,m. 
t=] 


The incompatibility of the three relations (1.10), (1.11), (1.12) completes this 
indirect proof; for as m may be taken arbitrarily large, F(t) is not euclidean. 
Wilson’s screw function (0.4) is of the form (1.4) since 


2 sin? tu 
(1.13) F(t) --f du. 

T 0 u2 
Since _(u) = 2u/m has infinitely many points of increase, it is not a euclidean 
screw function. A somewhat more general example is 


(1.14) F(t) 0<«<1. 


Indeed 


F°(#) = | = f sin? tu-u-!-**du f sin? 0<« <i, 
0 0 


is of the form (1.4). 

1.3. Let us find conditions which insure the boundedness of a screw func- 
tion F(t). Later we shall see that this occurs when the corresponding screw 
line lies on a sphere of $. For the present we prove 


THEOREM 3. The screw function F(t) given by 
© sin? tu 
(1.15) = C## +f dy(u), 
+0 


is bounded if and only if 
(1.16) C=0 and f u-*dy(u) exists. 
+0 


More precisely, if C=0, we have 


(1.17) 1 dy(u) < lim sup < f 
2 +0 u2 +0 u2 


where all three members may also be infinite. 


As C=0 is obviously necessary in order that F*(¢) be bounded, it suffices to 
prove the inequalities (1.17). Let 


F.a(t) = f dy(u), 


u? 
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SG sin 
= u-*dy(u), 


lim F.a(t)dt = + 


Whence, since F?(t)2 F2,(t), we derive 


lim sup = lim a sup, z— 


to 


By comparing the extreme terms only and allowing e—0 and a—~, we get 
the first inequality (1.17). The second inequality (1.17) follows from 


FX) = f dy(u) < f 
+ + 


The euclidean screw functions (0.2) are always bounded; (0.3) are never 


bounded. 
1.4. We shall now investigate when a screw line I of a screw function F(t) 


is rectifiable. With this purpose in view we show first that 


(1.18) im “ay(w), 


where both sides may also be infinite. 
Indeed, to each e>0 there corresponds a 6 >0, such that sin x?/x?>1—e if 
x20Oand hence sin? tu/(tu)?>1—e if OS us dt-', t>0. But then 


(OY. sin? tu dy(u) sin? tu dy(u) = (1 of” 


t 


lim inf (“ye (1 f 


On allowing e—0, we have 


tim int Ve fev. 


and therefore 
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This, and the obvious inequality 
t 0 0 
imply (1.18). 


Let now t9 =0<t4,< <t,_1<t¢, =t be a subdivision of the fixed interval 
(0, ¢) and 6=max (¢;—#;_1). (1.1) and (1.18) now imply 


lim — full = lim F(t: — 
1 


1 
This proves the following theorem. 


THEOREM 4. A screw line f; (— © <t< @) corresponding to the screw func- 
tion F(t) defined by (1.4) is rectifiable if and only if y(u) is bounded. The length s 
of the arc (0, t) of the screw line is then connected with the parameter t by the 
relation 


F(r) 


(1.19) = — y(0))? = 


In particular, if y(©)—(0) =1, ¢ is identical with the length of arc along the 
screw line of F(t). 


The euclidean screw lines corresponding to (0.2), (0.3) are always recti- 
fiable, the relations between s and ¢ being respectively 


No 
1 1 


The screw lines of (1.14) are non-rectifiable, since F(t)/t-© as t-0. 

1.5. When is a screw line I’, corresponding to the screw function F(t), a 
closed curve? Let f,, be a double point of I’, that is, f;,=f1,, for some r>0. 
Then 0 —full = F(r), hence fere = F(r) =0 or for all real 
This means that f, and therefore also F(t) =||f;—fo|| has the period + and T’ 
is a closed curve. Conversely, all this is implied if F(t) is periodic. Let this 
be the case and let 7 be the least positive period of F(t), which exists if F(t) 40. 
From (1.7) we get 

sin? ru 
F2(r) = Cr? + dy(u) = 0. 


+ 


This implies that C=0 and that y(u) is constant in all the intervals 
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(kR=1, 2, 3,--+) where sin? ru>0. But then F*(¢) re- 
duces to the series 


kr 
(1.20) F*(t) = dc sin? (= > 0, = 0, >> c convergent. 
kml T 1 


THEOREM 5. A screw line of $ is a closed curve if and only if its screw func- 
tion is periodic and its square is of the form (1.20). 

The screw lines of (1.20) are rectifiable if and only if } >? k?c, converges. 

A euclidean screw line is closed only if it is even-dimensional, that is, 
only if the form (0.2) and its frequencies u, (v=1,---, N) have rational 
ratios('). 

The Fourier series developments of the Bernoulli polynomials B2(t), By(t) 
furnish the following simple examples of periodic screw functions of period 
one: 


2 1 
1.21) Fi) = «(1-4 = B,(t) = 


2 2 1 — cos 


The screw lines of F,(¢) are non-rectifiable; those of F;(¢) are rectifiable with ¢ 


as length of arc, since lim;:.o F2(t)/t=1. 
1.6. We conclude this survey of these most elementary and characteristic 
features of screw lines by proving the following theorem. 


THEOREM 6. A screw line T of $ is bounded if and only if it can be placed 
on a Sphere of 9. 

The sufficiency of the condition is clear. Conversely, let the screw line and 
therefore also its screw function F(t) be bounded. By Theorem 3 we have 


sin? tu 


-f dy(u). 
+0 


a(0) = 0, a(u) = f warn, “> 0, 
+0 


() The projections of such screw lines on any of the coordinate planes x;Ox, are closed 
Lissajou curves. Conversely, any Lissajou curve whether open or closed may be regarded as a 
plane projection of a screw line of Ey. 


1—cos2rnt 2 sin? nt 

= — ) 

n* 

0sisi1, 

aa 6 > sin? wnt 

=e 

wt nt 

Setting 
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we get 
(1.22) F*(t) -f sin? tu da(u), 

0 


where a(u) is non-decreasing and bounded. Define r>0 by 
(1.23) 4r? = a(o). 


We shall prove that I can be placed on a sphere of § of radius r. Consider 
the metric transform F(£)), i.e., the real axis — © <t< © with the distance 
d(t, t’) = F(t—t’); add to this space a new point A and complete the definition 
of distance throughout F(E,)+A by setting 


(1.24) ad(A,t) =r. 


Not only F(£;) can be inbedded in §, as shown by (1.6), but also F(Z:)+A 
may so be imbedded. It suffices to show that the points A, #:, - - - , ¢, may be 
placed in E,. Indeed, we have in view of (1.22), (1.23), (1.24) 


DX (a*(A, ti) + d%(A, tr) — te)) pipe 


i, kel 
(r? + 7? — — te)) pipe 


1 


> cos 2(¢; — 
1 


2 {( 210) + ( p; sin 210) dat) = 0. 


Hence F(E,)+A may be imbedded in § by Menger’s theorem. Now (1.24) 
shows that F(E;) is mapped into a screw line I lying on the sphere of radius r 
whose center is the image of A. 


Part II. FIRST PROOF OF THE FUNDAMENTAL THEOREM 
BY THE THEORY OF OPERATORS 


2.1. Let f; (— © <t< @) bea screw line of $, and F(t) the corresponding 
screw function. For greater generality we assume that § is a real complete 
unitary space (not necessarily separable). As in §1.1 we have 


(2.1) — = 5), 
(2.2) if t-—0. 


| 
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Using the reality of we have 
(fe — fur fe — fu) = llfe — Fall? + [Ife — Full? — — — Fudll?} 

= — full? + — fall? = [Ife 

= — u) + F%s — u) — — s)}. 
Hence setting 

F*(p) + F*(q) — F*(p — = 2G(p, 9), 
we have 
(2.3) (ft — fur fe — fu) = G(t — u, s — 4). 

Let §: be the closed linear subset of , which is spanned by all 
Si — fo rational. 
Write all rational numbers as a sequence 4, fs, - - - , and then orthogonalize 
the sequence 
fs — for fs — for 


by the Gram-E. Schmidt procedure, thus obtaining. the (finite or enumerably 
infinite) normalized orthogonal set 


$1, 2, 
Thus 


(2.4) oi = z aii(fi; — fo), all a;; are real numbers. 


j=l 


The f:—fo, ¢ rational, are linear aggregates of the ¢;’s, hence (owing to f,’s 
continuity in ¢) all fs—fo, — © <t< @, are limit points of such linear aggre- 
gates. Therefore all f; —f» belong to the closed, linear set which is spanned by 
$2, , and which therefore coincides with $:. Hence 


(2.5) 


where §,(t) are real continuous functions of t. 
Combining (2.4) and (2.5) we get 


that is 


(2.7) | - | “20. 


j=] 


| 
i 
| 
i 
Ww 
|| 
} 
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Consider the equation 
i 
and its equivalent 
i 2 


(2.7’) can be written as a relation of the 
(ferse — far — fa) for = t, th, te, 
and the 
Bilt), 
By (2.3) this means a relation of the 
G(t’, t’’) for t’, = t, th, te, 
and the 
Bi(t), 


Hence (2.7’), and consequently (2.6’), are independent of s. But for s=0 
(2.6’), (2.7’) coincide with (2.6), (2.7), and hence are true. Therefore they hold 
for all s. 

Let 


(2.4’) | ¢i(s) = — f.). 
Then (2.6’) gives 
(2.5’) furs — fe = Bild) 


The relation 


=1 if i=k, 
(2.8) (8), uD) = 


means 


j=l 


which is a relation of the 


(frre — far forse — fa), for = hh, 
and the 
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Qij, Akj- 

By (2.3) this means a relation of 
Git’, for ’, = ty, 

and the 

Qij, Akj- 
Hence (2.8) is independent of s. It expresses that ¢:(s), ¢2(s), - - - isa normal- 
ized orthogonal set. Since ¢;(0) =¢;, this is true for s=0. This proves that 
(2.9) ¢1(s), ¢2(s), -- + is a normalized orthogonal set for every s. 

2.2. Consider a fixed s. The ¢:(s), d2(s), - - - span the same closed, linear 
set as the , that is, as the f,,,—f,, ¢ rational. Owing to 
the continuity of f, in u, this is the same set as spanned by the fi4.—f,, 
or, if we write ¢ for +s, by the f;—f,, <i<+o. 

This set contains in particular fo —f,, hence every f:—fo = (f:—f.) — (fo—fa). 
Hence it contains $;. But §; contains all f;—fo (by (2.5), along with the ¢,), 


hence f,—fo and the f:—f, = (f:—fo) — (fs —fo). Hence it contains our set, too. 
In other words: 


(2.10) ¢1(s), 2(s), -- + span the closed linear set §, for every s. 

By (2.9), (2.10) the equations 
(2.11) = fori = 1,2,---, 
define a unitary transformation U (s) in $1. (2.5’) gives immediately 
(2.12) U(s)(fi — fo) = fire — fer 
and by (2.4’) this relation (2.12) again implies (2.11). 

If we write (2.12) for t= and v, and subtract, we get 
(2.13) U(s)(fu — fo) = fuse — fore 
Since (2.12) is a special case of (2.13) (u=t, v=0) we see that (2.13) is also 
characteristic for U(s). Application of (2.13) for s=5, 52, 5:-+S_ shows that 
(2.14) U(s2)U(s1) = + 5s). 

As fi;++, fs are continuous functions of s, so is ¢:(s) by (2.4’). Now (2.11) 
shows that 
(2.15) U(s) is a (strongly) continuous function of s. 

2.3. Extend now § to a compiex unitary space §, and correspondingly $1 
to §:. Then U(s) extends to a unitary operator in §;. Since the extended 


meaning of ||f—g|| and U(s) remains unchanged in §y, it is clear that (2.1), 
(2.12) and (2.15) remain true. 


ane 
+f 
4 
‘| 
4 4, 
‘ 
2 
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As GH: is spanned by the enumerable set f;,—fo, f:,—fo, - : - , it is separable, 
hence a finite-dimensional unitary or a complex Hilbert space. Now we may 
apply, considering (2.14), (2.15), the theorem of M. H. Stone ([6, 7]; this 
theorem is independent of the separability of the underlying unitary space). 
This theorem insures the existence of a self-adjoint operator A in §:, such that 


(2.16) U(s) = exp (isA). 
Now equation (2.12) may be written as 


Sire = U(s)\(fe — fo) + fur 


or, using (2.16), 
(2.17) Sure = exp (isA)(fi — fo) + fu 


2.4. Let E(x) be the resolution of unity which belongs to A in §;. Define 
the projections F,,,., +1, +2,---,¢€=+1, and as follows: 
F,,41 = E(2*) — E(2"-), 
(2.18) F,,-1 = E(— 2°") — E(— 2"), 
= E(0) — E(— 0) (x 0) =, jim 


The projection operators F,,., F® are clearly orthogonal and their sum is 1. 
Let 
M,,. be the closed linear set with the projection F,,,., 
(2.19) (n = 0,+1,+2,---,¢€= + 1), 
M° be the closed linear set with the projection F°. 
Again the Mn. M° are mutually orthogonal and they span together the closed 
linear set G1. Clearly every Mn,., M° reduces A, and hence, by (2.16), all U(s), 
too. 
Denote the projections of and M°, by and respectively. 
2.5. Let us consider first the situation in 9°. Here clearly A =0, and (2.17) 
gives 


(2.20) 
(Fixe — Jo) = (ft Fa) + (ft — fr). 


This, and the #-continuity of f,, give immediately 


= «hi — fo), 


that is, 


| 
j 
| 
| 
4 
3H 
4 
11% 
a 
| 
ll 
4 
| 
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x 


(2.21) fi=ta +h, being fixed. 
2.6. Let us consider next the situation in Q,,.. Here the spectrum S,,. 
of A lies clearly between 2*-! and 2*, and between —2* and —2*—! respec- 
tively. Hence x€S,,. implies 2*-'< |x| 
Assume 
(2.22) 0<|t| 


Then xES,,. implies 0<2*-"|t| <|tx| <a. Hence the function 
fix) = (exp (itx) — 


is everywhere defined, continuous, and bounded in x€S,,,.. Hence we may 
form f(A). As (exp (itx) —1) f:(x) =f,(x) (exp (itx) —1) =1 for all xES,,., we 
have (exp (itd) —1)f,(A) =f.(A) (exp (itd) — 1) =1. Hence f,(A) is the inverse 
of exp (itd) —1. 

We have thus proved that 


(2.23) (exp (i#4) — 1)-' exists and is bounded. 


Consider now (2.17) for ¢, s and for s, ¢. As the left side is the same in both 
cases, the right sides are equal, too, giving 


exp (isA) (Frere = ne/0) + frets = exp (itd) (Freje ne/0) + 


that is 
{exp (isd) — 1} — Fneo) = {exp (#4) — 1} (Frere — 


Assume (2.22) for both ¢ and s. Since exp (itd) —1 and exp (isA) —1 commute, 
and by (2.23) for ¢ and s, we may write this as 


{exp (#4) — 1}-*(faere — = {exp (isd) — — 
That is, 
{exp (it4) — 1}-"(Fnee — = Anes 
where #,, is fixed. But this may be written as 
(2.24) Frere = {exp — 1} ine + Constant. 


This holds provided ¢ satisfies (2.22). Since it is obviously true for ¢=0, it 
holds whenever |¢| S#/2*. But if (2.24) holds for both ¢ and s then (2.17) 
extends it to ‘+s. Hence (2.24) holds for all ¢. 

We may now formulate (2.21), (2.24) as follows: 


The projections of f, — fo in M° and M,,. are and {exp — 1 } ine 


2.25 
) respectively, the being fixed elements of and M,,. respectively. 


| 
| 
| 
| 
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2.7. We know that & is the closed linear set spanned by the mutually 
orthogonal sets and M,,. (w=0, +1, +2,---,e€=+1). Asfi—fo is in Gi, 
we see that (2.25) implies 


(2.26) >> Dd {exp — 1}8,., 
n=—o 


the convergence of the right side being certain for all ¢. 
Since the addends of the right side of (2.26) are mutually orthogonal, we 
conclude that 


fe — fall? = eal? + fexp — 1} 
n=—o 


But for each term of this sum we have 
|| {exp (#4) — = ({exp (#4) — {exp — 
= ({exp (A) — 1}*{exp (iA) — 1} ine, One): 


By well known properties of functions of Hermitian operators, and since 


(exp (i#x) — 1)(exp (itz) — 1) = (exp (— i#x) — 1)(exp (ix) — 1) 
= 2 — exp (itx) — exp (— itx) = 2(1 — cos zx), 
the above expression is equal to 


(2(1 — cos (tA)) ne, Sine), 
that is, to 


f 2(1 — cos 


It suffices to extend this Stieltjes integral from 2*~'! to 2*, if e=+1;and 
from —2* to —2*-! if e=—1. Denote this interval by J,... 
We have thus obtained 


(2.27) F%(t) — foll? = + > 2(1 — cos tx)d(|| E(x)d,.||?). 
Integrating this relation from 0 to 1 we obtain 
1 beg i 
0 n=—o e=mtl Ine x 


Since 


if |«| <1, 


if |z|21, 


we derive from (2.28) the finiteness of the following expression: 


x 


| 

Hal 
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0 
2.8. We may now readily complete a proof of Theorem 1 by showing that 
the last side of (2.27) can be put in the form (1.4). Indeed, define two non- 
decreasing functions B_(x) (— © <x <0) and 8,(x) (0<x<+ as follows: 
Set 


B(x) = ||E(x)ioa||? in — }), 


and extend the definition successively to J:,1, J2,1,---, and also to 
I-21, , in such a way that 

(i) B(x) =|| in I,,1 (—2"*SxS —2"-), 

(ii) the constants are successively determined by the requirement that we 
have agreement of values of 8_(x), at every point x = — 2", resulting from this 
function’s definition (i) in the adjoining intervals J, _; and In4:,-1. 

Set similarly 


84(x) = in Jo. 1), 
and define successively 
= || =const., in J, S x S 2"), 


determining the constants successively by the same requirement as above. 
The finite expression (2.28’) now becomes 


—0 1 
(2.28) }2%dB_(x) + f + [  4¢8(2) + f 148, (x), 
=} +0 1 


and (2.27) may be written as 


= || 69||? + f — cos tx)dB_(x) + | 2(1 — cos éx)dB,(z). 
+0 


Setting 
a(x) = 28,(%) — 26_(— x), 


this becomes 
(2.27’) F%(t) = #||69||? + f (1 — cos tx)da(x) 
+0 
where a(x) is non-decreasing such that 
a(o) = 28,(0) — 28. (— 


f = 2 stap,(2) +2 
+ 


0 +0 -1 


i 
it 
i 


1941] FOURIER INTEGRALS AND METRIC GEOMETRY 243 


are finite, on account of the finiteness of (2.28’’). If we introduce a new mono- 
tone function by setting 


7(0) = 0, (x) -f 2x*da(2x), x> 0, 
+0 


we have 


— cos tx)da(x) -f 2x*da(2x) = dy(x). 


+0 2 +0 


By changing, finally, the value of (0) from 0 to —||a°||2, we see that (2.27’) 
now assumes the form (1.4). Also (1.5) is satisfied, since a(x) is bounded. 


Part III. SECOND PROOF AND EXTENSION OF FUNDAMENTAL THEOREM 
BY THE THEORY OF POSITIVE DEFINITE FUNCTIONS 


3.1. We know that the class of screw functions of Hilbert space is identical 
with the class of continuous, even, non-negative functions F(t) (F(0) =0) such 
that the metric transform F(E;) is isometrically imbeddable in § (Introduc- 
tion, §1). Let us denote this class of functions by the symbol II(£;). We now 
extend the problem of determining the class II(£;), as follows: Determine the 
class TI(Em) of functions F(t) such that the metric transform F(E,,) be isometri- 
cally imbeddable in (1S m< ~, E.=§). (See [5, Introduction and §5.2].) 

The definition of II(£Z,,) implies the relations 


D W(E:) D D W(En) D - D WG), 


showing that we have to deal with an infinite sequence of non-increasing sub- 
sets of II(E,). The class II(G) was found to be identical with the class of func- 
tions F(t) whose squares are of the form 


ete 


1 


where ¥(u) is non-decreasing for 120 and such that ffu—dy(u) exists [5, 
§5.4, Theorem 6]. We shall now determine the classes (En), (1Sm<@). 
The statement of our result requires the integral function 


2-m 2-4-m(m+ 2) 2-4-6-m(m + 2)(m + 4) 


In particular 
= cos Q2(t) = Jo(é), = sin é/t. 


= 
(3.1) 


— 

| 

| 

1} 

| 

| 

| 


= 
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THEOREM 7. The class IIl(Em) of non-negative continuous functions F(t) 
(t20, F(0) =0) such that the metric transform F(E,) be isometrically imbeddable 
in $, is identical with the class of functions whose squares are of the form 


-1-Q, 
(3.2) = ante, 


where y(u) is non-decreasing for u=0, y(0) =0, and such that 
dy(u 
(3.3) f vw) exists. 
1 


If m=1 we obtain our Theorem 1 on screw functions, since 1— (tu) 
=1—cos tu =2 sin? (tu/2). 

The reasoning which leads to the characterization of the class II(£;) given 
by Lemma 1, §1.1, extends, of course, to the class II(Z,,) and gives the follow- 
ing statement: 


A continuous non-negative function F(t) (t20, F(0)=0) belongs to II(Em) 
if and only if it satisfies the inequality 


(3.4) > {F2(PoP;) + F*(PoP) — F*(P:Px)} pipe 2 0, 


. forany points Po,---, P, of E, and arbitrary real p; (n=2, 3, +--+), the quan- 


tities P;P, denoting euclidean distances in En. 


We refer to [5, §8.1], for a simple proof, based on the statement above, 
that any F(t) given by (3.2) belongs to II(Z,,). 

3.2. The proof of the converse, i.e., that formula (3.2) furnishes all ele- 
ments of II(E,,), requires the following limit theorem: 


LEMMA 2. Let 


0 


be a sequence of functions with non-decreasing y.(u), (Ya(0) =0), such that all 
integrals [ u-*dy,(u) exist. Let f,(t) converge, as n— ©, uniformly in any finite 
interval, to a function f(t). We indicate this type of convergence by the relation 


(3.6) > fd. 

Then f(t) is also of the form 

(3.7) f Tt, y(0) = 0, f u-*dy(u) exists, 
0 u 1 


and 


i 
| 
| 
| 
| 
| 
| 
i, kml 
| 
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yn(u) — y(u)(?), 


(3.8) 


(3.9) f f in all continuity points u = a > 0 of y(u). 


Conversely, if the relations (3.8) and (3.9) hold and f,(t), f(t) are defined by 
(3.5) and (3.7), then (3.6) holds. 


Postponing a proof of this limit theorem we shall now use it to establish 
Theorem 7. 

Let F(t)€II(EZ,,), that is, F(E,) be imbeddable in §. By [5, §5.3, Corol- ia 
lary 1] we conclude that the functions exp { —XrF(t) } , (A>0), belong to the i sil 
class @(E,,) of functions which are positive definite in E,. By [5, §1.2, Theo- j i 
rem 1], we are allowed to set 


exp } = f d), 0, 


a(u, \) being a family of non-decreasing functions, a(0, A) =0, a(«, A) =1. 
Now 


1 — exp {— AF*(i)} 


and if we set 


1 u 
p(w, ») = — utda(u, d), 


we obtain 


(3.10) = 


1 — exp {- } 1— 
= dB(u, d). 


On the other hand, 
sim, f(t, 9) = 


holds uniformly in any finite interval. For, if 0S¢ <7, we have F*(t) <K (since 
F(t) is continuous) and therefore 

| exp {— — 1+ =| — /31+--- | 
S 


or 


() Here and throughout this paper a limiting relation ya(u)—>y(u) invoiving monotone 
functions is assumed to hold for all values of « which are continuity points of the limiting func- 
tion 


| 
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1 — exp {— 


a bound which is independent of ¢ and tends to zero with X. Setting f,(¢) 
=f(t, 1/m) we therefore have f,(¢)->F?(¢) and Lemma 2 is applicable, on ac- 
count of (3.10), showing that F?(¢) is of the form (3.2). 

3.3. In this proof of Theorem 7 only a part of Lemma 2 was used, namely 
that (3.5) and (3.6) imply (3.7). We have stated and shall prove the more in- 
clusive limit theorem for two reasons. First, our limit theorem implies that 
y(u) of (3.2) is uniquely defined by F(t). Second, a proof of the complete 
statement is hardly more complicated than a proof of the partial statement 
actually used above. 

Lemma 2 will be a direct consequence of the following analogous limit 
theorem involving a simpler kernel under the integral sign. 


— F*(#) | S \K*e*, 


3. Let 


— 


1 
(3.11) on(t) -f n= 1, 
0 


be a sequence of functions with non-decreasing B,(u) (8,(0)=0), such that all 
integrals [*u-'dB,(u) exist. Let @,(t) converge, as n—~, to a function ¢(t), 
uniformly in any finite interval 0 St Sto, i.¢., 


(3.12) n(t) > o(?). 
Then $(t) is also of the form 


(3.13) = f —— B(u)T, = 0, f u-'dB(u) exists, 


and 
(3.14) B,(u) B(u), 


(3.15) f ss => f . “ in all continuity points u = a > 0 of B(u). 


Conversely, if the relations (3.14) and (3.15) hold and ¢,(t), o(t) are defined 
by (3.11) and (3.13), then (3.12) holds(*). 


The ¢,(¢) belong to the class T defined in [5, §4]. It was shown there 
(Lemma 5) that (3.12) implies ¢(¢)€T, hence (3.13). It was furthermore 


(*) That the céndition (3.15) cannot be dispensed with is shown by the example of 8,(u) =0 
if OSu<n, B.(u) =n if B(u) =0, hence $n(t) =1—e™*, o(¢) =0. Now (3.14) holds but not 
(3.12). Note that, the condition (3.15) is not satisfied. 


} 
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shown by means of the Vitali-Porter convergence theorem that ¢,(¢) and 
= f 
0 


converge to ¢(¢) and ¢’(¢), respectively, uniformly in any finite closed domain 
inside the half-plane Rt >0 of the complex variable t=¢+-ir. In particular we 


therefore have 


(3.16) (1+ ir) = f > + ir) = f 
0 


uniformly in any finite r-interval. In terms of the new monotone and bounded 
functions 


the relation (3.16) becomes 


Now we may apply a limit theorem of Paul Lévy and conclude that 
(3.18) an(u) — 
[1, p. 197]. But (3.17) may be inverted: 


Now (3.18) implies the desired relation (3.14). 
There remains the proving of (3.15). On one hand (3.14) implies 


a 1 
and therefore (3.11), (3.13) and (3.12) imply 
On the other hand, the obvious inequalities 


f sf < f £20, 


imply 


ail 
4 
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| 
| 
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| 
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u u 


As n— © we get aed (3.19) 
-1- dB,,(u) 
S lim inf lim su ef 


1 
dB(u). 


As t— © this gives 


which proves (3.15). 

In order to prove the converse of Lemma 3, we have to show that (3.11), 
(3.13), (3.14), and (3.15) imply (3.12). For a given €, we can choose a posi- 
tive a, continuity point of 8(u), such that 


provided 1 is sufficiently large. But then 


f f api), 


differ from ¢,(¢) and ¢(¢) respectively by less than e. Hence 


a 1 g~tu a 1 tu 
| ba(t) — < f f ap(u) 
0 0 


provided 1 is sufficiently large. On the other hand, (3.14) implies 


— [4m Ks 


in an arbitrarily given interval 0 St Sto, provided nm is large enough. Hence 
| ¢,(t) —¢(t)| <3e, in the interval 0 St Séo, provided n is large enough. This is 
precisely identical to (3.12). 

By a similar argument we can prove the converse part of Lemma 2. We 


that is, 
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may, therefore, consider the converse part of Lemma 2 as already established 
and shall use it in proving the direct part of that lemma. 

3.4. In order to prepare a proof of Lemma 2 we need the following state- 
ment: 


The assumptions (3.5) and (3.6), of Lemma 2, imply the existence of 
(3.20) two constants K and H, independent of m and ?#, such that 
fa(t) <K#+H, t20, n=1, 2, 3,--- 


Assume first that m=2. Since 
<1, (¢>0); lim = 0, 


we see that (3.5) and (3.6) imply (for ¢=1) that the two expressions 
11 — Q,,(u) dyn(u) 


u2 


are both bounded, as —«. Since the integrands [1—Q,(u)]/u?, and 
1—,,(u), have positive lower bounds in their respective intervals of in- 
tegration (0, 1) and (1, ©), we see that 


1 d 
(3.21) f = f nko) 


uz 


also are bounded, as n— ©. On the other hand, it is clear from the power series 
expansion (3.1), that there is a constant c, such that 


1 — Q,,(é) S c#*, 
provided ¢20. Hence, by (3.21), 


m Qn 
fa(t) -f +f ) 


sf + Sento 


= fcy,(1) + 2 f u-*dy,(u) < K@ + H. 
1 


If m=1, hence Q,,(tu) =cos tu, we first integrate both sides of (3.6), be- 
tween 0 and 1, obtaining the relation 


From this we derive as above that (3.21) are also bounded in the present case. 
The argument is then concluded as above. Thus (3.20) is established. 
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3.5. We may now readily prove Lemma 2. From its assumptions (3.5), 
(3.6), combined with (3.20), we get 


OSf < KP +4, 0s < KP +H,t20. 


This implies, as readily seen, that 


(3.22) f f ay) 


uniformly in yu in any finite interval 0Sy< M. Hence also 


J, 


uniformly in any finite interval 0S’ <L. Taking #A-/?, instead of ¢, as a new 
variable of integration, we see that 


0 


0 0 


uniformly in A in any finite interval 0<ASL. We shall now make use of the 
relation [5, p. 823] 


(3.24) = f Qn 0, Cm = [T(m/2)}, 


and its particular case (u=0) 


1= f 
0 


If we multiply the relation 


u2 


by CnA~™/2e-"/ym—1d7, we get by integration 


da(d) = f an f 
0 0 


= f — dy, (u"). 
0 


By (3.23) @,(A) converges, as m—> ©, uniformly in any interval 0<A SL. As 
the last expression is defined and continuous for \ =0, we see that the uniform 
convergence extends to any closed interval OSA SL. But then, by Lemma 3, 


i} 
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we conclude that there is a monotone function y(u"/*), (120), such that 


that is, 


2 u2 2 u2 


By the converse of Lemma 2, we may now conclude that 
f,(t) = f — Frau) > f 
0 u 0 u 


On comparing this relation with the assumption (3.6), we derive the validity 
of the desired conclusion (3.7). 
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PROPERTIES OF GROWTH FOR SOLUTIONS OF 
DIFFERENTIAL EQUATIONS OF 
DYNAMICAL TYPE 


BY 
W. J. TRJITZINSKY 


1. Introduction. In this work we shall investigate properties of “growth” of 
solutions of differential systems, with particular reference to systems of the type 
of importance in dynamics. The systems of the latter kind are nonlinear. A 
considerable part of the developments for the nonlinear problem can be based 
on the theory of the problem obtained by retaining the linear part, only, of 
the nonlinear system in question. In §§3 and 4 we shall give developments for 
linear systems. This treatment is followed by consideration of nonlinear sys- 
tems of a very general type, given in §§5, 6. It is not our main purpose, at 
this time, to investigate problems of dynamical stability and instability. How- 
ever, it is to be noted that Theorem 6.1 presents an extended case of condi- 
tional stability. 

Of importance from our present point of view are a number of contribu- 
tions, of which we shal] mention certain memoirs due to A. Liapounoff('), 
P. Bohl(?), E. Cotton(*), O. Perron(*). 

In §2 we investigate growth of functions on the basis of “characteristic 
numbers,” defined with respect to any “admissible” function (cf. Definitions 
2.1, 2.3). The developments for linear differential systems are given with the 
aid of characteristic numbers (§3) and “product integration” (§4). In the 
study of nonlinear systems use is made of characteristic numbers (§5) and of 
the method of successive approximations (§6). 


Presented to the Society, September 11, 1940; received by the editors April 1, 1940, and, 
in revised form, September 25, 1940. 

(*) A. Liapounoff, Probléme général de la stabilité du mouvement (translated from Russian 
by E. Davaux), Annales de la Faculté des Sciences de Toulouse (2), vol. 9 (1907), pp. 203-474, 
originally published by the Société Mathématique de Kharkow in 1892. This work will be re- 
ferred to as (L). 

(*?) P. Bohl, Sur certaines équations diff érentielles d’un type général utilisable en mécanique 
(translated from Russian by Mlle Tarnarider), Bulletin de la Société Mathématique de France, 
vol. 38 (1910), pp. 5-138; also Ueber die Bewegung eines mechanischen Systems in der Néhe 
einer Gleichgewichtslage, Journal fiir die reine und angewandte Mathematik, vol. 127 (1904), 
pp. 179-276. 

(*) E. Cotton, Sur les solutions asymptotiques des équetions différentielles, Annales Sci- 
entifique de I’Ecole Normale Supérieure, vol. 28 (1911), pp. 473-521. 

(*) O. Perron, Ueber Stabilitét und asymptotisches Verhalten der Integrale von Differential- 
gleichungssystemen, Mathematische Zeitschrift, vol. 29 (1928), pp. 129-160; also Die Stabilitats- 
frage bei Differentialgleichungen, ibid., vol. 32 (1930), pp. 703-728. 
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The main results are embodied in Theorems 2.1, 2.2, 3.1, 3.2, 4.1, 4.2,-4.3, 
5.1, 5.2, 6.1. There is an important application given subsequent to Theorem 
6.1. 

2. Growth of functions. In the sequel, unless the contrary is stated, all the 
functions and numbers will be supposed to be real, the functions being defined 
on the interval (to, + ©). 

It will be convenient to introduce the following definitions. 


DEFINITION 2.1. A function y(t), continuous for t=to, monotone non-de- 
creasing for t=to, and such that 


lim ¥(#) = + © (fort— + ~) 
will be said to be “admissible.” 


DEFINITION 2.2. A function y(t) will be said to be identically zero, provided 
there exists a number t,; (2to) so that y(t) =0 for all t2=t;. 


DEFINITION 2.3. A function x(t) will be said to have a “characteristic num- 
ber” X, with respect to an admissible function y(t), provided 


(2.1) lim sup | =, lim | | = 0 


(as t—>+ ©) for all e>0. We shall employ the following notation for this number: 


(2.2) d = C(x(#) | 
When in the first relation (2.1) one may replace lim sup by lim, it will be said 
that ts a characteristic number in the strong sense; this number will then be 
designated by 
d = C.(x(4) | ¥(). 
It is to be noted that characteristic numbers in the sense of (2.2), with 
y(t) = exp have been previously used by Liapounoff (cf. (L)). 
DEFINITION 2.4. Given a function f(t), form the limits 
U(t:) = lim sup | f(é)|, = lim inf | | (for t = 
where t, is any number 2to. We shall write 
L| f)| =lim Z| = lim (as > + ©). 


Clearly, U(#:) is monotone non-increasing and u(t;) is monotone non-de- 
creasing. 

The advantage in the use of L, L in place of lim sup, lim inf lies in the fact 
that the first two symbols are more descriptive of the behavior of f(t) in the 
neighborhood of t= 

We shall now prove the following theorem. 
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THEOREM 2.1. Let x(t) be continuous for t=to and be not identically zero. 
Then x(t) has a finite characteristic number with respect to some admissible func- 


tion W(t). 
Suppose first the | x(t) | is not uniformly bounded. One then has 
(2.3) lim sup | x(#)| = Z| x(#)| = @. 


There exists a non-empty class K of functions g(t), continuous, monotone 
non-decreasing and such that 


| x(t) | < 


In the class K there is a “least” function y(¢); that is, for every ¢ (2¢o) the 
value y(t) is the least value which the functions of K may assume. Clearly, 
in view of (2.3) ¥(t). is admissible and 


(2.4) | «()| < ¥(); 
moreover, there exists a set of values 
with lim, ¢, = ©, so that 
W(t) =| | 
One has 
L(t) =| | =| | 


hence 
L(t) = (alle > 0; asv—), 


lim sup /,(#) = © (all e > 0). 
On the other hand, by (2.4) 
L(t) =| | s 
Whence : 
lim /_,(#) = 0 
Thus, when |x(¢)| is unbounded, one has 
C(x(t)| = — 1, 


where y(t) is the function referred to in (2.4). 
The alternative to the hypothesis implied in (2.3) is 


(2.5) (finite 6 > 0). 
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One then may have, when ¢; (2/0) is taken sufficiently great, 
(2.6) 0O<as | x(2) | (¢ = constant a); 
then, on letting ¥(¢) denote any admissible function, it is inferred that 
=a), | BY“, 
which implies 
lim | =, lim | = 0 
for all e€>0. Whence, under (2.6), 
C.(x(0) | = 0 


for all admissible functions y(¢). 
The remaining subcase of (2.5) is 


<8, =0. 
The latter relation will imply existence of values 


for which 


lim | x(t/)| = 0. 


This follows from the fact that the equality L| x(t)| =0 signifies that the func- 
tion 
u(T) = lim inf | x(¢) | (t= T) 


is zero for all T Sto. In consequence of the continuity of x(¢) and inasmuch as 
x(t) is not identically zero one may choose the ¢/ so that 


| x(#/)| >0 (v = 1,2,---). 


Amongst the (¢/ ) one may select an infinite subsequence (t,) (v=1, 2, - - - ) so 
that 


(2.7) | =| 2] 
necessarily 
(2. 7a) | x(t,)|>0, lim | x(4)| = 0. 


Let h(u) be any admissible function, defined for 


and such that 


(2.8) lim | x(t) x(¢,) | = (alle > 0). 


255 
il} 
4 
| 
of 
| 
| 
q 
| 
| 
al | 
| 
| 
i 
| 
| 
| 
4 
AM 
i 
i 


256 W. J. TRJITZINSKY : [September 


For example, h(u) = exp u is such a function. In consequence of (2.7) 
= h(| x(t.) S (v= 1,2,---); 
moreover, by (2.7a) lim y,= ©. Hence it is possible to construct an admissible 
function y(t) for which 
v(t) = 7: 
On writing 
(2.9) =| 


it is observed that 


= | x(t,) | x(ty) 


Whence in consequence of (2.8) 
lim = (all > 0). 


Together with (2.9), this implies that 
lim sup | = 


for the admissible function ¥(¢) introduced above. 
On the other hand, on noting the relations 


|x@)| <6, =0, 
it is observed that the function of (2.9) satisfies 
S 
thus 
lim = 0 
Hence, for the subcase under consideration, we have 
C(x() | = 0, 


where y(t) is an admissible function with properties as described above. 
This establishes Theorem 2.1. 


THEOREM 2.2. Let x(t) be continuous and be not identically zero. In order that 
(2.10) C(x()| = 0 
for all admissible functions y(t) it is necessary and sufficient that 
(2.11) #0. 
To prove that (2.10) implies (2.11) suppose, if possible, that 
(2.12) L| = 
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There exists then an admissible function g(¢) (>0) such that 
So, gt) =| 
where the #, are certain numbers satisfying 


bo lim = ©. 


Let $(¢) be any admissible function for which 
lim = (alle > 0; ast—> 
One may take ¢(#) =q(#) and 0<«<1. We write 


A(t) =| | = 


and note that in view of the preceding 
x(t,) 
q(tr) 


Whence 
= g(t) © 
for all and 
lim sup A_,(#) = © 


for any function ¢(¢) of the above description. The latter relation is contrary 
to the hypothesis that (2.10) holds for all admissible functions y(t). Thus 
(2.12) is impossible and we have 


(2.13) | x()| < @. 


till assuming (2.10) it is now observed that failure of (2.11) is conceivable 
only when (2.13) holds, while 


(2. 13a) L| x(#)| = 0. 


Now the latter relation implies that lim x(¢) =0 (as > ©). Amongst the con- 
tinuous monotone non-increasing functions c(¢), such that 


| =@)| 
there is a least function h(t) with the same properties. We have 
h(t) = lim sup | x(r) | 
Since 


| x(é)| < 
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and since x(t) is not identically zero, it is deduced that h(t) >0; moreover, 


lim A(t) = 0. 


It is observed that for some admissible ¢(¢) we have 
‘Ad =| | 0 (all > 0; as 
In fact, one may take 
o(t) = — log h(?). 


Whence (2.10) is impossible for some admissible functions and (2.13a) can- 


not hold. Accordingly, (2.10) implies (2.11). 
To establish the converse we assume (2.11) and proceed to deduce (2.10). 


The second relation (2.11) implies that 
| 
Hence, with ¥(¢) denoting any admissible function, one has 
=| | S BY“) 
and 
lim \_.(#) = 0 
On the other hand, on writing 
L| x(t)| = a(> 0) 


and on letting a» denote any constant such that 0 <ao <a, it is deduced that 
there exist values 


(to < tr) 


such that 


lim 4, = + ©, | x(4,) | = ao 


This follows from the continuity of x(t). Let ¥(¢) again be any admissible 
function. By the above relations 


A.(t,) 
The last member, here, tends to + © with #, for all e>0. Thus 
lim sup A,(#) = © (all e > 0). 
to 


Together with a previous relation for \_,(¢) this establishes (2.10), which com- 


pletes the proof of Theorem 2.2. 
We shall define the characteristic number (with respect to an admissible 
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function y(t) of a finite set of functions x;(t) (j=1, +--+, m) as the least one of 
the characteristic numbers of the x;(¢). This is in agreement with Liapounoff’s 
definition for the case of ¥(#) =exp ¢. Our designation for the characteristic 
number (with respect to y(t) of functions x:(t), - - - , xm(¢) will be 
C(x, | ¥(0). 
3. Characteristic numbers for linear systems. Consider the linear differ- 
ential system 


dx; 


where the #;,;(¢) are continuous for ¢ 
Let p(t) be the “least” function such that 


Necessarily p(t) is continuous. Inasmuch as p(#) 20, the function 


(3.2a) oo = ff 


will be continuous, monotone non-decreasing. 
The transformation 


(3.3) t = 
applied to (3.1), will yield 
dx; 


dr 


p(t) 
In view of (3.3) and (3.2a) to the interval (to St < ©) corresponds the interval 


(0S7Sr’), with 
v= f pod, 


the convention being made that when the latter integral diverges one has 
t’= «, In any case, by virtue of (3.2), 


| <1 


LEMMA 3.1. Every linear differential system (3.1) is transformed by (3.3) 
[(3.2a), (3.2) ] into a system of the same type with coefficients uniformly bounded 


hi,(7) = 
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in absolute value on an interval which is infinite or finite, according as the integral 


(3.4) f p(t)dt 
to 


diverges or converges. 


We recall now a certain theorem, due to Liapounoff(*). In the notation 
at the end of §2, the theorem states that for every solution 


x(t), 


of a system (3.1), whose coefficients are continuous and uniformly bounded in 
absolute value for ¢ 2¢o, the number 


is finite. 

This fact, together with Lemma 3.1, enables us at once to make the follow- 
ing inference with respect to characteristic numbers of solutions of any system 
(3.1). 

We form the function p(t), as stated in connection with (3.2). If the inte- 
gral (3.4) converges, then p(t) is uniformly bounded for t >to; the same will be 
true of the | p:.s(t)| (i, j7=1,---, ) and, consequently, for every solution, 
x(t), - ~~ , Xn(t), of (3.1) the characteristic number (3.5) will be finite. If, on the 
other hand, the integral (3.4) diverges, one may assert that for every solution 
x(t), Xa(t) of (3.1) the characteristic number 


c( x0, ta(é) | exp { ) 
will be finite. 


We shall give greater precision to the above results by examining more 
closely the lines of approach used in (L), p. 229 ff. 
We shall need the following lemma, which will be stated without proof. 


Lemma 3.2. Let W(t) be an admissible function. Then 


provided at least one of the above characteristic numbers is finite. 


In this connection we note that, given any set of functions <x;(é) 
(j=1,---, m), continuous and not all identically zero, there exist admis- 
sible functions y(t) for which C(x?+ - - - +23| y(t) is finite. This follows from 
Theorem 2.1. 


(*) (L), p. 229. 
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In view of Lemma 3.1 there is no loss of generality in considering the sys- 
tem (3.1) with coefficients subject to inequalities 


(3.7) | Sb < 


By Liapounoff’s result ((L), p. 229 ff.), we merely know that every solution 
x;=x,(t), (j=1,---, m), of (3.1) has a finite characteristic number with re- 
spect to exp t, provided (3.7) holds. We shall obtain bounds, depending on 5, 
for the characteristic numbers of solutions. 

Let x:,---, x, be a solution of (3.1). With Liapounoff, we employ the 
transformation 


(3.8) 2; = an indeterminate number), 
which yields 

dz; 

ae pr + + (pil) + + Pn itn 
and, on writing u=23+ --- +22, we obtain 

du 
2 dt 


(3.9) = A(r) + BA) = FA), 


where 


(3.98) AQ) = +A BO) = + Pelt) 


Using the inequality of Schwartz, it can be proved that 


sxe 


for any numbers ai, - - - , @,. Hence by (3.9a) and (3.7) 
(3.10) | BA) | | < — 1)bu. 
sxe 


Define Xo as 
(3.11) ho = (2m — 1)b + 9/2 (n > 0). 
In consequence of (3.9a) and (3.7) 
(for = Ao) 
and 
A(A) 2 (Xo — b)u > 0 (for > Xo). 
By virtue of (3.10) and of the above, from (3.9) we deduce 
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T(A) = [(Ao — 5) — 2(m — 1)b]u = = u 


for all X>Xo and for all ¢ >to. Whence by (3.9) 
(3.12) u = ce™ (A = Ao; constant c > 0). 


It is similarly established that 
TQ) < (for alld S — 2), 


which yields 
(3.12a) “us ae" (A S — Xo; constant ¢; > 0). 


By (3.8) 
2 2 
u=e 4, v= + 


here the x; (j=1,- ~~, m) are independent of \ and constitute a solution of 
(3.1). Thus, in view of (3.12) and (3.12a), 


lim ey = + 0 (all Xo), lim e™y = 0 (allA S — Xo), 
where Xo is from (3.11). Inasmuch as 7 (>0) may be taken arbitrarily small, 
the above relations can be stated in the form 
(3.13) lim en = + © (allA > (2m — 1)d), lim = 0 (all A < — (2m —1)d). 

An inequality 
(3.4) = et) > 2(2m — 1)b 
is impossible. In fact, suppose (3.14) holds. It is noted that 
Choose ¢€ subject to 
0 < S wp — 2(2n — 1)d; 

then u—3¢e—2(2n—1)b20 and, in consequence of the first relation (3.13), we 
have 

lim = 
This is contrary to the relation p= C(o| exp #). Hence (3.14) is impossible and 
one has 

S 2(2n — 1)d. 


It may be similarly shown that p= —2(2mn—1)b. Thus 
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(3.15) — — 1)b C(ai +--+ S — 
and, by virtue of Lemma 3.2, 

(3.15a) — (2m — 1)b S$ C(x, ---, ef) S (2m — 1)d. 

We have obtained the following result. 


THEOREM 3.1. If in the differential system (3.1) the coefficients are continu- 


ous and 


the following may be asserted for every solution, x; (j=1, ---,m), of (3.1). On 
writing v=xi-+ --- +22, we have (3.15), (3.15a) and, more generally, (3.13). 

Consider now the case when lim #;,;(¢) =0. Let m(t) be the “least” monotone 
non-increasing continuous function such that 

| S (i,j =1,--+,m). 

Existence of such a function is inferred without difficulty. Necessarily 
lim m(t)=0. Moreover, inasmuch as we exclude the case, trivial from our 
point of view, when the ;,;(t) are identically zero, we have 
(3.16) m(t) >-0. 

Applying Theorem 3.1 (in particular (3.13)) to the interval (r, ©), where 
Tt =to, it is concluded that 
(3.17) lim = lim = (all e > 0), 


with 


(3.17a) o(r) = 2(2m — 1)m(r). 


In fact, it is noted that for the interval (rSt< ©) one may take b=m(r). 
In view of (3.16) there exists a number €) (>0) so that the equation 


o(r) (0 S &) 


has a solution r(e€) ; necessarily 


o(r) Se (for r 2 r(e)), 


inasmuch as o(r) of (3.17a) is monotone non-increasing just as m(r) is. Thus, 
given € such that 0<¢€Sé, in (3.17) one may put r=7(e), which will yield 


lim = lim e~?*'y = 0. 


tro 


Whence 
(3.18) C.(v| = 0. 
We have obtained 


| 
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THEOREM 3.2. Let the coefficients of the differential system (3.1) be continu- 
ous and 


lim = 0 (j= 
For every solution x1, - - -, x, of (3.1) we shall have (3.18), wherev =x2+ - - - +22. 


This Theorem is applicable to the general system (3.1) envisaged at the 
beginning of this section. In fact, there are two cases at hand: 
Case 3.19. The integral 


p(t)dt (p(¢) from (3.2)) 


diverges. 
Case 3.20. The above integral converges. That is, p(¢)—>0 sufficiently fast, 


as 
Consider the Case 3.19 and let p(t) be a continuous function such that 


(3.21) p(t) 2 p(t). 


Then the integral 


p(t)dt 


will diverge. Application of the transformation 


(3.22) T = f 


to (3.1) will yield 


dx; 
(3.23) = q1,i(7) + + Qn,i(7) Xn (i 1, n), 


with 
p(t) 


The q;,;(r) will be continuous for 720 and 


(3. 23a) r(r) 1 
p(t) 


qi,i(7) = 


If p(t) is so chosen that 


(3.24) lim 0. 0, 
p(t) 


to 
0). 
(i, j 
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one will have 


lim r(r) = 0 


and, in view of (3.23a), Theorem 3.2 will be applicable to the system (3.23), 
yielding the relation 


(3.24a) Cai + ale) =0 


for every solution x, - - - , x, of (3.23). By virtue of (3.22) this will imply that 
in the Case 3.19 for every solution x1,--- , X, of the differential system (3.1) we 
have 


provided p(t) satisfies (3.21), (3.24). 

The degree of precision afforded by an equality (3.25) varies according to the 
choice of p(t) (subject to (3.21), (3.24))(®). If p:(¢) and pe(t) are two functions, 
subject to (3.21), (3.24) and satisfying p:(t) Sp2(t), of the two statements 


the first one will be as precise as or more precise than the second. Clearly there 
exists no particular function p(t), satisfying (3.21) and (3.24), for which (3.25) 
represents the most precise result. 

Consider now Case 3.20. Theorem 3.2 will be applicable directly to the 
system (3.1). Let p(t) be positive and continuous (for ¢2¢o) and let p(t)—0 
(as t+) sufficiently slowly so that 
(3.26) lim —— a = 0, f p(t)dt diverges. 

p(?) te 
Applying to the system (3.1) the transformation (3.22), we repeat the steps 
leading from (3.22) to (3.24a). Thus, im the Case 3.20 (and, more generally, 
when lim 9;,;(¢) =0) for every solution - - - , x, of the differential system (3.1) 


we have 
+ +++ + exp ) = 0, 


where p(t) (>0) is taken continuous (for t >to) and subject to (3.26). With re- 
spect to the degree of precision presented by the above result a statement 
may be made analogous to that for the Case 3.19. 


(®) If one takes p(#) >0, the condition (3.21) will be non-essential. 
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The following is a simple application of the above result. Suppose 
(a>0,a>1;t2%>0); 


on taking p(t) =¢—' we then obtain 


+ + = 0 
for every solution x1, x, of (3.1). 

4. Growth of solutions for linear systems. In the previous section we ob- 
tained results relating to properties of “growth,” at t= + ©, of solutions of 
linear systems (3.1). We shall now apply a different method, based on “prod- 
uct integration,” for the purpose of establishing some further results regarding 
properties of solutions of (3.1) for ¢ large. 

Using matrix notation the system (3.1) may be written as 


(4.1) XO PO = (i), 


i, 7=1,---,m. Here and in the sequel the element a;,; displayed in a matrix 
(a;,;) will be the one in the ith row and jth column. If X(¢) satisfies (4.1), the 
elements of any row in X(¢) will constitute a solution of (3.1). With t>to, we 
subdivide the interval (to, ¢) into N equal subintervals and call their end points 


+ vd (v=0,1,---, N), t ='ty, 


where 


(4.2) 
. N 


We then form the matrix 

(4.3) Xw = = + AP(t))(I + AP(A)) - - + AP(tw-1)), 
where J = (4;,;) is the identity matrix. In consequence of the known theory of 
“product integration” the limit 


(4.4) Xv = X(t) = ;(4)) 
exists for all ¢2¢9 and the matrix X(¢) will satisfy (4.1); moreover, X (to) =Z. 
We have taken equal subintervals for convenience. 

By (4.3) 


N-1 
Xv +A + Plt, P(t.) ++ 


here v;=0, 1, --- ,.N—1. Thus 
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(4.5) Xy-I= 


m=1 


where the element /,,:;,; in the matrix L,, is of the form 


Lm:i,j = element in the ith row and jth 
column of * 


(4.5a) 


n 


Let p(t) be a continuous function such that 
(4.6) | (i,j =1,---,n). 


In consequence of (4.5a) it is concluded that 


n< 


1 
— (MAp(t,))(mdp(t,)) (nAp(t,))- 


(4.7) 


By (4.5) and (4.7) 


N 
n| — S m >| A™%m:s,5| 
m=1 


(4.8) 


< «++ (p(t), 


where v;=0, - - - , N—1. With the aid of the identity 


N 
Cm 


mal 


(v;=0, ---, N—1) from (4.8) we infer 


N-1 
n| — —1+ (1 + 
r=0 


Now, inasmuch as nAp(t,) 20 and since 
l+use (for 2 0), 


we obtain 
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N-1 
(4.8a) n| — — 1+ exp nd. Ap(t,). 
r=0 
From this in the limit, as N—>, it is deduced that 


(4.9) | S itexp | = aid 


here the x;,;(é) (i,7=1, - - - , m) are the elements of the matrix (4.4). The best 
result is presented by (4.9) when p(¢) of (4.6) is taken “least.” 
Let 


(4.10) &stsr. 


We subdivide the interval (¢, r) into N equal subintervals, with end points 
given by 

t=ty <twi<::: 
where 


(4.10a) 
= ° 


If the matrix : 
Zn = = + + (I + 6P(tw-1)) 


is formed, in consequence of the theory of product integration it is deduced 
that the limit 


(4.11) Sy = Z(t) = 


exists and satisfies (4.1); we have 
(4. 11a) Z(r) = I. 
In place of (4.8) we now have inequalities obtained by replacing 
by 
by 
Tr — 8, 


respectively. We had A>0, but now 6<0. Accordingly, in place of (4.8a) it 
is established that 


r=0 


[September 
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In the limit, as N—> ©, this will yield the following inequalities for the func- 
tions 2;,;(¢) of (4.11a) 


(4.12) n| 2:,;(t) — exp {- nf soar (@ 7). 


When the integral 


(4.13) p(t)dt (cf. (4.6)) 


converges, the following is observed. The matrix 
X(t) = = lim Z(H 


satisfies the system (4.1); moreover, 
X(+ ©) =], 
and, by (4.12), 


1+ exp {n f | = Bt) 


(t St < @), 


(4.14) 


Accordingly one may formulate the theorem. 


THEOREM 4.1. The following may be stated for the solutions of the differential 
system (3.1), whose equivalent matrix form is (4.1). 
Let p(t) be a continuous function such that 


The matrix solution X (t) = (x;,;(t)), for which X (to) =I, satisfies the inequalities 
(4.9). In the case when the integral 


f 


converges, there exists a matrix solution X(t), for which X(+ ©) =I; the elements 
of X(t) will satisfy the inequalities (4.14). 


It is noted that, when (4.13) converges, the function a(t) of (4.9) is uni- 
formly bounded; in fact 


a(t) S < St < @), 
When (4.13) diverges a(#) is monotone increasing and 

lim a(#) = + ©; 

tro 
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moreover, in this case, the faster 


= | 


approaches + ©, as ‘>, the faster will a(#) approach + © with ?. 
When (4.13) converges, the function A(t) of (4.14) will approach zero, as 
t—++ ©. In this case, the faster p(¢)—+0 (as ), the faster will 8(¢) approach 


zero with 1/2. 
Comparison of the results of Theorems 4.1, 3.1 leads to the conclusion that 


the two theorems overlap and, in a sense, supplement each other. 


Coro.iary 4.1. With p(t) from (4.6) and 


convergent, every solution Y(t) =(y;,;(t)) (defined for t >t) of (4.1) has the prop- 
erties: 


(4.15) lim Y(#) = C = (¢;,,;) (ast— 
where the c;,; are constants; 
4 y:,4(t) — ncB(d), 
with B(t) from (4.14) and the constant c from the inequalities 
(4.15a) | Sc (i,j =1,---,m). 
In fact, 
Y(t) =CX(), C= (6,3), 


where the c;,; are some constants and X(#) is a matrix solution of (4.1) for 
which X(+ ©) =J. The solution X(¢), with the stated property, exists in con- 
sequence of Theorem 4.1. The relation (4.15) follows at once. Now 


Y(t) — C = — G4) = C(X() — 


and 


T=1 


Thus, by (4.15a) and (4.14) 


which establishes the corollary. 
Let us consider the case when there exists a continuous function p(t) such 


that 
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(4.16) 2 p(t) 2 0 (4,7 =1,---,m). 
We repeat the developments leading up to (4.5a). By (4.5a) and (4.16) 
N-1 N-1 
= Api = LAP), = 0. 
Whence, in view of (4.5), 
N N-1 
— = + D> 2 2 Apl(t,,) 
m=2 
and, in the limit (as N—«), 
N-1 t 
to 
Hence we may state the theorem. 
THEOREM 4.2. Suppose (4.16) holds. Then the x;,;(t) of the matrix solution 
X (t) = (x:,;(4)) of (4.1), with X(to) =I, will satisfy the inequalities (4.17). 
CorOLiary 4.2. Suppose that the coefficients in (4.1) satisfy 
a- p(t) <0 (i, j 1, n), 


where p(t) is continuous. With X(t) = (x;,;(t)) denoting a solution of (4.1), reduc- 
ing to I for to, the elements %;,;(t) of the inverse of X(t) will satisfy the inequalities 


t 


The corollary is established on noting that 
X(t) = (4,0) 
satisfies 
= — POX, 


whenever X(#) is a matrix solution of (4.1). 
Further results will be obtained with the aid of product integration and 
of the identity 
(4.18) hi, s(t) + | + (br) | + 
+ [hee hes,i(tr) | + [hers he,,i(ty,) 


where we have put 
(4. 18a) hi, = het) — (i,j =1,---,m). 
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Suppose the are continuous for ¢2¢) and the h(t) @=1, - -- , 2) exist. 
If we have 


then 
where yp is from the inequalities 


(4.19b) (i) =k OZ 


Thus, under (4.19), 1 With to St’ St’’, from (4.19a) one would obtain 


(4.19c) — he s(t’) -f he (dt SO 


t 
Whence, if (4.19) (see (4.19b)) holds, the identity (4.18) will yield 
h; hry br bint Vergy hi,; t 
(4.20) + (tr) + + ( )+ (bn) 
(¢=1,---,u;j =1,---,m), 
whenever 
(4. 20a) b, °°: Sh, 


If instead of (4.19) we have 


(4.21) h(t) () She 
then for some number 7, such that 1S <n, the inequalities 


(4.212) = =D 


will hold. It will follow that 
This, in turn, would imply 
h, het’) 0 1, - ee , 


for any values #’, ¢’’ such that #o St’ St’’. Hence, on taking note of (4.18), it 
is observed that, if (4.21) (see (4.21a)) holds, one has 


+ hey + s hi, s(t) 


(4.22) 
=1,---,m), 


whenever (4.20a) is satisfied. 
Let w(t), 4;(t) (j=1,---, m) be functions such that (4.19) holds and 
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(4.23) | S (4, = 1,---, 


the function w(t) (20) being continuous for ¢2¢). Such functions exist in all 
cases. Repeating the developments leading to (4.5a) we now obtain 


Inasmuch as (4.20a) is satisfied, application of (4.20) to (4.24) is possible, 
yielding 

(4. 24a) | | S eh (Aw(t,,)) (Aw(?,,,)) 


(4.24) 


for i=1,---, mw (u from (4.19b)). Using the steps employed in (4.7), from 
(4.24a) it is deduced that _ 


1 
| | S — >> (nAw(t,,)) (mAw(t,,.)) 
++ 
(¢=1,---,u;j=1,---,2;0S»,5N-—1). By (4.5) and the above (see (4.8)) 
one has 


N 
n| — | > (nAw(t,,)) (nAw(t,,,)) 


(i=1,---, mu) and, with the aid of the identity subsequent to (4.8), we find 


N-1 
n| — —14]] (1 + ndw(t,)) 
r=0 


Thus 


N-1 
n| — 1+ exp n >, Aw(t,) (i =1,---, 
r=0 


and, in the limit (as N->), 


1 t 
— b;,; <— 
(4.25) | x (2) | [ itexp {af wat} | 

=1,---,m). 


Let continuous w(t) (20) and the 4;(¢) be such that (4.21) holds and the 
inequalities (4.23) are satisfied. On making use of (4.22), we now obtain 


| — 1 + exp {nf moar | 


=1,---, 


(4.26) 
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where 7 is from (4.21a). As in (4.25) the x;,;(¢) are the elements of the matrix 
X(t), satisfying the system (4.1); X (to) =J. 

Inequalities (4.25) refer to the first u rows of X (), while (4.26) refers to 
the last n—+1 rows. We recall that the elements in any row of X(t) con- 
stitute a solution of the system (3.1). The /;(¢) in (4.25) and (4.26) do not need 
to be the same. 

Inequalities of the form (4.23) imply, in particular, that 


w(t) = | pis(t) | 


Thus, it is not always possible to choose w(t) so that the integral 


(4.27) f w(t)dt 


converges. However, for some systems (4.1) one may choose w(t) so that 
(4.27) converges. Suppose now that the latter is the case. Let w(t) be a con- 
tinuous function such that (4.27) converges, while 


(4.28) | | S (i,j 


where the h,(¢) are such that either (4.19) or (4.21) holds. We recall the nota- 
tion introduced in connection with (4.10)—(4.10a), as well as the subsequent 
developments leading to (4.14). The formula corresponding to (4.8) will be 


N 
(4.29) n| — | snd (- 5)™ | 
m=1 


On the other hand, making the replacements indicated subsequent to (4.11a), 
in view of (4.5a) it is concluded that 
(— 8)™ | 


(0<»,.<.N—1). In consequence of (4.28) this will imply (cf. (4.24)) 
(— 5)™| | 


(4.30) = (— 6w(7,,))(— dw(7,,)) (— bw(r,,,)) 


(i, j=1,-++, <t,S7). Under (4.19), in place of 
(4.19c) we obtain 


(4.31) In(t”) — = 


(i= 
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for tSt’’ St’Sr; here yn’ (1S’Sn) is, from the inequalities, valid w 
(4.19) holds—that is, 


On the other hand, under (4.21), 
(4.32) hy, hy, s(t’) s 0 (i = 1, = 1, eee 
for tSt’’ St’ Sr, the integer yu’ being from the inequalities 


By virtue of (4.18) 
+ — 


Inasmuch as the 7; satisfy the inequalities of (4.30), on taking account of the 
statements in connection with (4.31) and (4.32), the following is inferred. For 


i (under (4.19); cf. (4.31a)), 
i=1,---, (under (4.21); cf. (4.32a)). 
Application of (4.34) will yield from (4.30) 


(4.34) Ws 


for values of i as indicated in (4.34) and for t)Si<7r. Whence, by virtue of 
(4.29), 
N 
n| 2N:i,7 s > ndw(r,,)) ndw(7,,,)) 
m=l 


N-1 


= —1+ (1 — ndw(z,)) 


N-1 


—1+ exp — bw/(r,) 
r=0 


for i=n’,---, m, under (4.19), or for i=1,---, uw’, under (4.21). Accord- 
ingly, in the limit (as N—> ©) one has 


| - | s — 1 + exp f | 


StS 7). 


(4.35) 


| 
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The matrix (z;,;(¢)) satisfies the system (4.1); moreover, (2;,;(7)) = (4;,;). 
Existence of the limits, as 7— ©, cannot be asserted for all the elements of 
the matrix (z;,;(¢)). However, the limits 


(4. 36) lim 2;,;(2) = ( =n’, #; under (4.19)), 


(4. 36a) lim 24, (4) = (i = 1,---, under (4.21)) 


will exist for j7=1, - + - , m; moreover, in consequence of (4.35) 


(4.37) | xi, — s — 1 + exp {nf | 


for values of i as indicated in (4.36), (4.36a), for j7=1, ---, mand foripSi<@, 
it being supposed that (4.27) converges. For any i, for which the above is 
asserted, the set of m functions 


constitutes a solution of (3.1). 
The above results may be summed as follows. 


THEOREM 4.3. Let w(t) (20), 4;(t) ((=1, m) be functions continuous 
for t=to, such that - 


| p:.s(t) | w(t) exp [As(t) — (i,j =1,---,m), 


and such that either (4.19) or (4.21) is satisfied, the h;(t) being derivable. 
If X(t) =(x;,;(t)) is the matrix solution of (4.1), for which X(t) =I, then 


1 t 
| x0) — — — 1 + exp {nf | 
n 


(j=1,--+,m)fori=1,---, pm, under (4.19) (cf. (4.19b)), and fori=n,---,n, 
under (4.21) (cf. (4.21a)). 

Suppose w(t) can be so selected that the integral of w(t)dt extended over (to, ©) 
converges, while the h;(t) are functions as described above, for which either (4.19) 
or (4.21) holds. One may then assert that there exists a matrix solution 
X(t) =x;,;(t)) of (4.1) with the following properties. If (4.19) holds, each of 
the last n—n'+1 rows of X(t) will constitute a solution of the system (3.1). 
When (4.21) holds, each of the first u' rows of X(t) will be a solution of (3.1). 
In this connection, n’, w' are from (4.31a) and (4.32a), respectively. The con- 
stituent elements x;,;(t) of the solutions of (3.1), just referred to, will satisfy in- 
equalities (4.37) for j=1,---, mn and for tp Si< om, 


5. Growth of solutions for nonlinear systems. We consider now nonlinear 
differential systems of the form important in classical dynamics, ° 
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where 

(5. 1a) = +--+ + 

the p,,:(t) being functions of the same type as before, while 

+ 


The coefficients in (5.10) may depend on (x) = (x, --- , Xa): 


(5. 1c) pi 2), 
where the 

- independent of x;, - - - , x, and are continuous for ¢>¢o. On the other hand, 
t 

te) 

are continuous in x1,- ++ , Xn, for every t2to, when 
(5.2) bst<o, 


moreover, it 1s assumed that 


under (5.2). Here r(u) is independent of 4, j:,---, jn and r° is independent of 
1, °° Xn; furthermore 


(5.3a) lim r(u) = 0 (as u— 0); 


r° may depend on t, in which case it is to be continuous for t>t. 

Such systems (5.1) will include, in particular, the case when the 
Silt; x1, Xn) are analytic in x, ---, X,, for | x;| and t2%o, and are 
continuous in #, the variables involved being subject to (5.2); fi(t; 0, - - - , 0) 
=(. In the case when the term “analytic in x, -- - , x,,” above, is replaced 
by the expression “analytic in x,,---,%2, uniformly with respect to ¢ 
(t=to)”(7), one may choose r(||x||) and in (5.3) independent of 

It is observed that the system 


dx; 
— =|; 


(7) In the sense of Liapounoff. 


Hi 
| 
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is precisely the previously investigated linear differential system (3.1). 
Let po(t) be the “least” function, continuous for t2to and such that 
(5.4) | poll) 
and 
(5.4a) | + 2° poli). 


Inasmuch as the number of continuous functions in the first members of (5.4), 
(5.4a) is finite, po(¢) may always be chosen as stated above. 
The transformation 


(5.5) r= =f =7) 


has the properties indicated at the beginning of §3. Under (5.5) the system 
(5.1) takes the form 


dx; 
=fi=h+4i 
= + ha, Xn, 


ri x). 


In consequence of (5.3) and (5.4a) 
1 
po(t) 

for 0S7r Sr’ and | x;| <H (j=1,---, m). It is noted that the function 7°, in 


(5.6), is continuous in r for OS7 7’. 
When the integral 


(5.7) 


(5.6) x) |S 


0 


where - 
+ j, = 2). 
Here 
with 
= 
| 


1941] SOLUTIONS OF DIFFERENTIAL EQUATIONS 279 


diverges, the interval for 7 is (0, + ©); in the contrary case it is (0, r’), where 
. In the latter case 


Sb<@ 


and, in view of our purposes, the transformation (5.5) is not needed. 
In view of the transformation (5.5) (po(t) from (5.4), (5.4a)) there is no loss of 
generality, tf the general nonlinear problem (5.1)—(5.1c) is taken subject to the 


inequalities 

(5.8) lol, +jn = 2), 
(5.8a) | pi"; x) | <8, 


satisfied for | x;| <H (j=1,---,m) and tp St< ~, b being independent of t. 
To the system (5.1), under (5.8)—(5.8b), we apply the transformation 


(5.9) 3; = x, (A indeterminate). 


The system satisfied by the 2; will be of the form 


with 


(5.10) Di tt, = pe) oe) 


(jt --- +j,=2), where sets (v, x) are in a certain correspondence with sets 
- Jn), while 5=1 for v=x and 6=2 for We write 


(5.11) 
Then 


(5.12) A(x) + BOA) + CA), 


2 
where A (A), B(A) are given by (3.9a) and 
(5.12a) C(A) = 


Using the inequalities (5. 8), from the ear nenenege of §3 we infer that 
for all t2>¢o. 


| 
| 
i 
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+ B(A) 2 mm 
+ BA) S — 


(all A 2 (2m — 1)b + 9; any > 0), 


(5.13) (alld S — (2m — 1)b — n) 


for all t >to. 
We think of the set of functions 


as a solution of (5.1); accordingly 


(5.14) (j =1,--+,m;t2 


In consequence of these inequalities of (5.10) and of (5.8a) 


| <b. 


Hence by the inequality of Schwarz and by (5.10) 


| Se (cf. (5.11). 
Accordingly, the function C(A) of (5.12a) will satisfy 


for all real \ and for all t2to. Now, by (5.14), (5.9) and (5.11) 


whence 
(5.15) | CA) | Antu. 
On choosing 7 of (5.13) as 
n= +6 (« > 0), 
by virtue of (5.12), (5.13) and (5.15) it is concluded that 
1 du 
(all X = b(Hn? + 2n — 1) + € = Xo). 
Similarly, it is shown that 
(all X S — Ao). 
2 dt 
Therefore 
uz ce*** (allX = Xo), us ce (all XA S — Ao) 


for all tt; here c, c; are positive constants. Now ¢ (>0) may be taken arbi- 


| 
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trarily small. Thus, on writing v=xi+ - - - +22, we find that 
lim ve = + (all > b(Hn* + 2n — 1)), 


lim ve! = 0 (all < — b(Hn? + 2n — 1)). 


(5.16) 


With the aid of reasoning of the type employed subsequent to (3.8), from 
(5.16) it is inferred that 


(5.17) | +--+ + | S + 2n — 1), 
and 
(5.17a) | | | S b(Hn? + 2n — 1). 


In view of (5.14) it is clear that 
20. 


THEOREM 5.1. Consider the nonlinear differential system, as described in 
connection with (5.1)—(5.3a). In view of the statement with reference to (5.8)- 
(5.8b) (note transformation (5.5)) there is no loss of generality in assuming (5.8)- 
(5.8b). If a set of functions 


satisfies the system for all t=to, so that 
G=1,---,m), 
then necessarily 
OSC(ai+--- 2b(Hn + 2n — 1). 
More precisely, (5.16) will hold. 


It is observed that the information supplied by the inequality, last dis- 
played in the above theorem, amounts to an assertion to the effect that 
i+ --- +22 cannot approach zero (as t+) faster than at a certain rate. 

Consider the case when, for i ©, 


eee 


(5.18) lim ;,;(¢) = lim pi" = lim’ = 0. 


The function po(#) of (5.4), (5.4a) will then tend to zero with 1/t. There exists 
a “least” monotone non-increasing function m(#), continuous for ¢2t¢o, for 
which 


(5.18a) p(t) lim m(t) = 0. 


j 
‘ 
t 
| 
a. 
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If one had m(t,;) =0 for some t; to we would have 

Silt; =O 
the system (5.1) would then be trivial from our point of view. Hence we may 
take 
(5.18b) m(t) > 0. 
In (5.16), on letting v=x7+ -- - +22, we have 

lim exp { [2(Hn® + 2m — 1)m(r) + €/2]}t} = + 
lim v exp {[— 2(Hn* + 2n — 1)m(r) — €/2]t} = 0 
for all €>0 and for all r 279. For any €, such that 
0 <€S < 4m(to)(Hn? + 2n — 1), 
the equation 
2(Hn? + 2n — 1)m(r) = €/2 

will have a solution tr =7, 2¢o. Substitution of tr =7, in (5.19) will yield 


lim ve** = 0, lim ve~** = 0; 
t t 


that is, 
(5.20) Cai tale) =0. 
We have established 


THEOREM 5.2. Consider the nonlinear differential system (5.1). Suppose that 
the functions, involved, vanish for t+, as indicated in (5.18). Then for every 
solution 


Xn 
of (5.1), defined for t >to, we shall have (5.20). 


With the aid of a reasoning of the type used subsequent to Theorem 3.2 
we obtain the following corollary to Theorem 5.2. 
Consider the system (5.1). Let po(#) be the function of (5.4), (5.4a). If the 


integral 
(5.21) f po(t)dt 


diverges, then for every solution x;, -- - , x, of (5.1) (with | x;| =H) we shall 
have 
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2 2 ‘ 
(5.22) | exp f =0 
to 
for every continuous function p(¢) (20) such that 
t 
tim 2) 9, 
p(t) 


If the integral (5.21) converges (or, more generally, if lim po(¢)=0), then for 
every solution x;,---, x, one has (5.22) for every continuous function p(t) 
(20) for which 


lim = 0, J p(t)dt diverges. 


6. Method of successive approximations. In this section we shall establish 
certain “growth” properties for solutions of the nonlinear system (5.1), mak- 
ing use of the solutions of the corresponding linear problem 


dx; 


(6.1) = 1,(t; x) = pr (dart: + (j= 1,---,#). 


We shall use solutions of (6.1) as the first approximation. 
For some continuous function p°(¢) we have 


(6.2) lp PO. 
We shall write 
(6.3) qi gilt; x) a(t; Xn) + By(t; Sa), 


+ 

+ 

here 

(6. 3c) @, = (5 2). 


In order to carry out the method of successive approximations a special 
continuity condition for the functions 


(6.4) (t; = 97; (ty Xm) 


is needed. It will be convenient to introduce a hypothesis in the nature of a 
Lipschitz condition. 


| 
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HyporueEsis 6.5. The functions (6.4), involved in (6.3b), satisfy inequalities 


whenever 
(6. 5b) |s;| (G=1,---,n), s*+2*5 
here r;(t) is continuous. 

The following lemma will be stated without proof. 


LEMMA 6.1. Under Hypothesis 6.5 the functions q;=4q;(t; x), involved in the 
system (5.1), satisfy the inequalities 


(6.6) | 21 + + — gilt; 21, ’ Sn) | go(#)(2* + x*)x* 
(j=1,---,m;t2to), where 
(6.6a) go(t) = 2n?(p%(t) + r°(t)) + n?Hri(t) 


[cf. (6.2), (5.3) (r°=r%(t)), (6.5a)], whenever (6.5b) holds. 
We shall now prove the following result. 


LEMMA 6.2. Effecting on t, if necessary, a suitable transformation 
t 
(6.7) T= f q' (t)dt (continuous q'(t) > 0), 
to 
the function qo(t), involved in (6.6), may be replaced by a constant qo. Moreover, it 


can be arranged at the same time to have the | bi,i(t)| of (6.1) uniformly bounded. 


In fact, if go(t) is uniformly bounded we may define go as the least upper 
bound of go(¢). In the contrary case the integral 


f 


will diverge; the transformation (6.7), with q’(t) =qo(¢), will yield the system 


2) gilts 2) = 2) + aes 2) 
— = —_ l(t; 2) + —~ x) = U(r; (7; x), 
dr go(t) 

for which the function go(r), corresponding to go(#), is given by 


Go(r) = 1 (OS1r< 


If it were desired to have go(#) in (6.6) replaced by a constant and at the 
same time to have the | pi,i(t)| , in (6.1), uniformly bounded, we would pro- 
ceed as follows. Let p(¢) be the “least” continuous function such that 


| 


4 
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If go(t) is not uniformly bounded, let g’(#) be the “least” continuous function 


such that 

got), pt) 
Then the integral 
(6.8) f q (#)dt 


will be divergent and the transformation (6.7) will produce the desired effect. 
If go(¢) is uniformly bounded, but p(¢) is not, then we still define g’(¢) as above. 
The integral (6.8) will be divergent again. The transformation (6.7) will serve 
the purpose. 

The developments in the sequel will be under the following hypothesis re- 
lating to the linear problem (6.1). 


HyportuHeEsis 6.9. There exists a matrix solution X(t) =(x;,;(t)) j7=1, 
of the matrix equation 


(6.9a) Pt) = 

such that 

(6. 9b) | | s ¢:(#) (i 1, 858 to), 
while the elements %;,;(t) from the matrix X—'(t) = (%;,;(t)) satisfy 

. 

(6.9c) | |< 
q 

Here the $;(t), o(t) are continuous. There exists a continuous function 0(t) so that 
q (6. 9d) oi(t) S S S S 

(6.9d;) lim $;(#) = 0 (j =1,---+,m), 
{ (6.9ds) b, — #) bo (¢ to; some t’ < to), 

(6. 9ds) — 0 [monotonically as t (= to) + ©; some’ > 0], 
dm(é) 
(6.9d4) lim =0. 


Moreover, the functions $(t)ox(t) A=1, - - - , m) are monotone non-increasing. 


Further along in the text an important example of linear differential sys- 
tems will be given for which conditions of Hypothesis 6.9 hold. 
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If C=(c;,;) is a matrix of arbitrary constants with determinant | C|, dis- 
tinct from zero, then 


CX(t) = ( cartes) 


will constitute a matrix solution of (6.9a). With (6.9b), (6.9d,) in view, we 
form functions 


for a fixed 7 these functions will constitute a solution of (6.9a). Accordingly 
(6.10) xj0(t) = + + (j =1,---,n) 


will constitute a solution of the linear system. 
A solution of (5.1) will be obtained in the form of series 


(6.11) x(t) = + +--+: + +--- (Gj =1,---,m), 
where 
dx j:0 
dt = 1,(t; x0) (j=1,---,n), 
dx; 
di = 1;(t; + (j 
here 
(6.12) Siv(t) = + — Gilt; (v= 1,2,---), 


where z:_;=0 and 
= +2 (v 20), qi(t; Z:-1) = 0. 
The notation above, for instance for /;(t; x.,), is to be understood in the sense 
that 
If, with v21, g;,,(t) is thought of as known, the x;:, (j=1,--~-, ) will be 
given by 


(6.13) = > w(t) xy, ;(t) (jg =1,---,n), 

where 

(6.13a) w(t) = > (A=1,---,m), 


t=1 


FY 
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provided that the integrals here can be evaluated(*). In determinant form the 
#,,, are given by 


(6. 13b) (— 
Xn,1y 


where A denotes the determinant 
t 

(6.13c) A =| (x;,()| = 7 exp f + + Pan(u))du. 

The constants ¢,---, Cm of (6.10) will be left arbitrary, except for the 
inequalities 
(6.14) |c;| S (j =1,--+, m3; > 0). 

We take co sufficiently small and to sufficiently great so that 

xi (t) = meoon(t) S 3H, 


(6.15) 
qo [mco + 2nmocod (t)dm(t)(t — t’)] (mo = (n/e’)bqom ), 

and so that 

(6. 15a) = (t)da(t)(t — t’) S$ 2-4, 

(6.15b) bby 3 (cf. (6.9ds)). 


In this connection go is a constant, which according to Lemma 6.2 can be used 
in (6.6) in place of go(t); (6.15b) may be satisfied on noting that, in view of 
(6.9d,4), the constant bo of (6.9d2) can be made arbitrarily small by taking ¢o 
sufficiently great. 

By (6.10), (6.14), (6.9b) and (6.9d) 


(6.16). | xj:0(t)| mcobm(t) = xé*(t) (cf. (6.15)). 


In consequence of (6.12) and of Lemma 6.1 (with go(#) replaced by a con- 
stant go) 


| gia(d) | | qilt; %1:0) °° Xn:0) gilt; 0, 0) | 


(8) With the capital letters denoting matrices (of n* elements), it is observed that a matrix 
solution of X®)=XP+G may be expressed in the form X=WXo, where Xp) =XoP and 
This will yield (6.13), (6.13a). 
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where x;*(¢) is the function of (6.16). Accordingly, by (6.9c) 
1 


| | qom cobm() $(u) 


Thus, in consequence of (6.9de), 
22 (1) 
(6.17) | | co 
Now 
A(u)ori(u) 
The two factors in the second member above are monotone non-increasing for 


u2t’, as follows from (6.9ds) and by the statement subsequent to (6.9d,); 
the first member in (6.18) will have the same property. Hence 


(6.18) I(u) = 


(6.19) Kh(u) s hf (for all « = ¢ = t; cf. (6. 18)). 


From (6.17) on using (6.19) we derive 
t 
t 


Co 


= bgom co f Th(u)iu — du 
t 


, 
In consequence of (6.13a) and (6.20) 


t=1 
here mo has the value assigned in (6.15). Hence, by virtue of (6.13) and (6.9b), 
one has 


Awl 


in this connection, we note, (6.15a) is satisfied. 
In view of (6.12) 


(6.20) 

4 a> 


»> 
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= + 8:0) — gilts 2:0) (3:0 = 2:0). 
Thus, by Lemma 6.1, 
| gia) | S + 
2 — #’) 
of 


Hence, in view of (6.15), | g;,2(t)| Som(¢)xi*(t). 
Whence by (6.9c) and (6.9d:) 


on(u) — #7) 
0(u) 
and, in consequence of (6.9d3), 
| — t’) (cf. (6.18)) 


for u=to. This, together with (6.19), implies 


1 
€ 


f 


that is, 


2 


1 


Accordingly by (6.13a) 


2 — 


(6.22) | w | (m2 = (1/e’)bbonmo), 


and, by virtue of (6.13), 
on(i)(t — 
hal 
In view of the definition of mz, given in (6.22), comparison of »(6.23) and 
(6.15a) will yield 
2 
x*(2, = — af(t) = 
€ 


inasmuch as (6.15b) holds. 


\ 
\ 
5 
u 
‘ 
> 
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Suppose that for some N>2 we have 


(6.24) | S x¥() = (v=1,---,N—1), 
where xi*(t) is from (6.15a). It will be established by induction that (6.24) 
takes place for y=1,2,---. 


In view of (6.24) 
+ 
For N=2 the last member above will consist of x¢*(¢) only. Thus 
(6.25) | | + = 


and, by virtue of (6.15), (6.15a), one has 2*(¢) SH. 
From (6.12) (with y= N) and Lemma 6.1 it is concluded that 


| gin (2) | = | qi(t; %:w-1 + 2:w-2) — | S qo-(2* + x*)x* 
here x*, z* are from the inequalities 


| S = = 2 (8) (cf. (6.24), 


| | S = 2*(#) (cf. (6.25)). 
Thus, by (6.15) and (6.15b) 
| gi.w(t)| S + 


(6.26) = + 2nnec 
S 2-4-9, (t) x(t). 
In view of (6.26) and (6.9c) 
| | 2-8-2 $(u). 


The second member, here, is equal to the second member of (6.21), multiplied 
by 2-“’-®), Carrying out the steps from (6.21) to (6.22), with the indicated 
modification, from (6.13a) it is deduced that 


2 


With the aid of (6.13) (for y= N) from (6.27) one finds 


(6.27) 


Lua) 2 2 — 


| | 2 


{ 
| 
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Substituting the expression m, from (6.22) and making use of (6.15b), one 
obtains 


< 


xi(t) = 

for t2to. 
Thus, by induction it has been established that (6.24) holds for allv=1,2,---. 
Turning now to the series (6.11) and recapitulating the inequalities 


(6.28) | | S 2H, | xj:0(t)| S 
(vy = 1, 2, ), 
where 
2 
(6. 28a) xy (8) = fice (% = nno), 
we obtain 
(6.29) | x4(t) — xj0(t)| S = (S 34). 


THEOREM 6.1. Consider the nonlinear differential system (5.1) [cf. (6.1), 
(5.1b), (5.1c), (5.3), (6.2)] under Hypotheses 6.5, 6.9; it is supposed that on 
making use of Lemma 6.2, the function qo(t) (cf. (6.6a)) involved in (6.6) has 
been replaced by a constant qo. The series (6.11), with integrations suitably per- 
formed, will be convergent for t >to and will represent functions x;(t) (j =1, - - -,m) 
constituting a solution of (5.1). This solution is approximated by the solution 


x ;:0(2) (j = 1,---,; cf. (6.10)) 
of the linear problem. The approximation is in the sense indicated in (6.29) 
[(6.28), (6.28a) ]. The 
x;(t) =1,---,m) 
contain m arbitrary constants C1, +++ , Cm, Subject to inequalities 
| < co (¢ = 1,---, > 0). 


The numbers Co, to are to be chosen according to the italicized statement in connec- . 
tion with (6.15)—(6.15b). 


Note. The above developments hold in their essential features when com- 
plex values are admitted and ¢ is restricted to a ray. It is also observed that 
results of the type given in Theorem 6.1 will continue to hold when the hy- 
potheses on the q;(¢; x) (in (5.1b)) are somewhat lightened; in establishing 


v=] 
| 
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Theorem 6.1 we have not used the fact that 


lim 2) =O (as ai + 2,0). 


The hypotheses originally given, however, are necessary for certain significant 
further investigations regarding some questions of interest in dynamics. 

With a view to an important application of Theorem 6.1 let us consider 
the following case. After reducing go(#) in (6.6a) to a constant go, using if 
necessary a transformation indicated in Lemma 6.2, suppose that the linear 
problem (6.1) presents the classical “irregular singular point” problem, with 
the singular point at ¢= © ; that is, suppose that the ;,;(#) in (6.1) are func- 
tions, which at least on the interval + ©) are asymptotic (at t= + ©) 
to series (possibly divergent) of the form 


+ | (integers x (> 0), »’). 


This, of course, would include constants, polynomials, rational functions, as 
well as functions analytic in the complex /-plane for |¢| 2ro>0 and, possibly, 
having a pole at ¢= ©. With regard to the analytic theory of the problem of 
the “irregular singular point” (for linear differential equations) it is to be said 
that a complete solution from various points of view has been given by W. J. 
Trjitzinsky(*). 

On taking account of the developments given in (T) and of (6.13b), (6.13c) 
it may be shown that, except for (6.9d,)—(6.9d,), all the conditions of Hy- 
pothesis 6.9 can be made to hold with the following meaning of the symbols 
involved. We take t) (>0) sufficiently great; the ¢;(¢) are certain functions 


of the form 


it) = fexp [Gi + diy fare’ 
(6.30) [y’ > 0; ri, i,» real; integers u (> 0), p (> 0); 
_ p = integral multiple of «]; 
is given by 
(6. 30a) o(t) = (some a = 0; 7" > 0). 
With ¢» suitably great and the ¢,(#) suitably ordered, not only will condi- 
tions (6.9b), (6.9c) be satisfied for a certain matrix solution X(t) of (6.9a), 


but also (6.9d) as well as the condition stated subsequent to (6.9d,) will be 
- satisfied. Now the remaining relations (6.9d;)—(6.9d,) will not hold, with 


(6.31) =0, = t+, 


(*) W. J. Trjitzinsky, Analytic theory of linear differential equations, Acta Mathematica, 
vol. 62 (1934), pp. 167-226, in the sequel referred to as (T). 

W. J. Trjitzinsky, Laplace integrals and factorial series in the theory of linear differential 
and linear difference equations, these Transactions, vol. 37 (1935), pp. 80-146. 
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in every case; however, (6.9d:)—(6.9d,) will take place in an extensive 
variety of cases. By (6.30) 

where the | B.(¢)| are uniformly bounded. Having arranged (6.9d), necessarily 

Gin S ban 
if we have p>0. To insure (6.9d;) it suffices to have 
(6.32) $14 S omy < 0. 


Under (6.32) conditions (6.9d), (6.9d4) will hold. Finally, (6.9ds) will be se- 
cured (with fp sufficiently great) provided that in addition to (6.32) one has 


(6.33) < 
The truth of the latter statement follows from the fact that 
exp { #!?[(2bm,n + m(t) ]} 


is equal to the first member in (6.9d3), except for a constant factor, | 6:,m(¢)| 
being uniformly bounded. 

It is observed that, if (6.32) holds for some m2=1, we shall have (6.33) 
satisfied at least for m=1. Accordingly, it is noted that if in (6.30) at least one 
di,u, SAY $1,y, ts negative (while u/p>O), all the conditions of Hypothesis 6.9 
will be satisfied (with functions (6.30)—(6.31)) on the interval 


(to, + ©) (to suitably great). 
With (6.32), (6.33) valid for some m 21, the solution 
x(t) Gj =1,---,m) 
of the nonlinear problem (5.1), referred to in Theorem 6.1, will be approxi- 
mated by the solution x;:o(¢) (j=1, - - - , 2) of the linear problem as follows: 
| xi(t) — 
= exp { 20"? 
[¢ = to; | Bu(t)| S Bm < ©; constant fio > 0; dm,» < 0]; 
here 


| | mcobm(t) =1,---, ; cf. (6.30). 


If u/p>0, approximation results of essentially the above type are obtained 
in all cases for intervals, extending to infinity, along suitable rays 


angle of ¢ = constant, 


E 
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provided that on those intervals the nonlinear component of the problem is of the 
type which we specified above. 

‘We shall have u/p>0, whenever the singularity, at t= ©, of the linear 
problem is formally irregular. 
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NORMAL ALGEBRAIC NUMBER FIELDS 


BY 
SAUNDERS MAC LANE AND O. F. G. SCHILLING 


Introduction. In this paper we present a detailed account of the results 
recently published in the Proceedings of the National Academy of Sciences 
[29](*). Our theory is an attempt to generalize the results of the classical 
class field theory to arbitrary normal fields. In the last analysis, the theory of 
» cyclic extensions Z of an algebraic number field & can be described in terms of 
cyclic algebras (Z/k, \, a) and collections of local algebras (Zp/k», 5, ay), for 
all prime divisors p of the base field. As a matter of fact, Chevalley’s new ap- 
proach [11] to the classical theory by means of ideal elements may be viewed 
in the light of our assertion (§8). It is a well-known fact that for arbitrary 
normal fields K/k with the Galois group I’, the crossed products (K/k, I’, F), 
where F denotes a factor set for T in K, are the strict analogues of the cyclic 
algebras. We use this feature of normal fields and their associated algebras 
to extend the classical (cyclic) theory. In this generalization ideal elements are 
replaced by “ideal algebras,” where an ideal algebra is a collection of local 
algebras, one for each p-adic extension Kp/k, (§4). 

It might be conjectured from this approach that most of the results of 
the classical theory may easily be generalized, but this is not the case(?). En- 
tirely new problems, mostly group-theoretical ones, block the path which has 
been envisaged by various statements of E. Noether [32, 33] on noncommuta- 
tive methods. One of our final theorems may suffice to illustrate the rather 
unexpected results of this paper. Our new “class group” of ideal algebras can 
be represented as F%'/(F’’)TU’, where FY’ denotes the group of factor sets 
of ideals relatively prime to the different of K/k, where TY’ is the group of 
transformation sets of such ideals, and where (F’’) are principal ideals gen- 
erated by “norm residues” (§26). For an abelian (non-cyclic) field this class 
group is not isomorphic to the Galois group, as in the ordinary theory; it is 
rather a cyclic group whose order is equal to the least common multiple of the 
orders of the elements in the Galois group. In other words, for arbitrary 
abelian fields our theory does not give the classical law of reciprocity. Only a 
composition which is extraneous to the theory of factor sets yields the usual 
theory for general abelian extensions. 

In the first part of this paper we follow an unpublished investigation of 
E. Artin (§5). It deals with the theory of p-primary factor sets, that is, factor 
sets whose elements involve only the divisors of a fixed prime divisor p of k. 


Presented to the Society, April 27, 1940; received by the editors August 5, 1940. 
(‘) The numbers in square brackets refer to the papers in the bibliography. 
(?) The first attempts in this direction are due to Tannaka [38]. 
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The results culminate in the following theorem: The least common multiple J 
of the orders of the elements in is equal to the index [F&’: (F’’) TU’ ]. The 
proof of this theorem is obtained by collecting the results on p-primary factor 
sets by means of the Tschebotareff density theorem (§§6, 7). 

The final chapter of this paper treats of the realization of the above men- 
tioned index relation by a generalized Artin symbol (§29). It is not difficult to 
generalize the theory of the norm residue symbol (§28). All the formal proper- 
ties of the old symbol hold true for the new one, except for the usual statements 
on the values taken by the norm residue symbol for variable argument. The 
real reason for this discrepancy may be sought in our results on the relation 
between local algebras and algebras in the large. It is found that in general 
not every local algebra for Kp/k, is the p-component of a suitable crossed 
product in the large (§§13-16). 

The main part of the group-theoretic investigation of the class group is 
centered around a series of theorems on unit groups (§§17—23). As in the proof 
of the classical inversion theorem we try to treat the fundamental index 
[FX’: (F’’)TU’] by means of arithmetical reductions of a group-theoretic na- 
ture. The class numbers, which are easily canceled off in the old proof, con- 
front us here with a rather involved situation. By means of a group-theoretic 
invariant, the deficiency index, we finally succeed in disposing of them (§§15, 
16). This deficiency index together with the theory of group extensions over 
unit groups give rise to new invariants for the field K/k. The customary 
reduction to the Herbrand subgroup can be carried out to a certain extent. 
However, we find a totally unexpected deviation from the classical case. The 
principal genus theorem for units and unit groups connects our investigations 
with Schur’s theory of the multiplicator, as was pointed out to us by A. H. 
Clifford. The group generated by one of the Herbrand units H belonging to an 
unramified infinite prime divisor can be described in purely group-theoretic 
terms. If I’ is abelian, the number of group extensions by IT of such an “ab- 
stract unit group” turns out to be exactly the order of the multiplicator of T 
in an algebraically closed field (of characteristic ©). We wish to emphasize 
that many of the arithmetic properties of K/k are of strictly group-theoretic 
nature and can be formulated as such. There are a large number of new prob- 
lems in group theory which originate in our analysis of normal fields(*). 
Finally, comparison of the two evaluations for the fundamental index leads 
to a very complicated relation between the invariants we introduced in the 
course of our investigation (§25). We discuss this rather mysterious equality 
in a number of special cases which indicate the relative contributions of the 
partial indices of [F&’:(F’’)TU’]. In conclusion we may say that we have 
explored the potentialities of the concept of factor sets and algebras for arbi- 
trary normal fields. 


(*) The statement of these problems in §§17, 21-23 may be read without detailed reference 
to the remaining sections. 
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CHAPTER I. FACTOR SETS AND ALGEBRAS 


1. Preliminaries on factor sets. Let G be a group with an abelian normal 
subgroup N and a corresponding factor group I! =G/N.-In each coset o of 
G/N choose a representative u,, so that the coset ¢ is Nu,. This element u, in- 
duces in N an automorphism 


(1) Awd =u,Au, (A in N). 


Since N is abelian, any other element », in the coset Nu, will induce the same 
automorphism For and 7 in I’, (A*)”=A* (note the order!). 

Conversely, let an abelian group N and a group [ be given, and let each 
element o of I’ be assigned to a definite automorphism AA’ of N. We as- 
sume that this assignment preserves the products, so that 


(2) Att = (all ¢, r in I). 


A group extension of N by I, with the given assignment of automorphisms, is 
then any group G with N as normal subgroup, and ['=G/N as quotient 
_group, in which each coset o of T' induces in N the given automorphism (‘*) 
To represent a group extension explicitly, use a fixed representative u, in 
each coset ¢ of G/N. The product of two representatives u, and u, is in the 
coset of or, hence 


(3) = Fy ster (each F,,+ in N). 


The associative law u,(u,u,) = (u%,)u, implies that these constants F,,, satisfy 
the associativity conditions 


(4) Fu = (all in r). 


The equations (1), (3), and (4) determine the group extension G in terms of 
the subgroup JN, quotient group I’, and constants F,,,. Any set F of constants 
F,,, in N which satisfy the associativity conditions (4) is called a factor set. 
Every factor set for Tin N determines a group extension G which consists of 
elements Au,, for A in N, o in I’, which are to be multiplied by the rules (1) 
and (3), or 


(5) = Fe isther, = 


The product of two factor sets F and F’ is a third factor set with compo- 
nents F;’,= F.,.F.,,, for this set F’’ clearly satisfies (4). All factors sets F form 
a group which we denote by F,N, or simply by(*) FN. 

(*) See discussion in Baer [6, 7]; Zassenhaus [43]. 

(®) We shall adopt this abbreviation if there is no ambiguity about the group I’. Here and 
subsequently, starred definitions are given special numbers. They introduce notation important 
for later arguments. 
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(*1.1) F,N=the group of all factor sets F with components F,,, in N. 


In a group extension the representatives u, of the cosets may be replaced 
by new representatives v, = N,u,, with N, in N. This replaces the factor set F 
by a new set F’, given by F;,, = F,,,(N.N7N;,;'). These two factor sets F and F’ 
are called similar (notation F~F’), so 

(*1.2) F~F’ means 


with suitable elements N, of N. Two factor sets determine isomorphic group 
extensions (with N and TI fixed) if and only if they are similar. 

The added factors N,N7N,,' of (*1.2) themselves form a special sort of 
factor set known as a transformation set. We write 


(*1.3) TN=TN, for a transformation set N,N%N,,", N, in N. 
If T is finite, each such set is derived from a vector 
(*1.4) N.= {Nu New 


where each N,, is in N and the subscripts o; denote the m distinct elements 
of I’. The symbol N, denotes ambiguously the whole vector or just one com- | 


ponent. 


Lemna 1.1. If T has order n, the nth power F* of any factor set F in FyN 
is a transformation set TN. 


Proof(*). From the given factor set F construct the products 
(6) Cc. = [I (over all in T). 


The associativity relations (4), multiplied together over all p in I, become 


(7) = CiCe. 


This states that F* is the transformation set TC,. 
2. Crossed products. For the basic normal field K of our investigation, 


we use throughout the following notation: 


(*2.1) K, a fixed normal extension of an algebraic number field k, 

(*2.2) n= [K:k], the degree of K over k, 

(*2.3) A, a nonzero number of K, or (”) the group of all such numbers, 

(*2.4) o, rT, p, automorphisms AA? of K/k, 

(*2.5) T', the Galois group of K/k, composed of all a, 

(*2.6) F=F,A, a factor set of numbers F,,, in A, 

(*2.7) (S), a class of normal simple algebras split by K over k. 

(*) This proof is apparently originally due to Artin. 

(7) As in Hasse’s group-stenographic method, a letter may denote ambiguously a group 
or an arbitrary element of that group. 
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In connection with this last definition, we recall the properties of algebra 
classes. Every normal simple algebra B over k has the form of a direct product 
B=MxXD, where D isa division algebra, M a total matric algebra. Two such 
algebras B; = M, XD, and B,:= M2 XDz are similar if and only if D, is equiva- 
lent to Dz over k. The set of all algebras similar to B is termed an algebra class 
(B). The field K is said to split an algebra B over k if the algebra Bx formed by 
extending the coefficient field of B to K is a total matric algebra. If K splits B, 
it splits every algebra of the class B. The direct product of two classes of 
algebras, taken term-by-term, is a third class (B,) X (Bz) = (B: X Bz). If both 
B, and Bz are split by K, so is their product. Therefore the algebra classes (.S) 
of (*2.7) form a group. 

Every factor set F in K determines an algebra called a crossed product of 
K by F. It consists of all sums }>.B.u, formed, with coefficients B, in K, from 
n linearly independent elements u,, one for each o in I’. These sums are to be 
added term-by-term and multiplied by the distributive law and the rules (5) 
of §1 for multiplying the elements u, in a group extension. With this convention, 
the sums > Betts constitute a normal simple algebra (K, l', F)=(K/k, T, F). 
It has order m? over k and contains K as a subfield. Conversely (*), every nor- 
mal simple algebra S over k of order m? with the subfield K has a crossed prod- 
uct representation (K, I, F) for some factor set F. Consequently every algebra 
class (S) split by K contains a crossed product S=(K, I, F). Two crossed 
products belong to the same algebra class if and only if their factor sets are 
similar. The direct product of two crossed products ([2, pp. 67—73]) is given 
by the product of the factor sets, 


(1) (K/k, F) X (K/k, T, ~ (K/k, FF’). 


Hence the correspondence F—(K, I, F) maps the group F of factor sets homo- 
morphically on the group (S) of algebra classes split by K. 

The explicit theory of the algebras S depends on the valuations of the base 
field k: the non-negative real-valued functions ||a|| defined on & with 
=0 if and only if a=0. Two valuations 
are equivalent if the convergent sequences which they determine are the 
same; they then determine the same minimal field k, Dk complete in the con- 
vergent sequence topology. By a prime divisor (or prime spot) p of k we mean 
a class of equivalent valuations(*) of k, so 


(*2.8) kp=the minimal complete field k,)# in the valuation at p. 


There are two types of prime divisors. If a<+a; is an isomorphic mapping 
of k on the field of complex numbers, so that a; is a conjugate of a, then the 


(8) See [2, chap. 5], or the parallel discussion in [13, chap. 5]. In our formula (3) of §1 the 
coefficients F,,, appear on the left; in [2] and [13] the corresponding symbols are to the right 
of ue. This causes slight changes in the form of the associativity relations, etc. 

() Discussion in [1, pp. 251-305], [13, pp. 93-105], [42, 2d edition, vol. 1]. 
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ordinary absolute value of a; gives a valuation ||a||=|a,| of &. The corre- 
sponding prime divisor is called an infinite prime divisor p= p,., and the asso- 
ciated complete field k, is either the field of complex numbers or that of real 
numbers (the latter if the conjugates a; of all a are real). If p is a prime ideal of 
the number field &, there is a valuation function ||a||,=exp [— V,(a)], where 


(*2.9) V,(a) =the exact power to which p divides the ideal (a). 


The corresponding prime divisor » is said to be finite, and the complete field k, 
p-adic. Every prime divisor of & is either finite or infinite in this sense. 

Each prime divisor P of the extended field K determines a valuation and 
hence a prime divisor p of the subfield k; call P a divisor of p. Every p has 
at least one divisor P; the corresponding complete field Kp may be considered 
as an extension of the original complete field k,. This local extension Kp/k, 
is normal, and its Galois group A(P) is a subgroup of the original Galois group 
I of K/k. If P is finite and belongs to a prime ideal P, then A(P) is the Hilbert 
decomposition group of this P, so 


(*2.10) A(P) =all 6 in the Galois group Tl with P* =P. 


Conjugate prime ideals P have conjugate groups A(P), so the order of A(P) 
depends only on the original p, 


(*2.11) m,= [Kp:k,] = [A(P):1]. 
If P is infinite, Kp is either the real or the complex field. If Kp=k,, A(P) =1, 
and P| p is said to be unramified. If Kp is complex, k, real, A(P) is cyclic of 


order 2 with a generator 6= 6p and P| p is ramified. 
Consider the corresponding local algebras for any p, 


(*2.12) S,=a normal simple algebra of degree m over ky, split by K p/p. 


A normal simple algebra of degree m over k, contains an isomorphic map of 
every possible extension of degree m over k, (see [9, Lemma 0]), hence S, 
contains an unramified cyclic extension W of degree m=m,. Therefore S, has 
a cyclic representation (W/k,, ¢, a) where o generates the cyclic group of 
W/k,, while a is an element of k,. 

The symbol (W/k,, o, a) represents the cyclic algebra which has over Wa 
basis of m linearly independent elements 1, u,, «2, ---, u™~', connected by 
the multiplication table 
(2) = Atte, m= [W:k,]. 

For such an algebra one may determine an integer which is invariant (inde- 
pendent of the particular cyclic representation) by the formula(?*) 


(°) In [22], Hasse uses as invariant the quantity p»=(1/n)y,, modulo 1, which is inde- 
pendent of our fixed degree n. 
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(3) = u(W/ky, o, a) = (m/m,)V,(a) (mod n). 


Two normal simple algebras over k, are similar if and only if they have the 
same invariant uw modulo n. 

Another invariant is the index 7, of S,/k,, defined as the degree of the di- 
vision algebra (unique up to isomorphism) which is similar to S,. This index 
is known [21, 22] to be the reduced denominator of u,/n; that is, it is the 
smallest integer 7, such that 


(4) iptyp = 0 (mod n), i, = the index of the algebra S,. 
For an infinite prime divisor p, k, is either the real or complex field, and the 


only proper normal division algebra over k, the algebra of real quaternions 
Q. The invariant of a normal simple algebra S,/k, may then be defined by 


u(S,) = 0 if S, is a total matric algebra, 
u(S,) = n/2 if S, is similar to Q. 


For the direct product S® x S® of two algebras over k, (p finite or infinite) 
one always has the formulas 


(5) 


(6) X Sp) = w(Sp ) + (mod 2). 

An algebra S over & has for each prime divisor p of k a local component 
(S)p=S,=SXk,, obtained by extending the coefficient field to the complete 
field ky. This algebra S, is normal simple over k,. Hence S has a set of invari- 
ants u,(S)=pu(S,), one for each p. Conversely, it is known that S is deter- 
mined up to similarity by the set of its invariants [2, 21, 22]. If S, is a total 
matric algebra, S,~k,, then S is said to be unramified at p, otherwise rami- 
fied. It is known that S is ramified at only a finite number of prime divisors 
([ 2, pp. 148-149]). 

Ka or a crossed product the local algebras can be explicitly represented ([21, 
22 |) as 


(7) Sp = (K/k, T, F)p ~ (Kr/kp, A(P), FM A) 


where F/\A denotes the part of the factor set F applying to the group 
A(P) =A; that is, FO\A is the factor set with terms F;,, for ¢, 7 in A. Here A 
may be the decomposition group for any one of the prime divisors P of p. 
If P is finite and P| p unramified, the invariant u, may be explicitly calculated 
from the factor set F. For, under these circumstances the local extension 
Kp/k, is cyclic, and its group A has as generator 


(*2.13) 6=6p=the Frobenius automorphism [(K/k)/ P] which is charac- 
terized by the property 


(4) See [20, Part Ia, p. 71]; [23, pp. 36, 38]. 
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(8) A = A”? (mod P), Np = absolute norm of p, Vp(A) 2 0. 


Because Kp/k, is cyclic, the crossed product (Kp/k,, A(P), FO\A) can be 
written as a cyclic algebra (Kp/k,, 5p, a), while the generator wu, for this alge- 
bra may be chosen as the corresponding basis element u; of the given crossed 
product. By (2) the multiplication constant @ is then uj, where m is the 
p-degree m=m, of (*2.11). However 


But =, and uyu3= Fi SO = F,,3. Consequently 


m—1 
(9) @= Fi = I] (6 = dp). 


According to the definition (3) of the invariant u,, we have 
m—i 
(10) w(K, = 
i=0 


where 6= 6p is the Frobenius-Artin automorphism of order m= my. 

3. The module M. As in the cyclic case, one must restrict the numbers 
under consideration to those relatively prime to some divisor 
(1) M =P; P; --- P,, 
where each P; denotes a finite or infinite prime divisor of K, while the h; are 
positive integers. The requirement “A relatively prime to M” means that A 
is relatively prime to each factor P}‘ in M. If P; is a finite prime divisor, this 
statement has its customary meaning, while “A is relatively prime to an in- 
finite P” means simply “A #0.” It is convenient to say that a prime divisor p 
of k is involved in M if some factor P of p is present in M (with a positive 


exponent). 
For M in the subsequent developments we use any module which satisfies 


the conditions 
(i) any p ramified in K/k is involved in M, 
(ii) if p is involved in M, every P\|p is present in M. 
For example, M might be the product of all P’s ramified in K/k. Alterna- 
tively, M might be the factor-set conductor of K/k which is defined in §26. 
A prime “’” will be used to denote elements or groups of elements rela- 
tively prime to the module M. 
(*3.1) A’=the group of numbers A #0 of K relatively prime to M. 
(*3.2) F’=the group of all factor sets of numbers F,,, relatively prime 
to M. 
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(*3.3) S’=S’(K)=the group of all normal simple algebras S relatively 
prime to M. 


Here we call an algebra S “relatively prime to M” if none of the ramification 
divisors of S are involved in M; that is, if » involved in M implies 
SXk,~1(!). 

4. Ideal algebras. By an ideal algebra S over the field k we simply mean 
a specification of normal simple algebras S, over k,, one for each prime di- 
visor p of k, such that S,~k, except for a finite number of prime divisors. 
The algebra S, is the component (S),=S, of S. We agree to call two such 
ideal algebras ©; and Sz equal if and only if their components (©:),~(G2), 
are similar for every p. For each such p we have the corresponding p-index 
i,(S) =i(S,) of the local algebra S,. We say that © is split by the given ex- 
tension K/k if, for each p, i,(S) is a divisor of the p-degree m, of K/k. In 
case © has the components S,=5, of an actual algebra S, this condition is 
simply the usual condition that the algebra S be split by K [21, 22, 2]. Ideal 
algebras form an abelian group under the operation of the direct product 


(1) (Gi 4 Sez)» Sip 4 Sap. 
Under this operation the set of all ideal algebras split by K constitutes a sub- 
group 


(*4.1) S(K) =G =the group of all G’s split by K, 
(*4.2) S'(K) =G’ =the group of all S’s relatively prime to M and split 
by K. 


Again, © relatively prime to M means S,~k, for all p involved in M. The 
group S(K) =S of actual algebras forms, in natural fashion, a subgroup of ©. 
We propose to compute the index 


(*4.3) J= [S’:S’]. 
An ideal algebra S is determined uniquely by giving the set of its local in- 
variants u,=",(S) =u(S,), for each prime divisor p. Thus an ideal algebra S 
split by K is completely specified by a list of integers u, subject to the condi- 
tions 
(2) Mp, = 0 (mod n) for all p, 
(3) Mp = 0 (mod n) for all but a finite number of prime divisors p. 
THEOREM 4.1. The index J defined in (*4.3) is J(T), the least common multi- 
ple of the orders of the elements of the Galois group T . 


Proof. The only relation between the invariants of a crossed product is 
[2, 13, 22] > »P»(S) =0 (mod 1). In terms of the invariants uy, this becomes 


(#2) Remember that (K/k, I’, F’)p~1 need not hold for p involved in M. 
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> ptp(S) =0 (mod n). For a given ideal algebra the quantity 
(4) d(S) = up(S) (mod n) 


measures the divergence of © from “actuality.” More explicitly, the map 
©-—d(S) carries the group S homomorphically (see §2, (6)) into an additive 
group of integers d mod 2, in such a fashion that the subgroup carried into 
0 mod 2 is the group of actual algebras. By the restriction (2), each d(6’) 
satisfies the condition J([)d(S’)=0 (mod nm). Therefore S©—-d(S) maps the 
quotient group S’/S’ isomorphically on the cyclic group of integers of order 
J(T), generated by »/J(T) (mod m), provided there exists an ideal algebra S’ 
with d(6’)=n/J(T). It remains to construct this S. Recall that J(T) is the 
least common multiple of the orders O,,---, O; of certain elements 
a1, °° + ,@,0f the Galois group. By partial fractions, we may express 1/J(T) as 


1/J(T) = a;/O1 + + (a; integers). 


The Tschebotareff density theorem (see [20, Part II, §24]) asserts that fora 
given o; there are (infinitely many) sets of distinct prime divisors p; of k with 
factors P; in K such that the Frobenius automorphism of P; is ¢;. One may 
assume each ); to be relatively prime to M. By definition, the Frobenius 
automorphism generates the decomposition group A(P;), so that the order m; 
of this group is the given order O; of o;. There is thus an ideal algebra S 
relatively prime to M and split by K, with invariants 


Mp, = na;/O; (mod n), i=1,2,---,#, 
Me = 0 (mod n), (q # Pi, Pa 


For this algebra S we get d(S)=n/J(T), as desired for Theorem 4.1. 
In this proof we may drop the requirement that the ideal algebras S be 


relatively prime to M. The result is analogous. 


THEOREM 4.2. The index [S:S] of the group of actual algebras in the group 
of ideal algebras split by K equals Jo(T), the least common multiple of the orders 
m, of the decomposition groups of the primes p in K/k. 


5. Artin’s character method. An ideal algebra can be given by a factor 
set of ideals in K, as we now show by computing the “invariants” p, of such 
a factor set. We use the following notation, in which each letter may also de- 
note the group of all objects so labelled, while a prime “’” will denote the 
restriction “relatively prime to M”: 


(*5.1) &=an ideal of K (possibly a fractional ideal), 

(*5.2) A,=a vector of n ideals, one for each ¢ in T, 

(*5.3) T&=a transformation sét derived from 
' (*5.4) § =a factor set §.,, of ideals of K, with o, 7 in I. 
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For each such set we introduce a function hp(o), determined by ¢ in I and a 
prime divisor P of K, ; 

(*5.5) hp(o) =hr(o, §) (mod n), 
where Vp is the P-adic valuation (see (*2.9)). If P is unramified in K/k, we 
propose as an invariant of § the integer 

(*5.6) =pp(§) =hp(5, 3) (mod n), 


where 5= 5p is the Frobenius automorphism (see (*2.13)). 
If p is the prime ideal of k divisible by P, each ideal in a factor set § may 
be factored as 


(p) 


where the first factor §'?) involves only the prime factors P;, Ps, --- of p. 
These ideals §% constitute by themselves a factor set which is p-primary in 
the sense of the 


DEFINITION. An ideal factor set § is called p-primary tf all prime ideal fac- 
tors of any ideal §.,1 of the set are prime ideal factors P of the given p. 


The factor set § and its p-primary component §‘” clearly determine the 
same function h,(¢)("*). 


Lemma 1. For factor sets of ideals and §2, implies hp(5, 
=hp(5, %2) (mod m) for all 5 in A(P). 


Proof. Multiplication of factor sets is represented by addition of the corre- 
sponding functions h, for the definition shows that 


(2) hp(o, = hp(o, §1) + hr(o, Fa) (mod n). 


But means that where § is a transformation set. Hence we 
need only prove hp(5, §) =0 (mod m), whenever § is a transformation set TY. 
But 


(3) II = ( IT ( = ( 


For in A(P), Vr([]-4-) = since leaves P fixed. Hence 


hp(6, UMW.) = nVp(.) = (mod n). 


(#) The function k and its properties are due to unpublished work of E. Artin. The method 
used will apply to factor sets § in any F(A) for which the abstract group & with operators has 
a suitable structure (generated by free generators P, Q,-+-, suitably permuted by I); see 
the statement of Theorem 5 in [17]. 
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LEMMA 2. The function h corresponding to any factor set § is a character of 
A(P) mod n; which is to say that 


(4) hp($) + h(n) = hp(Sn) (mod nm) » im A(P)). 
Proof. As in §1, (7) and (8), we introduce a vector ©, for each §, with 


The function hp(c) is then given by 
(6) hp(c) = Vr(G,) (mod n). 


By (5), the transformation set 7€ consists of mth powers, which means that 


(7) Vr(G.) + = (mod 2). 

But Vp(G%), the exponent to which the prime P appears in G{, is simply the 
exponent of the prime P*" in G,. If we set o~'=p, (7) becomes 

(8) Vpe(G,) = hp(p-'r) — (mod 

If in (7) we let o be an element 6~' in the decomposition group A(P), the re- 
sult, expressed in terms of h, is 

(9) hp(d) + hp(r) = hp(5r) (mod n), (6 in A(P), rin TY). 


This includes the desired conclusion (4) as a special case. By a similar device 
we may prove a partial converse to Lemma 1. 


LemMaA 3. If hp(6, §”)=0 (mod x), for all 5 in A(P), then the primary 
factor set §‘” is a transformation set. 


Proof. By (9),ip(6r) =hp(r) (mod n) then depends only on the coset of r 
modulo A(P). There is therefore an ideal £ divisible by P’ exactly to the power 
hp(p-'), for each factor P? of p, or 

Vpe(2) = hp(o", 


Using (8), one may then show that Vpe(%!~*C,) =0 (mod m) for every p, which 
is to say that 2'-'G, is the mth power of some vector of ideals %,, 


= (all in). 


Substitution of this value of €, in the second equation of (5) yields §* = TS". 
Since the mth roots can be extracted uniquely (if at all) in the group of ideals, 
the last equation means that § = TB~1, as asserted. 


Lemma 4. Every character h(5) of the decomposition group A(P) is the char- 
acter h(6) =hp(6, §) of some p-primary factor set § of ideals. 
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Proof. In T select for each coset cA(P) a representative o*, taking care to 
select the identity as the representative of A(P) itself. A product oa*—' is then 
always in A(P). From the given character h(5) of A(P) we define an extended 
function h*(¢) as 


(10) h*(c) = h(oo*-). 


By the assumption (4) on / one then computes that h* satisfies (9). This 
implies that the expression h*(¢r) —h*(r) is unaltered, modulo n, by replace- 
ment of o by another element 6é¢ in the same coset. There must therefore be a 
vector of ideals ©, with 


Vp(C,) = h*(r) — A*(1), 


(11) 
Vpe(C,) = h*(p~'r) — (mod n), 


in analogy with (8). From this definition one computes that Vp*(€,€7C;,') =0 
(mod n), so that this transformation set must be an mth power T€ =§". Here 
# must be a factor set because it is the (unique) mth root of the known factor 
set T€. Furthermore this p-primary factor set § has the given function h(6) 
as character, for one computes by (11) that hp(5) = Vp(€s) =h(6) —h(1) =A(8) 
(mod n). 

These results may be summarized by 


THEOREM 5.1. If the prime ideal factor P of p in K/k has the decomposition 
group A(P) with the commutator subgroup A(P)', then the number of classes of 
p-primary factor sets of ideals in K is equal to the index [A(P):A(P)']. 


Proof. The preceding lemmas show that the correspondence §—/?(6, §) 
maps the group of classes of p-primary factor sets isomorphically on the group 
of characters 4(5) mod n of A(P). Hence we need only count the number of 
such characters. Each character maps the commutator subgroup A(P)’ onto 
zero, mod nm. Furthermore, each character of A(P) is induced by a character 
of the abelian quotient group A(P)/A(P)’. Conversely, this abelian group has 
a number of characters equal to its order, which is the index [A(P):A(P)’] 
of the conclusion. 


Coro.rary. If P| p is unramified, the number of classes of p-primary factor 
sets is the p-degree m, of Kp over ky. 


Proof. P| p unramified makes A(P) cyclic. The character hp(4) is essen- 
tially independent of the choice of the prime ideal factor P of p. If P’ is any 
other factor, the decomposition group A(P*) of P? is obtained from A(P) by 
the isomorphism 5—pép-'. If 5 is the Frobenius automorphism of P, then 
pip is the Frobenius automorphism of P?. 


Lemma 5. For any prime factor Q=P?, the corresponding character is 
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(12) he(pip~", §) = hp(6) (6 in A(P)). 
If P| p is unramified, P and Q determine the same invariant up(§) =ue(F). 
For by (6), (8), and (9), 
ho(pip') = = 
= — = — = (mod n). 
It is useful to express the character h in several different forms. 
LEMMA 6. The character of any factor set § is given by the expressions 
hp(&, §) = (n/m) >> (summed over all n in A), 


(13) = (n/m) > Vr(S,.s) (summed over all n in A), 


where m =m, is the order of the decomposition group A=A(P). If { lies in a sub- 
group ACA of order r, then 


(14) &) = (n/r) (summed over all n in A). 


Proof. In the second half of (5), set c= 5, r=, take the order Vp and 
sum over 7 (i.e., over 5n). There results 


By (6), we have on the right mhp(6), hence the first result of (13). For con- 
venience, we represent the exact exponent of P in the decomposition of §;,, by 


erg = 


The second half of (13) reduces to proving that the “right” and “left” sum 
functions 


= D = Diese 


are identical. But the associativity relations for § yield for the exponents é;,, 
the analogous relations 


(15) Cray = (f, € in A(P)). 
If this equation is added over ¢ and then over &, one finds 

L(n) + L(E) = + L(nk), mez, + R(gn) = R(n) + 
If we solve these equations for the common value me;,,, we find 


R(S) + R(n) — = + Lm) -- 
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In this equation set n= 5‘, §=5, and add for 1=0, 1, - - - , m—1. The result 
is mR(é)=mL(6), and hence R(é) =LZ(8), as desired for (13). 

The relation (14) describes in effect the behaviour of a character when ap- 
plied to a subfield (corresponding to the subgroup A) of K. We set 


Lal) = Do eae (summed over all 7 in A). 
2 


The associativity relations (15), summed over all ¢ in A, give 
La(n) + La(€) = req,¢ + La(né) (n, € in A). 


Combination with the similar equation for L itself yields 
(m/r) [La(n) + La(é) — La(né)] = L(n) + — L(nt). 


As in the previous case this entails (m/r)L a(n) =L(n). This gives (14), for the 
functions Z can be written as 


L(t) = (n in A), 
Ls) = (n in A(P)). 


The invariant up(§) as defined in (*5.2) is the same for all prime factors Q of p 
by Lemma 5, for it is known (see [20, Part II, p. 51]) that the Frobenius 
automorphism for Q=P? is obtained from that of P as 6g=pépp—'. We write 
for this common value. These invariants of § form a 
complete set for ideals relatively prime to the module M. 


THEOREM 5.2. Two factor sets satisfy ~ if and only if 
My(Bi ) =up(Bs ) (mod n) for every p relatively prime to M. 


Proof. According to Lemma 1 we need only show that a factor set § with 
its invariants all zero is a transformation set. As in (1), consider some p-pri- 
mary component §) of the given factor set. Since the ideals are all relatively 
prime to the module M, we need consider here only prime divisors p which 
are unramified in K/k. For such an unramified p the decomposition group 
A(P) is cyclic with generator 5p, and the invariant u,=hp(dp) determines the 
whole character h(6p). Hence u, =0 (mod m) implies hp(5p) =0 (mod ), which 
in turn makes §~1, as in Lemma 3. Since this holds for any p-component, 
§ itself is ~1. In similar fashion we have 


THEOREM 5.3. Let integers u, be given for every p relatively prime to M such 
that, for every p, 
= 0 (mod n), 


and such that p,=0 (mod n) except for a finite number of prime divisors p. Then 
there exists a factor set §' of ideals relatively prime to M with the invariants py. 
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The computation of u, may be summarized (see [13, 14]) by 
LemMMA 7. If 5=56p is the Frobenius automorphism of a factor P of p, then 
m—1 
(16) = (n/m Ve] m = my 
i=0 
Furthermore, for the product of two factor sets 
(17) = + (mod x). 
If n= 5¢* generates in A(P) a subgroup of order r, then 


(18) = (n/r) ve| II (mod 7). 


Note that formula (16) is just like the formula (10) in §2 for the invariant 
ty of an actual algebra. Hence 


THEOREM 5.4. Any factor set FA of numbers determines a factor set § = (FA) 
of principal ideals, such that for unramified p the invariants yp, of the ideal factor 
set § and the algebra (K, T, FA) coincide: 


(19) #p((FA)) = up(K, FA) (mod n). 


It is instructive to observe that the analysis of p-primary factor sets may 
be reduced to the factor sets e,, of integers with the associativity conditions 
(15). Such a factor set determines a group extension of the additive group E 
of rational integers by the group A(P), under the assumption that each ¢ in 
A(P) induces in E the identity automorphism ef =e, e in E. One may prove 


THEOREM 5.5. If P is a prime ideal factor of p, and tf §e,.=P!%:*B.,., with 
(B.,-, P) =1, is a p-primary factor set § of ideals, then the exponents f;,, for ¢, 7 
in the decomposition group form an additive factor set FE=f,,, of integers. The 
correspondence §—>FE maps the classes of similar factor sets § isomorphically 
on the classes of similar factor sets of integers. 


COROLLARY. The number of group extensions of the group of p-primary ideals 
by the Galois group T is the same as the number of group extensions of the addi- 
tive group of integers by the decomposition group A(P). 

Here a “p-primary ideal” is one whose prime ideal factors are all factors 


of the given prime ideal p of k. 
6. Factor sets for ideal algebras. Following E. Noether, we consider the 
factor sets given by 


(*6.1) F’’=factor sets FA composed of numbers F,,, relatively prime to 
M, and such that the algebra S=(K, I, FA) is relatively prime to M. 


As before, “S relatively prime to M” means S,~k, for every p involved in M. 
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Such factor sets F’’ determine certain factor sets of principal ideals (F,,,) 
which are said to constitute the principal class(*) of ideal factor sets. 


(*6.2) (F’’) =the group of factor sets (F,,,) of principal ideals generated 
by(?*) factor sets F,,, of type F’’. 


This group is contained in the group §’ of all factor sets of ideals relatively 
prime to(*) M. 

The representation of an ideal algebra S’ by an ideal factor set in §’ = FA’ 
may be stated as 


THEOREM 6.1. The index J (the number of ideal algebras relatively prime to 
M modulo the actual algebras relatively prime to M) is given by 


(1) J = = 


where TX’ -(F’’) denotes the join of the subgroup TX’ of transformation sets and 
the subgroup (F'') described above. 


Proof. Each factor set §’ = FY’ of ideals determines a set of invariants 
#ty($') which are the invariants of some ideal algebra split by K. The corre- 
spondence 


(2) if,forall p, up(§’) = up(S’) (mod n) 


maps the group of factor sets §’ homomorphically into the group of ideal 
algebras ©’ relatively prime to M, for multiplication of factor sets corre- 
sponds to multiplication of algebras (§5, (17), §2, (6)). For each G’ there is a 
corresponding set of invariants u,, for which there must be, by Theorem 5.3, 
a corresponding ideal factor set §’. Hence (2) is a homomorphism. To prove 
the identity (1), it remains only to investigate the subgroup of § carried by 
(2) into the group of actual algebras. 

The subgroup TY’ of transformation sets is clearly carried by (2) into a 
certain group of actual algebras, for the invariants of a transformation set 
are all zero (mod n), as stated in Theorem 5.2, so the corresponding algebra 
is similar to k. On the other hand, the principal ideal factor set (F’’) is mapped 
by (1) on the actual algebra (K, I’, F’’), according to Theorem 5.4. It remains 
to show that every factor set mapped into S’ lies in the product TY’. (F’’). If 
F-—S', then the algebra S’ has a crossed product representation (K, I, F) 
in which the factor set F may be so chosen that its components are relatively 
prime to(!7) M. Thus F is a factor set F’’. According to the correspondence 


(*) This principal class is narrower than that defined by Noether in [33], to the exact 
extent of the requirement that each F,,, be relatively prime to M. 

(#5) In this definition, it is essential not only that (F,,,) be an ideal factor set, but also that 
the numbers F,,, be themselves a factor set. 

(#*) Note that the infinite prime divisors in M do not impose conditions on ideals. 

(?") Proof is given below; see Theorem 6.2. 


312 SAUNDERS MAC LANE AND O. F. G. SCHILLING [September 


(2), § and S’ have the same invariants. Hence, by Theorem 5.4, § and (F’’) 
have the same invariants. Therefore their quotient is a transformation set 


(see Theorem 5.2). This proves (1) completely. 
In the above proof we have assumed part of the following characterization 


of factor sets relatively prime to M. 

THEOREM 6.2. Let S be a normal simple algebra over k with maximal sub- 
field K. Then S has a crossed product representation S=(K, IT, F’) with a factor 
set F’ of numbers relatively prime to the module M if and only if, for every prime 
ideal p involved in M, the p-adic component S, of S has a representation 


(3) (Kp/kp, A(P), FEp) 
in which FEp is a factor set for the group A(P) in the group Ep of units of the 
field K p("*). 

Proof. If S=(K,T, F’), then each F{, is a unit of each Kp, so we have 
the representation (3) by the usual formula of §2, (7) for the p-component 
of a crossed product. Conversely, assume (3) for every p involved in M. The 


algebra S has some crossed product representation S=(K, I, F) with a factor 
set F not necessarily relatively prime to M. Then S, can be computed (by 


§2, (7)) as 
Sp (Kp/k>, 4, F;,,) (Kp/k, A, E;,,) 


where E;,, denotes the given factor set of P-adic units and A=A(P). Since 
similar algebras arise only from similar factor sets, one has 


from some vector A; of elements in Kp. One may then compute the character 
function hf associated with the factor set of principal ideals (F). By Lemma 
5.6, putting m=m,, 


hp(t, (F)) = (n/m) 


= (n/m) 


= Baz + Ve(Ay) | = 0 (mod n). 


Therefore the p-primary part of (F) has character 0 and so is similar to 1, 


(#8) Note that in the theorem we consider only finite prime divisors. For infinite unramified 
prime divisors p there are no proper local division algebras. If p is ramified then there is the 
algebra of all real quaternions. The condition F’ relatively prime to M admits in the latter case 
the real quaternions. One finds that Fi sFas <0 (4 in the decomposition group of the ramified 
prime divisor) implies that (K, T', F’), is not similar to kp. 


1941] NORMAL ALGEBRAIC NUMBER FIELDS 313 


which is to say that there are (p-primary) ideals %, for which the similar fac- 
tor set (F)- (7%) is relatively prime to p. This can be done simultaneously 
for all the prime divisors p involved in M. One may then select another vector 
of ideals €, such that &, is relatively prime to M and %,G, is a principal ideal 
(D.). We obtain then by the transformation 


(F) ~ (F)(TB)(T©) = (F)(TBE) = (F)(TD) 


a new factor set which is relatively prime to M. Thus F’ =F - TD is a new fac- 
tor set of numbers which is similar to F and relatively prime to M. This gives 
the desired representation of S as S=(K,T, F’). 

7. Crossed characters and principal genera. In considering transforma- 
tion sets TA we shall repeatedly deal with the group of those vectors A, for 
which the transformation set TA is 1. Following a terminology suggested by 
A. H. Clifford, we call these vectors “crossed characters” of T. Specifically, let 
H be any multiplicative abelian group with I as a group of operators. Then a 
crossed character of Tin H is any function U(¢), with values U(c) in H for 
each a in I’, which satisfies the identity 


(*7.1) U(r) = U(e)[U(r)]° (U a crossed character). 


The vector group of all such crossed characters we call UH. From a fixed ele- 
ment H of the given group one may trivially obtain a crossed character 
U(c) =H'~*. We call this a unit character, while two characters are associates 
if their quotient is a unit character. With the notation 


(*7.2) UH=the group of all crossed characters in H, 
(*7.3) H'-*=the group of unit characters=the group of vectors {H'~*, 
allcinT}, 


the index [UH: H'~*] will measure the number of classes of associated crossed 
characters of T' in H. 

A “principal genus theorem” is an assertion that every crossed character, 
under certain conditions, is a unit character. The principal genus theorem for 
ideals [33] is 


THEOREM 7.1. Every crossed character of the Galois group T in the group % of 
all ideals of K is a unit character. The same conclusion holds for crossed charac- 
ters in the group UX’ of all ideals relatively prime to M. 


Proof. If €, is a vector of ideals, the theorem asserts that T€ =1 implies 
€,=%'-* for some ideal B. Let B denote the greatest common divisor G, 
of the given ideals. Then one computes that °C, =B ([13, p. 127]). One may 
write 8 =’, where %’ is relatively prime to M and % contains only prime 
factors of M. If each &, is relatively prime to M, then 


= B+ = C,/B"~ 
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is relatively prime to M for every ¢, so that 2'-*=1. Then €, 
so B’ is the desired ideal in the group W’. 

There is also a similar theorem for numbers (Noether’s principal genus 
theorem(?*)). 


THEOREM 7.2. Every crossed character of T in the group of all nonzero num- 
bers of K is a unit character(?°). 


Lemma 1. Given a factor set F=TB, with F but not necessarily B, relatively 
prime to M, there exists a vector B/ relatively prime to M for which F=TB’. 


Proof. Write the principal ideals (B,) as (B,) =U,C,, A, relatively prime 
to M, where G, involves only those prime ideals p of K which are involved 
in M. Then (F)=7(B)=TU-TC. Since (F) does not involve any p of M, the 
transformation set T€ has no prime factors in common with either (F) or TY. 
Hence 7€ =1, and €, = B'~’, by the principal genus theorem. Choose %’ such 
that BY’ is a principal ideal (D). Then 


(B,/D**) = (B,)/(D)** = 4,6,/B = AY, 
so that B/ = B,/D'~* is, like U,, relatively prime to M. Furthermore, 
TB’ = TB/TD'~ = TB =F, 


so the vector B/ has the desired properties. 

In order to clarify the meaning of the principal class (F’’) of ideal factor 
sets which appears in our basic index §6 (1), we now quote Noether’s general- 
ized principal genus theorem [33, 13]: 


THEOREM 7.3. If the vector ©, of ideals (not necessarily relatively prime to 
M) yields a transformation set T€ which lies in the principal class (F'’) of ideal 
factor sets, then there exists an ideal B of K, such that 8'~* and &, lie in the same 
ideal class, for every a in I’. In other words, ihere exists a vector of principal ideals 
(B,) such that 


(1) C, = (B,)B'~ (all o inT). 


If ©, is relatively prime to M, 8 and B, may be chosen relatively prime to M. 
In other words, we have the implication 
(2) TC = (F”) > ©, = (B,)B'~. 

Proof(?'). Let T€=(F”). By definition (*6.2) of F”’, the algebra S 


(**) Principal genus theorem “im Minimalen” [33]. 

(°) The corresponding assertion for the group A’ of all numbers relatively prime to M is 
false. If p=(P, - - - P,)* is ramified in K/k, then there is an element B with (B) =P, - - - P,, 
€ relatively prime to M. The vector C, = B'~* is relatively prime to M, but C,=B"~* can be 
shown to be impossible. 

(#4) We repeat a proof here to check the provisions “relatively prime to M” which are not 
present to Noether’s original theorem. 
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=(K,T, F’’) has S,~1 for any p involved in M. On the other hand, for a 
prime divisor p not involved in M, we may compute the invariant 


= = = 0 (mod n), 


according to Theorem 5.4 and Lemma 5.1. Hence S,~1 for all ». This means 
that S~1, so the factor set for S is F’’=7B, where the elements B, may 
be chosen relatively prime to M, as in Lemma 7.1. Thus T€=(F’’) =(T7B), 
T[€.(B=*) ]=1, so €,(B=") =B'~*, by the principal genus theorem for ideals. 
This gives the result (2). 

8. Cyclic analogues to factor sets. It has long been recognized that prop- 
erties of factor sets provide parallels to the properties of the numbers which 
appear in the usual class field theory for cyclic fields Z/k. The parallel is as 
follows (we denote by a generator of the cyclic group of Z/k): 


Cycuic Z/k ARBITRARY NORMAL K/k 


1. A normal simple algebra S/k with maximal subfield Z (or K) may be 
represented as 


a cyclic algebra a crossed product 
S = (Z, a), S = (K,T, F). 
2. This algebra is then determined by 
a, a number, F, a factor set. 
3. The associativity of the products in the algebra gives the condition 


a in k, F satisfies the associativity condi- 
tions of §1, (4). 


4. The algebra S is a total matric algebra if and only if 
a is a relative norm in Z/k: F is a transformation set: 
a = Nz:C, F=TA. 


5. The algebra S is a total matric algebra if and only if S,~&, for all p; 
that is, if and only if, for each p, 


where N, is the relative norm in where 7, is a transformation set 
Zp/kp, for A=A(P), Ap in Kp. 


6. If B isa number of Z (B, a vector of K) then 
Nz.B = 1, TB, =1 


a=N,C, FOA= TsAp 
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holds if and only if, for some C in Z (or in K), 
B, = (all in T) 
(Hilbert’s norm theorem), (minimal principal genus theorem). 
7. Aconductor 
c(Z/k), C(K/k) 
(see §26 below). 


8. The principal genus consists of all ideals 8 (ideal vectors %,) relatively 
prime to the conductor c (to M) such that 


= TS = 
where the essential condition (?*) is that, for every p in C(Z/k) or M, 
(Z,r, ~ Rp, (K,T, ~ kp. 


In the cyclic case the precise results of the class field theory depend on 

the computation that 
[a’: (») NY] =n 

where a’ denotes the group of all ideals in k which are relatively prime to the 
conductor c(Z/k). Since norms correspond to transformation sets, elements 
of & to factor sets, ideals in k to ideal factor sets, and norm residues to factor 
sets F’’, one sees that the corresponding index in the general case will be the 
index 

J = [FY : TW 
which has already appeared in Theorem 6.1 as our main index J. 

Next we shall show briefly that the general index J specializes to 
[a’:(v)N&’] in the cyclic case. So suppose that the cyclic Galois group is 
generated by A. We can normalize the factor set in the usual manner(*) 

Mm = MU = I] Piva. 
i=0 
We apply this process to the various groups involved in J, so 


(1) FY’ — IT hia = B, 


(2) (ia) = (B), 


(*) The condition on » is equivalent to requiring that » be a norm residue for c(Z/k). 
(*) See, for example [13, pp. 64-65]; as well as §2, (9) above. 
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gives a homomorphism of the various groups involved in J upon those of the 
classical class field theory. We first remark that % is an ideal b of k, for B 
is relatively prime to M and invariant under X. Inversion of the normalization 
of factor sets proves that every ideal a’ in k can be obtained as a 8 from some 
FY’, and that every NY’ has the form NY for some TY of (3). It remains 
to prove only that the norm residues v are the elements B obtained from the 
principal class (F’’) in (2). Assume that the prime divisors p involved in the 
module M are precisely those which appear in the conductor c(Z/k) (i.e., 
precisely those ramified in Z/k). Then B of (2) is in k, is relatively prime to 
c(Z/k), and is the normalized constant of the algebra S=(Z,A, B) =(K,T, F’’). 
By definition of F’’, S,=(Z, \, B),~k, for all p in c(Z/k). Therefore B is a 
local norm for each such #, so is a norm residue for c(Z/k). Conversely, any 
norm residue vy is relatively prime to M and determines an algebra (Z, X, v) 
which is relatively prime to M and so can be written, by the inverse of the 
normalization process, as (Z, I’, F’’). This completes the proof of the assertion 
that J specializes to the classical index in the cyclic case(*). 

We propose to investigate how far the methods used for the cyclic case 
will carry in the calculation of J = [FY': TU’ (F’’)]. 


CHAPTER II. INDICES FOR GROUPS OF ALGEBRAS 


9. Group-theoretic principles. The usual computations for the group in- 
dices in the cyclic case involve a number of principles for transforming given 
group indices. These we now state for reference. It is customary to carry out . 
these group reductions formally, without any indication of purpose. Rather 
than join in this type of obscurantism, we attempt to formulate some direc- 
tions for such calculations. If R, S, T(*) are given abelian groups, the usual 
problem is to compute the index [R:S] of some subgroup S in R. 

The objective can be attained if R and S are groups determined by simple 
and explicit generators, so that the quotient group R/S can be described com- 
pletely and its order [R:.S] computed. For example, the group 4 of all ideals 
has a simple generation by prime ideals. In order that this direct computation 
be possible, it is necessary to change a given index to indices involving other, 
simpler groups. 

The simplest case is the introduction of suitable intermediate groups. In 
the class field theory it is especially useful to introduce a subgroup from the 


(*) For general abelian extensions K/k the general index obviously does not specialize to 
[M’: (») N&’]. The fact that the latter factor group is isomorphic with I cannot be explained 
by referring to general factor sets. It is a consequence of the special structure of K over k. 

(*) The letters R, S, T are used in this section without reference to their previous and later 
meaning. 
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base field corresponding to a given group in the extension K. (Thus the group 
of numbers #0 of & is a subgroup of the group A for K.) In general, if [R:T] 
is finite, 

(1) RDSDT— [R:T] = [R:S]- [S:T]. 

A characterization of a given group in different terms is often an essential 
preparatory step to a reduction. Thus the principal genus theorem for ideals 
characterizes the vectors 8'~* as those vectors ©, for which 7(€,) =1. 

A reduction principle may be applied if a given group is a composite of 
two groups R and S. Since the groups are abelian, this composite is 

(*9.1) R-S=the set of all products rs, for r in R, s in S. 


One has [23, p. 129], 
(2) [RS:S] = [R:RAOS], 


where R(\S denotes the intersection. This equality may be proved on the as- 
sumption that either one of the two given indices is finite. If the composite 
occurs as a subgroup STCR, one may introduce a smaller subgroup S and 
write, using (1) 


(3) [R:ST] = [R:S]-[ST:S}° = [R:S]-[T:S 0 


on the assumption that [R:S] is finite, or that [R:ST] and [T7:S] are both 
finite. 

The isomorphism principle is the well-known description of the effect of a 
homomorphism upon suitable subgroups. If ¢@ is a homomorphic map of R 
on R’, while S’ is a subgroup of R’, the set ¢-'(S’) composed of all ele- 
ments of R mapped by ¢ into S’ is a subgroup of R, and the quotient groups 
and R’/S’ are isomorphic. Hence 

(4) [R:9-(S’)] = [R’:S’], 

provided either index is known to be finite. 

The homomorphism principle describes the similar computation for any 
index [R:S] under a homomorphism ¢ mapping R into part of a group T. 
Let ¢~'(1) denote the set of all elements mapped by ¢ onto the identity 1 in T. 
Then 


(5) ¢—*(1) (\ S = all elements of S mapped onto 1 by ¢. 
One has 
(6) _[R:S] = [6(R):4(S)]- O'S], 


provided [R:S] is finite. 
This principle will be applied to two homomorphisms occurring naturally 
in our theory. The first is the map 
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(7) Ar = 

carrying an ideal & into the vector with components %'~*. The second is the 
map 

(8) A, —> TH, = TH = 


under which a vector &, determines its correspondent transformation set. The 
analogous homomorphisms in the cyclic theory are 


Nz Al. 


These homomorphisms have the convenient property that they may be ap- 
plied in either order, one after the other, with the result always the identity 


NA) = = 1. 


This situation is exploited in the famous Herbrand group reduction principle 
[23, pp. 130-131]. In the general case this cannot be done, for it is meaning- 
less to apply (8) “followed by” (7). This is the root for some essential diffi- 
culties in our computations (see §§18—23). 

Another important homomorphism is 


(9) (A) 


mapping the group of nonzero numbers on the group of principal ideals. This 
homomorphism is often applied backwards, to reduce an index on principal 
ideals to one on numbers. Under this homomorphism, the group mapped onto 
the identity is exactly the group of units. This is the point at which the units 
are inserted into the computations. 


Lemma 1. Let RDS be multiplicaiive groups of numbers in K, while (R), (S) 
are the corresponding groups of principal ideals, generated by these numbers. If E 
is the group of units of K, then 


(10) [(R):(S)] = [RE:SE], 

provided either of the indices concerned is finite. If RDE, one also has 
(11) [(R):(S)] = [R:S][E:S E}? 

provided the index [R:S] is finite. 


The proof will illustrate the systematic application of the principles above. 
Apply the homomorphism R->(R) and observe that the subgroup carried into 
the identity is simply the group E. Hence by (6), one has 


[R:S] = [(R):(S)] [RO E:S E], 


which gives (11). On the other hand, the homomorphism RE-(RE) = (R) is 
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one in which all elements mapped on 1 lie in the subgroup £ of SE. Thus the 
isomorphism principle of (4) applies to give (10). 
For direct products, one has 


LEMMA 2. Let RiCR and Si:CS be subgroups of the respective factors of a . 
direct product RXS. Then 


(12) [R X S:R: X S;] = [R: [S:5;], 
provided the indices on either side of this equation are known to be finite. 


As an application, suppose that RDS are groups of numbers of K, while 
R, (S,) is the group of vectors with components R, (S,) in R (S) for every ¢ 
in I’. The group R, is thus the direct product of m groups R, where n is the 
order of I’. Hence, if [R:S] is finite, 


(13) [Re:S.] = [R:S]*. 


10. Invariant ideal classes. The basic index J can be transformed into a 
form involving the number of ideal classes of K invariant under the group I. 
The results are stated in Theorems 10.1 and 10.2, while the method is directed 
at successive applications of the basic homomorphisms A—A!-* and A, TA. 
We need the notation: 


(*10.1) &'-*=a vector { all elements of Tr}, for a fixed ideal, 
(*10.2) E=the group of all units in K, 

(*10.3) H=[%:(A)]=the class number of K, 

(*10.4) h=[a:(a)]=the class number of k. 


Consider the index J = [F%&’: TU'(F’’)]. Since the second group is com- 
posite, one applies the appropriate reduction of §9, (3), to get 


This is valid because the second index is finite, as will appear in the course 
of the subsequent computations of this section. The second member of J 
arises from a homomorphic map %,—7TYA, and the principal genus theorem 
states that the vectors carried into the subgroup T&’/\(F’’) by this map 
are exactly the vectors of the form &'-*(A,), with & and A, relatively prime 
to M. Hence the isomorphism principle yields 


(1) J = (Fw) 
Here the vector groups occurring on the right are (temporary notation): 


%/ = the groupof all vectors A, with components relatively prime to M, 
W’!-¢ = the group of all vectors of the form &’!~*, for an Y’ relatively 
prime to M, 

(A’), = the group of all vectors of principal ideals generated by numbers 
A’ relatively prime to M. 
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The composite appearing in the second index again suggests a reduction by 
(3) in §9, 


This step (and the previous one) is valid if the index [%/ :(A’).] on the right 
is finite. This it is, for such an index of two vector groups reduces, as in 
Lemma 2 of §9, to(**) 


= [W’:(A’)]* = 
But the second member of (2) suggests the homomorphism A%—A'~*. For the 


elements carried by this homomorphism into the subgroup Y%!-°/\(A)., we 
use the letter D: 


(*10.5) D=all ideals in K with D'~¢ principal for every ¢ in I. 


For the moment we also denote by D’ the ideals of D relatively prime to M. 
These ideals D might be called ideals in “invariant classes,” for by definition 
D* and D lie in the same ideal class, for every . Under this homomorphism, 
(2) becomes 


The quotient H[%’:D’]-' involved here suggests the elimination of the group 

(4) = = 

In the latter index, one may drop the condition “relatively prime to M.” 
Specifically, any ideal D generates an ideal class which contains some ideal 8’ 


relatively prime to M, soD =%’(A). Here B’!~*, like D!~*, must be principal, 
so that B’ is in D’, and D is the group join D’(A). By the reduction principle 


[D:(A)] = [D(A):(4)] = ND’). 
The intersection (A)(\D’ is just the group of principal ideals (A’), so 
(5) [D:(A)] = [B':(4)]. 
A combination of the results of (1), (3), (4), and (5) yields 


THEOREM 10.1. If H is the class number of K, while [D:(A)] is the number 
of invariant ideal classes of K (see (*10.5)), then the basic index is 


(6) J = 


where the first factor gives the number of ideal factor sets relatively prime to M 
modulo the “principal class” (F'’) of (*6.2). 


(*) Note that the class number H may be computed with a restriction to ideals relatively 
prime to M (any ideal class contains an ideal relatively prime to any given module). 
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To study the index [D:(A)] appearing above, we use the definition of D, 
which involves the mapping of D on the vector D'~* of principal ideals. The 
subgroup carried into the identity by this mapping is the group of invariant 
ideals $, 

= all ideals of K with = for every in 
The corresponding subgroup of invariant principal ideals is (A), where 

(*10.6) A=all numbers #0 of K with (A'~*) =1, for every o. 


According to the homomorphism principle we get, 
(7) [D:(A)] = 


The group of principal ideals (A) certainly includes all principal ideals (a) 
of k. The introduction of this subgroup in the second factor of (7) yields 


(8) [3:(4)] = 


provided the first index is finite. To see this, use the subgroup of ideals a in k, 
for which 

[3:(a)] = [9:0] [a:(a)]. 
The second factor is the (finite) class number h, while the first measures the 
number of invariant ideals $ which are not extensions of ideals in &. But an 
invariant ideal $ involves with each prime factor P every conjugate P’. If P 
is unramified in K/k, the product P,P; - -~ P, of all conjugates P; of P isa 
prime ideal » of k, consequently is in the group a. Hence any $ is congruent 
modulo a to an invariant ideal $ involving only prime factors P ramified in 
K/k. If p is a ramified ideal in K/k, with 
(9) p = (Pi--- Py)’, = ep, 
then the invariant ideals involving only factors of p must all be of the form 
(P, - - - P,)*. For these ideals we get a complete set of representatives modulo 
a if i ranges from 0 to e—1, for (P; - - - P,)*=p is an ideal in a. Combining the 
effects due to the different ramified primes (according to the direct product 
of the partial groups $) one finds 


[¥:a] = e, (over all finite p of k). 
Therefore the first factor on the right of (8) is indeed finite, and the result is 
(10) [$:(4)] = A(T] [(4):(@) 


The index [(A):(a)] may be shifted to one involving only numbers. Since 
every unit E is by definition (*10.6) a number A, one has, by equation (10) 
of §9, 


[(4):(a)] = 
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To exploit the definition of A one clearly must use the homomorphism 
A-—A'~*. In this homomorphism the only elements mapped on the identity 
are in a, so the isomorphism principle yields 
[(A):(a)] = E~]. 

The vector A'~* can be characterized as a vector of units E, which can be 
obtained as E,=A'~* for a number A =A. By the principal genus theorem 
for numbers, the vector E, has this form if and only if TE, =TE=1, i.e., if 
and only if E, is a crossed character U(c) (see §7). 


(*10.7) UE=the group of all crossed characters of T' in the group of 
units=all vectors of units with U(c)[U(r)]*= U(er). 


Then 
(11) [(4):(a)] = [VE:E~*]. 


THEOREM 10.2. The number of invariant ideal classes of K is 
(12) (D:(A)] = ep, 


where [UE: E'-*] denotes the number of non-associated crossed characters in E, 
h is the class number of the base field k, and the product | Je», taken over all finite 
prime divisors p, uses 


(*10.8) e,=the ramification order of the prime ideal p in K/k. 


The crossed characters of units are closely related by (11) to the principal 
ideal theorem [30]. The group (A) of principal invariant ideals includes the 
group ax of those ideals in k which become principal ideals in K, so that 


(13) [ax:(a)] < [UE:E*~]. 


In case K/k is unramified, the above computation of [$:a] shows that all (A) 
lie in ax, so that this inequality becomes an equation. We state the result as 


THEOREM 10.3. The number [ax: (a) | of ideal classes of k which become prin- 
cipal in K is at most equal to the number of classes of associated crossed characters 
of T in the group E of units. If K/k is unramified, these two numbers are equal. 


The equation (11) in reality involves an isomorphism (A)/(a)~UE/E'~-. 
As Moriya ([30]) has done in the cyclic case, one may call those crossed 
characters, which in this isomorphism correspond to elements in the subgroup 
ax/(a), crossed characters of the “first kind.” This allows an obvious restate- 
ment of Theorem 10.3. 

11. Reduction to unit factor sets. A further reduction leads now to the 
formula for J given in Theorem 11.2 below. We use the notation 


(*11.1) FE=the group of factor sets of units, 
(*11.2) TE=the group of all transformation sets of units. 
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The index [D'-*:(A!-*)] of Theorem 10.2 may be shifted from ideals to 
numbers if one observes that by definition (*10.5) each D'~* is a principal 
ideal (0,). Let 0, temporarily denote any vector of numbers so obtainable, 


(6.) = for some D and all oc. 


Surely a vector of units E, is such a vector, for each (E,) is 1. Therefore the 
principal ideal shift of §9, applied to these vector groups, yields 


[D*:(4**)] = = 


Now apply the homomorphism 0,—70,=T0@. The elements mapped on 1 by 
this homomorphism are all in the group of vectors A'~*, according to the 
minimal principal genus theorem (see §7). Hence the isomorphism principle 
yields 


(1) = = [T0: TE]. 


We next investigate the group 7@. By definition, (@,)=D'-*’, so 
T(@)=TD'-*=1. Each element of the factor set 7@ is thus a unit of K, 
so 76 is contained in the group FE of factor sets of units. On the other 
hand, 79 is a transformation set of numbers, hence the corresponding crossed 
product algebra S=(K, I’, T@) is a total matric algebra. Since each p-adic 
component S, of this algebra is then similar to k,, it follows that 7@ is one 
of the factor sets F’’ considered in our basic index. 

We now assert that these two groups FE and F’’ not only both contain 7@, 
but that their intersection is T6, 


(2) FEC\F" = 


For, let F be a factor set in the intersection(”), and consider the invariants 
of the crossed product (K, I, F) =S. If p is ramified in K/k, the assumption F 
in F’’ means that S,~1, hence that the corresponding invariant u,=0 
(mod n). If p is finite and not ramified in K/k, the invariant u,(S) may be 
computed by the explicit formula of §2, (10). Since all the F,,, of the factor 
sets are units in K, the invariant turns out to be =0 (mod 2). If # is infinite 
and unramified the invariant is also =0 (mod m). As the algebra S is com- 
pletely determined (up to similarity) by its invariants, this proves S~1. 
Therefore the factor set F is a transformation set F=7A,=TA. The principal 
ideals T(A,) = (TA.) =(F,,,-) are then all equal to 1. The principal genus theo- 
rem for ideals then asserts that (A,) =D'!~* for some ideal D. Therefore the 
vector A, is one of the vectors 0,, F=TA lies in the group 796,, and (2) is 
established. 
Introducing this expression in the index (1), we have 


THEOREM 11.1. The first index of Theorem 10.2 is 
(?7) This proof is essentially due to E. Noether [33]. 
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(3) = [FEO F’:TE]. 

The same intersection group may be extracted from the first factor of J, 
as found in Theorem 10.1. In [F&’:(F’’)] insert the intermediate group (F’) 
of ideal factor sets (see (*3.2)): 

[Fw’:(F”)] = [Fw’:) 

Here the second index may be shifted to numbers, after the manner of §9, 
(11), with the results 
which is valid provided [F’: F’’] is finite. 

When this result is inserted in the expression (6) for J in Theorem 10.1 


and combined with the results of Theorems 10.2 and 11.1, we find a formula 
for J, the denominator of which involves parts of (4), as 


[FE:F” (\FE|[FEC\ F":TE] = [FE:TE]. 


All told, one has 
THEOREM 11.2. If the factor set index [F’: F’’] is finite(*) (see (*6.1)), then 
(6) J = [rw @) 
J(E) = [UE:E'~][FE:TE]}", 


where the product is taken over the ramification orders e, of all finite primes, 
where H and h are class numbers, and [FU’:(F’)] is the number of ideal factor 
sets relatively prime to M modulo the principal ideal factor sets. 


The group E of units in K appears in (5), as the quotient J(Z): the num- 
ber of classes of crossed characters of E divided by the number of group 
extensions of E. In the sequel we turn to the separate investigation of the 
terms in (5). We first compute [F’: F’’], proving it finite, then reduce the 
index [F%’:(F’)] in terms of a certain group-theoretic “deficiency” index, and 
finally devote a chapter to the index J(£). 

12. Local algebras with factor sets of units. The study of factor sets F”’ 
for algebras unramified at the divisors of M will subsequently be reduced to 
questions on local algebras S, with factor sets of p-adic units. For any local 
algebra S, split by Kp/k, we consider the possible crossed product representa- 


tion 
(1) = (Kp/ky, A(P), F) 

in which F=F;,, denotes now a factor set defined for the elements ¢, 7 in 
the Galois group A(P) =A of Kp/k,. Since the invariant y of this algebra is 


(?*) The finiteness [F’: F’’] will be proved later, in Theorem 13.1. 
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an element of an additive cyclic group, the class group of these algebras is 
cyclic of order m, =m = [Kp:k,]. Consider now only those factor sets F which 


consist of P-adic units. 


THEOREM 12.1. The p-adic algebra classes S, which have a crossed product 
representation (1) with a factor set FEp consisting of P-adic units E;,, form a 
cyclic group of order e,, where e, is the ramification order of Kp/k». 


Proof. If K, is unramified over k,, e=e,=1, and the theorem follows 
readily. For A= {6} is then acyclic group, so the invariant u(S,) can be 
computed as in (10) of §2. The result is a sum of terms Vp[E;‘,3] which are 
all zero because the P-adic order of a unit E;‘,s is zero. Since the invariant is 
zero, the algebra S,~k,, as asserted. In the general case the maximal un- 
ramified subfield W of Kp has over k, a degree f=m/e. Any algebra S, has 
as index a divisor of m, and the index is the same as the exponent of S, in 
the group of algebra classes. Hence the index of the power Sj is a divisor 
of m/e. This means that S5 has W/k, as splitting field, so that S; is similar to 
some crossed product of W. By a formula due to Witt [41], one can explicitly 
calculate this representation of S5. If 2 is the subgroup of A corresponding 
to W according to the Galois theory, the extension W/k, has the factor group 
A/Q as Galois group. If for each coset 7 of this factor group a representative 
n’ in A is selected, Witt showed that ; 


(2) = (Kp, A, (W/kp, 4/2, B) 


where the factor set B consists of quantities given in terms of FEp=E£;,, as 


-1 
= Il Ew, (over all w in 2). 


For our purpose we need only note that if the original factor set FEp con- 
sists of units, then this derived factor set will also consist of units. By the com- 
putation already made for the unramified case, the algebra (W, A/Q, B) of (2) 
is then similar to ky, so that S;~k,. In the group of all algebras with factor 
sets of units any algebra thus has order at most e. This group must be cyclic 
by the remark at the beginning of this section. Consequently to complete the 
proof of the present theorem we need only show that some algebra with factor 
set of units has order at least e. In the whole (cyclic) group of all local alge- 
bras S, there is one algebra of order m=ef. Hence it will suffice to show that 
the fth power of this algebra has a factor set of units. This is indeed the case, 
as we shall prove in 


THEOREM 12.2. Any factor set F for Kp/k, has its fth power F’ similar to a 
factor set of units. 


Proof. The integer f= m/e can be described as the inertial degree of Ky 
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over k,. If the factor set F does not already consist of P-adic units, denote 
by ¢,, the P-adic orders Vp[F;,,] of its elements. The associativity relations 


t 
PrP tye = 
if multiplied over all values of £ (in A), yield for the e’s the relations 


(3) by + de = + dye. 


Here b, denotes the P-adic order Vp(B,) of a vector B,, with 
B, = Fr» C; = II 
” 


For these two vectors the associativity relations, multiplied over all values 
of », yield 


C;B; Be;, 


which is to say that B{=B;. The invariant element B; must therefore lie in 
the subfield k,, which implies in turn that its P-adic order }; is a multiple of 
the ramification order e. Hence b; = ea; for a suitable integer a;, and (3) can 
be rewritten as 


Seng = + — Oye. 
If A; is a vector of elements of the respective orders —a;, this means that 
(Fy,2)/T 


will be a factor set each of whose elements has P-adic order zero (i.e., is a 
P-adic unit). In other words F’ is similar to a factor set of P-adic units, as 
asserted. 

If p is an infinite prime divisor, Theorem 12.1 still is valid, if we adopt the 
usual convention as to ramifications at infinity. If Kp=k,, the extension 
Kp/k, is, of course, unramified, and e,=1. If Kp is the field of complex num- 
bers, k, is that of real numbers, then Kp is ramified over k, with ramification 
order ¢, = 2. Theorem 12.1 then holds because the group of algebras S, over kp 
is then generated by the algebra of real quaternions. 

13. Algebras with factor sets relatively prime to M. One of the partial 
indices in the formulas (5) of §11 is [F’: F’’], for the group F’ of all factor 
sets of numbers relatively prime to M and the subgroup F”’ consisting of those 
factor sets F’ for which (K, I, F’’),~k, whenever p is involved in M. To 
reduce this index, we apply the natural homomorphism carrying F into a 
crossed product 


(1) F—S = (K,T,F). 
According to Theorem 6.2 we map F’ on the group S,, defined by 
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S,=all normal simple algebras S/k split by K/k such that, whenever p 
is involved in M, S, has a crossed product representation (Kp/k,, A(P), FEp), 
with a factor set FEp of P-adic units. 


The subgroup F”’ is, by its very definition, the group of those factor sets 
carried by the homomorphism (1) into algebras S’ relatively prime to M. 
Hence, by the isomorphism principle(**), 
(2) [F’: = [S.:5S’]. 
The index on the right can be computed in terms of the behaviour of local 
algebras S, at the ramified prime divisors. Let us use the following notation: 
(*13.1) p1, D2, - ~~ , Pall (finite and infinite) prime divisors of k which are 


ramified in K, 
(*13.2) e;=the ramification order of a divisor P; of pi, 
(*13.3) m;=[Kp,:kp,| =the local p;-degree of K/k. 


Then e; | m, and m;| n (n/m; is the number of distinct prime factors of p). 


THEOREM 13.1. The index [F’: F’’] may be computed in terms of invariants 
of K/kas 


(3) [F’: = n(n, J(T)n/er, --- , J(T)n/e) ep, 


where the product is taken over all (finite and infinite) ramification. divisors of 
K/k, while J(T) is the least common multiple of the orders of the elements of the 


Galois group T of K/k. 


For a proof we appeal to the local invariants of the algebras S,. If p; isa 
ramified prime divisor, the component S, of an algebra in S, has by definition 
a factor set of P,-adic units. In the group of all algebra classes split by Kp/kp, 
Sp consequently has an order which divides e; (Theorem 12.1). The integral 
invariant of S at p; thus equals(**) u,;(S)=x,(n/e;), where x; is an integer 
which is uniquely determined mod e;. We map the group S, on a vector group 
of these invariants, 


(4) X= (x1, Xt), nx; = exus(S). 


(?*) This equation may also be viewed as follows. The homomorphism which carries a fac- 
tor set F into an algebra S is in effect the reduction of the group of factor sets modulo the trans- 
formation sets. The group of algebras S, obtainable from F’ is therefore isomorphic with 
F’/(TA(\F’). Similarly, S’ is isomorphic with F’’/(TA(\F”). But the intersections TA(\ F’ 
and TA( \F" are identical, for a transformation set TA which is relatively prime to M will nec- 
essarily determine a total matric algebra. Hence it will lie in F’’. Consequently [S,:5S’] 
= PF): = [F's 

(**) For simplicity we write the local algebra S and the invariant » with 4 instead of p; as 
subscript. 
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For all the unramified prime divisors » which are involved in M we have 
S,~k,. Hence an algebra S of S, belongs to the subgroup S’ if and only if 
each S;~k;,; that is, if and only if the vector X of invariants corresponding to 
S has the form 


with invariants u;(S) =y.e;(m/e;)=0 (mod m). Therefore our index becomes 
[F’: = [S.:S’] = [X:Y]. 
If we introduce the group of all vectors 
Z = (21, 2%) (each 2; a rational integer), 
this index will become 
Ge [F’:F”] = = II e,/[Z:X], 


where the product is taken over all prime divisors of k. 

It remains only to compute the index [Z:X], which measures how many 
of the a priori conceivable sets of invariants z; are possible for an actual alge- 
bra S. The only condition on the invariants of an algebra S is the sum rela- 
tion (see [22]), 


(6) O= = + Li = /es) + (mod n), 


where g runs over all prime divisors distinct from fy, - - -, p:. The invariants 
Mte(S) =u, can be considered as the invariants of an ideal algebra S which is 
unramified at every p; (¢=1, 2,---, ¢), but which otherwise has the same 
components as does S. We have 


Lemma 1. An integer r can be the sum >. ptp(S’) of the invariants of an ideal 
algebra S’ if and only if J(T)r=0 (mod n). 


Proof. In establishing Theorem 4.1 we showed that any r satisfying the 
above condition is the invariant sum of a suitable ideal algebra 6’. Con- 
versely, an invariant u,(S’) for an unramified p has by definition (see §2, (3)) 
the form sn/m,, where s is an integer and m, is the order of a correspond- 
ing Frobenius automorphism. Since m,| J(T) we have J(T)u,(S’) =0, and 
I(T YD =0 (mod 2). 

Lemma 2. A set of integers x; belongs to the group X of (4) if and only if 
Li-ws(J(T) =0 (mod n). 

Proof. The relation (6) characterizes the integers x; by the condition that 
—)"'_.x.(n/e;) be congruent, mod , to the invariant sum of an ideal alge- 
bra S’. Lemma 1 now gives the result desired. 
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By the elementary theory of congruences it is now possible to find a basis 
for the group X. One need only select from those vectors in which the first 
4—1 components are zero a vector (0, 0,---, 0, xii, --+-, Xu) in X witha 
minimal ith component x;;>0. The index [Z:X] of (5) is then ] [j_,x«:. This 
product can be computed as m divided by the greatest common divisor 


(*13.4) n*=(n, J(T)n/e). 


The formula (5) then becomes the assertion (3) of Theorem 13.1. 

We pause to discuss the invariant n* of (*13.4), which appears in the for- 
mula (3). Clearly J(T)| n*| n. In the definition (*13.4) one may omit any e; 
which divides J(T). Suppose in particular that some p; has no higher ramifica- 
tion(*"). Then the ramification order e; is the order of the inertial group of 
P; | Di, which is cyclic, so certainly e;| J(L). The formula (*13.4) thus need 
include only the prime divisors p; with higher ramification. 


THEOREM 13.2. The invariant of (*13.4) satisfies n*=n if and only if the 
ramification order e of every p in K/k is a divisor of J(T). In particular, n*=n 
whenever J(T) =n, or whenever there is no prime ideal p in k with higher ramifi- 
cation in K. 


THEOREM 13.3. Let 1’ be the exact power of a rational prime l which divides 
the degree n=[K:k], while l* is the largest power of | which occurs as the order 
of an element in the Galois group T'. Among the prime ideal divisors P of lin K 
select one whose Hilbert ramification group V, has as large an order Il’ as possible. 
Then the exact power I” of | dividing n* is given by 

u=r (if < s), 
u=r—(y—s) (if > s). 


Proof. This theorem follows at once from (*13.4), for the ramification order 
e of a prime ideal which divides the rational prime / has the form e=e,’, 
where (éo, /) =1, while 7’ is the order of the first Hilbert ramification group. 

The inequality »* <n can actually arise, even though an earlier summary 
of these results ([29]) was based on the assumption n*=n. For a simple ex- 
plicit example, let k be the field R of all rational numbers, while K = R(6"/?,7*/?) 
is a quartic field with the four group as Galois group. In each of the three 
quadratic subfields R(6'/*), R(7*/?), and R(42”?), the rational prime 2 is rami- 
fied, since each field has an even discriminant. It follows that the ideal (2) is 
totally ramified in K/R, for in any other event, K would have a quadratic 
subfield which is an inertial or decomposition field for (2), counter to the 
observation above. Since (2) has ramification order 4, while J(T’) =2, we con- 
clude by Theorem 13.2 that n*=2, n=4. 

A more general construction is embodied in 


(*) Each prime factor P; of p; has its first ramification group V; = 1. See [20, Part Ia, p. 70]. 
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THEOREM 13.4. Let 1 be a rational prime which is not totally decomposed in 
an algebraic number field k. Then k has an abelian extension K with a degree 
n=li>P such that the invariant n* is at most I*. 


Proof. The local class field theory [9] may be used to construct an abelian 
extension of type (J, /, - - - , /) with sufficiently complicated ramifications. By 
hypothesis, / has in k some prime factor p with a local degree n, = [k,: R:]22. 
Consider the corresponding group k,*/k,*'. This group can be explicitly ex- 
pressed by using a basis of the units in k,. In the regular case, when k, con- 
tains no primitive /th roots of unity, the group k,*/k,*' is abelian of type 
(1,1, - - - with n,+1 generators. In the irregular case, when k, contains all 
Ith roots of unity, the group k,*/k,*' is abelian of type (J, 1, - - - , 1) with n,+2 
generators. (See [18] and [24].) In either event the existence theorem of local 
class field theory asserts that k, has an abelian extension A, with a Galois 
group isomorphic with k,*/k,;*'. The degree of this extension is at least 
ln»+1>]8, since by hypothesis ,=2. In A,/kp, the Galois group modulo the 
inertial group is cyclic, consequently it has order at most /. By Grunwald’s ex- 
istence theorem [16], the local extension A,/k, can be obtained from infinitely 
many abelian extensions A/k with the same Galois groups as A,/k,. The in- 
variant n* of (7) is then m*S(n, J(T)n/e) S(n, ll) =I’, as asserted. 

These examples may be combined to give the following conclusion: 


THEOREM 13.5. Over any algebraic number field k there is a normal (abelian) 
extension K with(**) n* <n. 


14. Algebras with given local components. The questions raised in §13 as 
to the existence of local algebras with specified local components suggest an 
analogous inquiry: when is a given local algebra a component of an actual 
algebra? This leads to a certain index [6‘): S$], analogous to the main in- 
dex [S’: S’], where 


(*14.1) ©‘ =the group of classes of normal simple algebras S® split by 


K p/ kp, 
(*14.2) S® =the group of those algebras S‘”) which are components of 


some S split by K/k. 


If » is unramified, the invariant of 6 has the form y,(S) =x(n/m,) 
(mod n). By the Tschebotareff density theorem we know that m,=m, for at 
least one other unramified prime ideal g of k. There is thus a local algebra S, 
with an invariant u,(S,) = —x(n/m,) (mod n). These two invariants add up to 
Me(S_) +up(S) =0 (mod n), so there is an actual algebra S with 6 and S, 
as its only non-trivial components. Therefore S” =@) for any unramified p. 

Consider next the ¢ ramified prime divisors p; with associated decomposi- 


(*) For the existence of suitable primes / consult the density theorems. See [20, Part II]. 
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tion groups of order(**) m;. The invariants of an actual algebra S must satisfy 
the relation 


ui(S) + + = 0 (mod n) (q 


ixti, jul qa 
The terms here can be arbitrary multiples of n/m;, n/m;, and n/m, respec- 
tively. The possible values for u;(S) are then found by elementary number 
theory. 

THEOREM 14.1. At an unramified prime divisor p every local algebra S, split 
by Kp/k, is a component(*) (S), of an algebra S split by K/k, while at a ramified 
prime divisor p=p; of p-degree m; (i=1,---, t) the index of the group S® 
in S) is 
[S:S@] = m,[(m, 

fh; = l.c.m. [m,, Mia, Mint, , Mm, I(T) ]. 


Specifically, a local algebra S‘ is a component (S), of some S if and only if 
its invariant satisfies the condition 


(m;, 2:)u(S) = 0 (mod n). 


That the indices (1) are drastically limited is indicated by the following 
calculation. In [6:S] introduce as an intermediate group the composite SS’ 
and apply the reduction principle (2) of §9. Then 
(2) [S:5] = = 

The second index was computed in Theorem 4.1 to be J(T). The first index 
may be transformed by the homomorphism which carries each ideal algebra S 
into the vector {(S)1, tee, (S).} of its components (©); at the ramified 
prime divisors p;. Under this homomorphism each algebra of the join S’S 


goes into the vector of components {(S):, - - - , (S):} of the actual algebra S. 
Hence, by the isomorphism principle, 


On the right we obtain a larger group if we allow distinct (S),’s to arise from 
different algebras S. The group index is then that for a direct product, so that 


(1) 


[S:S's] = Il [SP : = TI ii). 


If in (2) [6:S]=N and [S’:S’]=J(T) are evaluated as in Theorems 4.2 and 
4.1, we obtain 


(®) Notation as in (*13.1). 
(*) For the time being, we denote the p-component of an actual algebra S by (S)». 
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THEOREM 14.2. The local algebra indices of (1) are limited by 


(3) ll < N/J(D). 


t=1 
However, these local indices are not necessarily all 1. 


THEOREM 14.3. Over any algebraic number field k there is an (abelian) nor- 
mal extension K for which (6): S‘®]>1 for at least one prime divisor p. 


Proof. If & is not the rational number field, there is at least one(**) rational 
prime / which has in k a prime ideal divisor » of absolute local degree greater 
than 1. We assert then that [6:S®]>1. As in Theorem 13.4, the local 
class field theory gives an extension A p/k, which is abelian of type (I, /, - - - , 1) 
with at least three generators. According to the Grunwald existence theorem 
there is a field A/k with the same Galois group as A p/k, which has at p the 
local component A p/k, and which has at each other prime ideal divisor g of 1 
some specified local component Ag/k, of degree (say) /?. Then in the index 
[S): S®)] of (1), the p-degree m; corresponding to p: =? is at least /*. If any 
q=q; is ramified, the corresponding degree m; is at most /?, by construction. 
Finally, if there is a ramified p; not a divisor of ], this ; cannot have higher 
ramifications because the degree of the extension A/k is a power of J. By the 
Hilbert theory, the ~;-degree m; can then be at most /?. In (1), each degree m; 
(with i~1) is at most /?, while J(I) is /. It follows that [6@:S@] 21. 

It remains to consider the case when k=R, the field of rational numbers. 
The extension K = R(2'/?, (—1)"/2, 51/2) is abelian of type (2, 2, 2). The prime 
ideal (2) of R is ramified in six of the quadratic subfields of K, while in the 
seventh field R(5‘/?) it is inert. By the Hilbert theory it follows that (2) = P* 
in K. Therefore the degree m, corresponding to ~:=(2) is m=8, any q#2 
in R has no higher ramifications, hence has degree m, at most 4. By formula 
(1) it follows that(*) [6@:S@]>2. 

Certain properties of the norm residue symbol (*”) suggest also the consid- 
eration of algebras with unit factor sets 


Ul) =the group of classes of algebras 6‘) with factor sets of P-adic units. 


By Theorem 12.1 the group UW) has order e,. As in Theorem 6.2 one may 
prove 


THEOREM 14.4. An algebra S has its p-component in U if and only if S 
has a crossed product representation with a factor set F of numbers relatively 


prime to p. 


(*) For example, one might select any / which is ramified in k/R. 

(®) The extension K might also have been constructed by local class field theory. Indeed, 
2, —1, and 5 are the generators of the factor group R-*/R;" in the dyadic field Re. 

(#7) See Chapter V, §27, Theorem 27.4. 
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The previous methods also enable us to determine when a local algebra 
Uu® with an invariant x[n/e,] (mod m) can be realized as the component of 


an actual algebra S. 

THEOREM 14.5. At a ramified prime divisor p= p; the number of algebras 
U;= U1? which cannot be realized as components S;=S®* of an actual algebra 
Sis given by 
where is determined (**) as in (1);i=1,2,---,t. 

By the devices used in the proof of Theorem 14.3 one may demonstrate 
that this index necessarily exceeds-1 if p is a prime divisor of k of absolute 
degree at least 3, and if K is suitably constructed. 

15. An invariant of a group pair. For the convenient statement of subse- 
quent results we need a certain “deficiency” invariant for homomorphisms of 
groups. Consider any abelian group R for which I is a group of operators, with 
a I’-allowable subgroup S(**), and 


(1) R = R/S, a group with operators in I, 


(2) ¢, the natural homomorphism of R on R/S = Rd, 
(3) €(R) = G, a group extension of R by I. 


Since S is a T’-allowable subgroup of R, it follows that S is a normal subgroup 
of the extension G, so that the quotient group G/S is a group extension of R/S 
by I. The set of all such extensions G@=G/S forms a subgroup of the group 
of all extensions of ® [6, 43]: 


(4) €(R) = G, a group extension of R by I. 
The index of this subgroup in G is our deficiency index. 


DEFINITION. If the homomorphism ¢ of R has S as the subgroup of elements 
mapped into 1, the deficiency of R modulo S is 


(*15.1) w(R, S) = [E(R¢e): { E(R) } 4]. 


The special extensions G@ may also be described in the following terms, 
due essentially to A. H. Clifford. Given an extension G of R, an extension @ 
of ® by the same group I’, and a homomorphism ¢ of R to R, we say that G 
is a ¢-prolongation of © by S if and only if the homomorphism ¢ can be so 
extended to a homomorphism of G to @ that the subgroup of those elements 
of G mapped into 1 is exactly the given subgroup S of R. The extensions G@ 


(#8) For the notation see the preceding developments. 
(**) That is; is in S for every s in Sand in I. 
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of our definition can then be characterized as those extensions © of ® which 
admit a ¢-prolongation by S. The problem of prolonging a given group @ by S 
may also be described as the problem of superimposing two group pairs, 


RDSD1, R/S = &, 
in such a fashion that they “overlap” properly in a combined group 
GDRIDSD1, G/S extending R/S = KR. 


This combined group may be viewed as a specially restricted extension of S 
by G, where S is considered as a group with operators in @ according to the 
natural rule S“e = S* for all elements u, in a coset o of G/R. 

In less invariant fashion, the same deficiency index may be described in 
terms of factor sets. If R,,, is a factor set FR, then the elements (R,,-)¢ con- 
stitute a factor set for Ro =R. 


THEOREM 15.1. The deficiency index, in terms of factor sets, is 
(5) w(R, S) = [F(R¢):(FR)¢], 
provided one of these indices is finite. 

Proof. Each factor set F(R) determines in the usual manner a group ex- 
tension G@ = (R¢, I, F(R¢)), while a factor set (FR)¢ yields under this map one 
of the “prolongable” extensions G@=(R, I’, FR)@. We shall have proven (5) 
in accordance with the isomorphism principle of group theory, provided we 
show conversely that 

(Ro, F(R¢)) = Gp implies F(R¢) = (FR)¢. 


Now G is given by a factor set as G=(R, I’, FR), so G¢ also has the factor set 
(FR)¢. The sets F(R@), (FR)¢ thus determine the same extension of R, hence 
are similar, 


F(R¢) = 


The transformation set TR, can clearly be written as the homomorphic image 
of a transformation set TR,, where R, is chosen in the coset R,. Hence 

F(R¢) = ]}¢, 
as required for our proof. 

16. Factor sets of principal ideals. In the formulas of §11, there appears 
the index [F%’:(F’)], known to be finite. Between these two groups we may 
insert the group F(A’) of factor sets of principal ideals. This group need not 
be the same as the group (F’) =(FA’) of principal ideals derived from factor 
sets of numbers. In fact, the index of (F’) in F(A’) is exactly a deficiency 
index, in the sense of §15, for the homomorphism A’—>(A’) belonging to the 
subgroup E of units; or 


= 
| 
| 
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(1) [F(4’):')] = [F(A):4’)] = ofA’, 
(2) [Fa’:(F’)] = Jo(4’, 

The first index here suggests the use of the group of ideal classes in K. 
Specifically, set 

(*16.1) &*=the ideal class determined by the ideal 2%. 


Then % will also, as usual, denote the (finite) group of all ideal classes in K. 
Applying to part of (2) the homomorphism %—%*, we have 


(3) [Fa’: F(A’)] = = 1) [Paes 

The second index is by definition a deficiency index 

(4) w(’, (A’)) = = 

for Uf=%’?. The first index [F%’*:1] may be reduced to group extensions, 
(5) = TUF] (TAF: 1]. 


The homomorphism which carries a vector of classes Uf into a transformation 
set TY’ will introduce the group of crossed characters UY", as 


= 


The index [%*:1] is the class number H, while the homomorphism %*—>¥"-¢ 
will give 


The results (2) through (6) may now be combined as 
THEOREM 16.1. In terms of the group X' of ideal classes in K and the de- 
ficiency index w of §15, we may write 
In this formula there appear two indices w depending on the module M. 
We inquire now how each depends on the nature of M. 


THEOREM 16.2. The index w(U%', (A’)) is independent of the choice of the 
module M, provided only that this module involves all ramified prime divisors 
for K/k. 

Proof. We may consider two such modules M, and M with M,| M. The 
respective indices are (4) and . 


(7) 
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where %/ (Ai) are ideals (elements) relatively prime to M;. Hence the con- 
clusion of the theorem will follow if we prove (FU; )f=(FU’)*. This will be 
the case provided the factor set F&/ can be turned into a factor set relatively 
prime to M by multiplication with a suitable factor set of principal ideals, 
as asserted in the following lemma: 


Lema 1. If pis unramified in K/k and § is a p-primary factor set of ideals 
in K, there exists another factor set §, relatively prime to any specified module 
such that §¥: ts a factor set of principal ideals. 


Proof. Our chief concern is to show that §: can be chosen so as to be a 
factor set. Select P, a prime factor of » with the decomposition group A(P), 
and let L be the corresponding decomposition field in K/k. Since P is un- 
ramified the ideal P is present(**) in L. There is then in L an ideal € relatively 
prime to M such that P€ is principal. Furthermore G, like all the elements 
of L, is invariant under ali automorphisms 6 of the group A(P). Because of 
this invariance, we can, in an unambiguous fashion, set up the following ex- 
tension of the correspondence ¥(P) =€ to all p-primary ideals (see §5). If Wf 
=|[.P**, let 

VX) = [] Gree. 


For arbitrary p-primary ideals Y%, B this function has, according to its origin, 
the properties 


(8) V(%) is relatively prime to M, AW(A) is principal, 
(9) = wB) = 


for every rt in I’. In other words, the mapping A—W(A) is an operator homo- 
morphism of the group &”) of p-primary ideals on a subgroup of the group W’. 
It follows that the map ¥(%) of a p-primary factor set will be itself a factor 
set. Consequently, the product §¥(§) will be a factor set of principal ideals, 
as asserted in the lemma. 

The dependence of the other deficiency index of (7) on M is exhibited by 


(10) M|M, implies w(A{, Z) S o(A’, 


For, the index w(A’, E) of (1) involves the subgroup (FA’), which may be 
written as the intersection (FA’)=(FA)(\F(A’), since a factor set of princi- 
pal ideals is relatively prime to M if and only if the generators of the ideals 
are relatively prime to M. Hence 


(*) Subject to the usual convention that an ideal in L is to be identified with its extended 
ideal in K. 
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(11) w(A’, E) = [F(A’):(FA) F(A’) = [(FA)F(A): (FA)]. 


In this form the conclusion (10) is immediate. It implies that w(A’, EZ) is 
eventually independent of the module M. In order to obtain a more precise 
result we must employ a roundabout method. 


THEOREM 16.3. The index w(A', E) is independent of the module M, pro- 
vided only that this module M involves all ramified prime divisors of K/k. 


Proof. If the formula (11) is substituted in the final formula (5) of Theo- 
rem 11.2 for the basic index J, one obtains a relation (see (15) below) between 
various indices which are all independent of the module M, with the exception 
of the indices w(A’, E), w(%’, (A’)), and [F’: F’’]. The latter index was shown 
in Theorem 13.1 to be independent of M, while we have just shown that the 
index w(%’, (A’)) is independent of a module M of the type under considera- 
tion. This gives the result of Theorem 16.3. 


THEOREM 16.4. If K/k is a normal extension such that K and all subfields 
L over which K is cyclic have class number 1, then w(A’, E) =1. 


Proof. The proof of the theorem depends on a choice of special prime ele- 
ments in K. Let » be an unramified prime ideal for K/k, A the group of 
p-primary ideals in K, P a typical prime divisor of p in K, A= { 5} the asso- 
ciated decomposition group. Then P is an ideal of the decomposition field La, 
over which K is a cyclic extension. By hypothesis L, has class number 1, hence 


(12) P = (nx), with in Ly and = 
Next write I in terms of cosets 
g= [P:Al. 


The prime ideal factorization of p in K is given as 


(13) p= Il P*, prt = = Pr, 


Now select for each prime ideal P*‘ = P; the prime element 4‘ =7; as gen- 
erator, P;=(m;) in K. Let II™ be the group of power products of all the prime 
elements 7;. By construction A and II are groups with [ as operator 
group. We assert that they are operator isomorphic with respect to I’. For 
the proof we use the correspondence 


| 


p™ 
We have to investigate the effect of an element o in I’. By the coset decom- 
position of I’, we get ¢=0;5, where 5; in A and j’ in {1, -++,g} 
are both determined by 7. Consequently 
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(1 Il ll oj’ bjaj ll oj’ aj 
i 


j=1 j=1 j=1 j=1 


is an element of II. Similarly 


j=l j=l j=l j=l 
Thus the correspondence (14) is an operator isomorphism with I as allowed 
set of operators. 

Choose now for every p relatively prime to M such a group II’, and let B’ 
be the group of numbers generated by all groups II. Then Y’ is operator 
isomorphic with B’ under the natural extension of the mapping (14). For the 
proof remark that WY’ is the direct product(*!) of the groups A. By the corre- 
spondence B’«+(B’) we map B’ in an operator isomorphic fashion in A’. This 
rule is, in fact, the rule (14). It is an isomorphism by the behaviour of the ex- 
ponents. Finally, we remark that every element A in A’ has a unique repre- 
sentation A = EB where E£ is a unit of K and B an element of B’. By the prime 
ideal decomposition of (A) we first determine an element B in B’ such that 
(B) =(A). Then (AB-') =1, whence A = BE with a unit. This representation 
is unique, for A=£,B,=EB implies (B)=(B,) and therefore B=B, and 
E=£E,. Consequently, A’ is equal to the direct product B’XE with [T as 
operator group. Therefore by Lemma 2 of §9(**), w(A’, EZ) =1. 

To summarize the results thus far obtained, use the basic formula (5) of 
§11 with the value for [F%&’:(F’)] obtained in Theorem 16.1 and the formula 
for [F’: F’’] obtained in §13. The latter formula involves the product []e, 
of the ramification orders for all prime divisors p. Part of this will cancel 
against the product | Je, over all finite prime divisors, as in (5) of §11. There 
remains the product IIe. over the infinite p’s. This is just 2°, where p is the 
number of infinite prime divisors of k ramified in K/k. All told, the basic index 
J=J(T) is 


J = n*n-'o(A’, (A’))-(E) 
(15) J(E) = [UE:E'~][FE:TE]-', 
= | TAF]. 


CHAPTER III. FACTOR.SETS OF UNITS 


17. The Herbrand unit group. The analysis of the index J(£) entering in 
our formula is based on the explicit structure of the group E of units. This 
in turn depends on the classification of the infinite prime divisors of k and K. 
Recall that a prime divisor p= p., of k is called real or complex according as 


(“) With I as set of operators. 
(#) Lemma 2 of §9 obviously generalizes to the kind of direct product we consider here. 
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the corresponding complete field k, is the real or the complex field (see §2). 
The infinite prime divisors of & then fall into three classes according to the 
types of their divisors in K (see [5]): 


(1) (i=1,---, ps) real in k, with real divisors in K, 
(2) pws (¢=pit1,---, 71) real in k, with 2/2 complex divisors in K, 
(3) Pos - + , complex in k, with m complex divisors in K. 


In each case let P,,,; be any one prime divisor of ~..,;, while A(P.,,;) is the cor- 
responding decomposition group (composed of all automorphisms of I which 
leave fixed the valuation belonging to P,,,;). For a prime divisor of the first 
or the third type, A(P.,,;) consists only of the identity, and P..| P.« is said to 
be unramified. For a prime divisor of the second type, A(P..,;) is acyclic 
group of order 2, while P..| Pw is ramified. For all cases, set 


(4) 6;=the generator of the decomposition group A(P..,;), 
(5) K,;=the decomposition field of P.,,; (the field left invariant by 4;). 


Then in case (2), 5; has order 2=[K:K;], while in cases (1) and (3), 6;=1 
and K = K;,. 

The unit group of k contains r=r,+72—1 independent units 4, - - -, €, 
which, together with a suitable root of unity, generate the whole group of 
units in &. For the same reason there will be a maximum of R=, 
+(n/2)(r1—p1)+nre—1 independent units in K. Herbrand’s generalization 
of Minkowski’s theorem [5, 23, 25, 26] asserts that one can find in K r+1 
units Hj, He, -- +, Hei which with their conjugates Hj and with the units 
€1, €2,  * * , € will generate a group of units which has finite index in the whole 
group E of all units in K. Furthermore, the multiplicative relations between 
these units are all consequences of the simple relations(*) 


where N; denotes the relative norm of K;/k. By an Herbrand group E* of 
units in K we mean a group generated by such a basis ¢;, H;, Hj,---. In 
other words, E* is a direct product 


(7) Ai X 

of infinite cyclic groups €;, each generated by a basic unit ¢; of k, and of groups 
H;, where each H; is generated by a unit H; and its conjugates 

(8) H;= {H:, Hi, }. 


(*) This provides the proper number of units. If p,,; is unramified, H; and its conjugates 
provide m—-1 independent units, «; one more; if p,,« is ramified, H;=P; and its conjugates Hz 
provide n/2—1 independent units, the total number being in agreement with the value of R. 
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The groups ¢; and H; which figure in (7) are groups which have I as group 
of operators. They can be described in purely group theoretical language. 
Thus ¢; is an infinite cyclic group with a generator €; which is invariant under 
all operators of T. 

To describe the group H; belonging to an unramified prime divisor p.. i, 
consider first the operator free abelian group G(I') belonging to any finite 
group I of order m. As in Hall’s paper ([17]) the group G(I) is an abelian 
group with m free generators G’, one for each element ¢ in I’. To these genera- 
tors the elements 7 of I are to be applied by the rule (G’)* =G*’. In this group 
G(T) the elements left unaltered by all operators of I form an infinite cyclic 
subgroup N(I) which is generated by the “norm” NG =G'*¢+"+---, The quo- 
tient group G(IT')/N(T) belonging to this subgroup N(T) is then isomorphic 
to the unit group H;=H. This quotient group is an abelian group with m gen- 
erators H*(“) subject only to the relation NH =1. We call this quotient group 
H=G(l)/N(PL) an abstract unramified unit group: 


In the ramified case let 6 = 5; be the generator of the decomposition group 


of some ramified prime divisor P,,;, and let T be decomposed modulo the 
subgroup {1, 5} into left cosets 


= o:{1, 5} + o2{1,5} +--- +,{1, 8}, g=n/2. 


Then the abstract 5-ramified unit group is an abelian group described by gen- 
erators 


(10) Pei, Pes, --- , Pre, with Peo = 1, 
The operators of I are applied to this group according to the rules 
(11) = Pres, = Poi, #=1,2,---,g. 
The Herbrand group E* of (7) is thus represented as a direct product whose 
factors are 
r infinite cyclic groups, 
pi+?f2 abstract unramified unit groups, 


’1;—p,; abstract 5,;-ramified unit groups belonging to the prime divisors p.. 
of type (2). 


18. Reduction to the Herbrand unit group. The formula of Theorem 11.2 
involves the units of K in the index 


(“) Each H” is the coset of the original generator G’. 
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(1) J(E) = (UE: 
We desire to relate this index to the corresponding index for the Herbrand 
unit group E* 
(2) J(E*) = [UE*: TE*}-. 
THEOREM 18.1. The indices involved in J(E*) are both finite, and 
(3) J(E) = J(E*){ [E: E*][FE:FE*}"} 
where all the indices on the right are finite, and where e(\E* is the group of all 
units of k which lie in the Herbrand group E*. 


Proof. We first show why the indices in (3) are finite. If E, is the group 
of all vectors with components in the group E, with a similar meaning for E/*, 
then E, is the n-fold direct product of E by itself, so that 


= [E:E 


is finite. Apply next the homomorphism E,—>T E,. By definition, the subgroup 
of E, mapped onto the identity is the group UE of crossed characters. Then, 
by the homomorphism principle of §9, 


[E:E*]* = [TE:TE*|[UE:UE*], 
where both indices on the right must be finite. This may be written as 
(4) [UE:UE*] = 
Secondly, apply the homomorphism which carries a unit E into a vector with 


components E!-*, The subgroup mapped on the identity is ¢, the group of 
units in k. Hence 
(5) [E: E*] = E*], 
where both indices on the right are finite. 

Next we return to the index J(Z). In the numerator the index [UE:E'-*] 
suggests two chains of groups UED E'-*D E*'-* and UED UE*D E*~* which 


join the same groups UE and E*!~*. The whole index [UE: E*'-*] is known to 
be finite. It can be computed in two ways from these chains, with the result 


[UE:E'~] = [UE*: UE*][E'~: 
Inserting the values of these indices from (4) and (5), we get 
(6) [UE:E~] = [UE*: E*)][TE: TE*}". 


One may similarly run two chains from FE to TE*, through the intermediate 
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groups FE* and TE. The indices [FE: TE], [TE:TE*] are known to be 
finite, hence the indices are all finite and 


(7) [FE: TE] = [FE*:TE*|[FE:FE*|[TE:TE*}-. 


Division of formula (6) by (7) yields the desired reduction formula (3). 

19. The correction factor for the reduction. The replacement of the index 
J(E) by the corresponding index J(EZ*) for the Herbrand unit group involves 
a “correction factor” found in equation (3) of §18, 


(1) @ = J(E)/J(E*) = [E: E*]* E*|[FE:FE*}“. 


In the computations for the cyclic case in the classical theory it turns out(“) 
that the corresponding correction factor is always 1, which is to say that the 
indices involving the units can be computed directly from the Herbrand group 
E* itself instead of from E. It would be convenient to have also ¢=1 in 
general(“). This is not the case. We shall prove ¢=1/2 for a suitably se- 
lected pair of fields K, k. 

Before actually proving this assertion we shall establish some lemmas re- 
ducing the problem to a simpler problem involving “normalized” factor 
sets. 

Let I be the four group, with generators y, B: 


(2) r= {1,7,6,76}, v?=6*=1, By =78 =6. 


A factor set E,,, determines a group extension of the unit group E by the 
group I’. Any such group extension is completely determined by the multi- 
plication table for elements u, and ug which represent the two generating 
cosets and £ in the extension. This multiplication table(*’) has the following 
form 


(3) u ,E = E ugE = FPug, (for any £), 


(4) =C, us = B, = Du,ug, 


where C, B, and D lie in the group E. The multiplication determined by this 
table will be associative if and only if C, B, and D satisfy the conditions 


(5) Cy =C, Be=B, = Bi-7, 


The necessity of these conditions is readily proved by “multiplying out” in 
two different associations the products u3, uj, ugu, and ugu,. Thus, any group 


() See Theorem 19.2 below. 

(“) This was actually conjectured by Deuring in a letter to Hasse in 1933, relating to some 
investigations on the principal ideal theorem of Hilbert. 

(#7) Similar normalizations considered as generalizations of the formulas for cyclic algebras 
were used in the investigations of Dickson on crossed products [14]. Our normalization is a 
special case of the normalization of factor sets for abelian groups as set forth in [43, pp. 95-97]. 
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extension of E by I’ is determined by a vector of three constants {C, B, D} 
satisfying (5). 

The fact that any group extension can be normalized in this form means 
that there is a homomorphic mapping of the factor sets Z,,, onto the “nor- 
malized” factor sets. To obtain explicitly this homomorphism, let the factor 
set E,, generate a group extension in which the representatives v, of the 
cosets ¢ multiply according to the table v,v,=£,,,v,,. A corresponding nor- 
malized factor set then can be obtained by setting u,=v,, ug=vg and com- 
puting C, B, and D from the table of the £,,,’s. One finds 


(6) C = B=  D = 
These formulas provide a homomorphic mapping 
(7) FE = E,,,— {C, B, D}. 


What factor sets E® are mapped by this homomorphism onto the iden- 
tity? If E® belongs to the multiplication table v,v, = E®»,,, then ug=vg and 
Uy =v, multiply as in (4) with constants C=B=D=1. Furthermore the two 
remaining coset representatives must have the form v; = Ej, vs = Eyvgv,, where 
E, and E; are elements(**) of E. From these constants we may calculate the 
whole multiplication table, getting 
(8) ES = where Ey = Ey = 1. 
Furthermore, the given factor set E® uniquely determines the two constants 
and E; as E,=E), E,=E®}. Conversely, any two elements E; and E, 
determine through the formulas (8) a factor set E® which has the property 
that it is mapped by the homomorphism (7) on the identity. Hence (8) pro- 


vides an isomorphism 
(0) 


(9) { Ei, E;} 
between the group of pairs E,, E, and the group E®. An analogous isomor- 
phism applies to the group E*. 

Now apply the homomorphism (7) to the index [FE: FE*]. This maps FE 
on the whole group of vectors { C, B,D } , because any such vector determines 
a group extension and hence a factor set of which it is the map. Furthermore, 
this homomorphism carries the group FE* of factor sets belonging to the 
Herbrand subgroup E* into the group { C*, B*, D*} of vectors from E* satis- 
fying (5). Therefore, by the homomorphism principle, 

[FE:FE"] = [{C, B, D}:{c*, B*, D*} 
The second index, involving the group of factor sets mapped by (7) into the 
identity, may be computed by (9) as 


(**) That is to say, they are part of a vector E, used to transform a factor set. 


(0) ]. 
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This proves 

Lemma 1. If IT is the four group, the factor set index is 
(10) [FE:FE*] = [{C, B, D}:{C*, B*, D*} ][E:E*}, 
where the elements C, B, D of E (or C*, B*, and D* of E*) are restricted by the 
associativity conditions (5). 

LEMMA 2. If I is the four group, the unit “correction factor” of (1) is 
(11) = [E:E*][D:D*]}" [exe E*}", 
where D is the group of all elements in E for which there exist solutions B and C 
of the equations (5), and D* is analogously defined in E*. 

‘ Proof. The group of vectors {C, B, D} of equation (10) may be mapped 

on the group D described in the lemma by the homomorphism 
(12) {C, B, D} +D. 


The vectors thereby mapped ito the identity (D =1) are the vectors {C, B} 
which satisfy the relations (5) with D=1, or C'=C*’=C, B6=Br=B. These 
relations mean that C and B are both invariant under all elements of the 
Galois group I’, which is to say that C and B are both units in the group e. 
The group mapped by (12) on the identity is therefore {€, €, 1}, so 


(13) [{C, B, D}:{C*, B*, D*}] = [D:D*] [exe E*]?. 


Inserting the values (13) and (10) in the correction index (1) we get the asser- 
tion of the lemma. 

We remark in passing that the conclusion (11) is still valid if T is an 
abelian group which is the direct product of two cyclic groups with genera- 
tors 8 and ¥ of respective orders s and ¢, provided the condition (5) is replaced 
by 


(14) Cr=C, Be=B, = = 
Consider now the particular field (**) K = R(151/2, (—2)/?) which is normal 

over the field of rational numbers R and has the four group as Galois group. 
LEMMA 3. The only units in (—2)"/*) are +n”, where =4+15"”. 


Proof. One verifies at once that the only roots of unity present in K are 
+1. In the quadratic subfield R(15") it is known that the units are all of the 
form +7”. Let N denote the norm from K to R(15"/?). Then N(n) =7?. Since 


(*) In the elaborate search which ultimately led to this example, considerable use was 
made of the tables for units in the back of Sommer’s textbook [35]. 
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there can be only one independent unit in the totally complex field K, any 
other unit E in K is dependent on 9, hence has NE= +n™ for some my) +0. 
We can therefore prove that +7” exhaust the whole unit group of K if we can 


assert that no unit E has NE= +7. 
Since E is an integer, it is readily shown that E must have the form 


E = (a + 5151/2 + c(— 2)" + d(— 30)*/?)2-! (a, b, c, d are integers). 


If one calculates NE, one finds that NE=—n is impossible, while NE=y 
leads to the diophantine equations 


a? + 155? + 2c? + 30d? = 16, 2ab + 4cd = 4. 


By trial of a small number of cases it results that these equations have no 
integral solutions. Thus the lemma is proved. 


THEOREM 19.1. There exists a normal extension K/k with the four group as 
Galois group for which the correction factor } of (1) is different from 1. 


Proof. Take the field .K = R(15'/, (—2)'/?). The Herbrand group E* of this 
field is any group of units generated by a unit P invariant under the auto- 
morphism carrying K into its complex conjugate. The unit P=7 is such a 
unit, hence we may take for E* the group of all n”. Then E is the direct prod- 
uct E={+1}XE*, where {+1} is a cyclic group of order 2. One verifies 
readily that if D = —1 the equations (5) defining the parameter D have a solu- 
tion B= C=1. Hence the group D is given as { +1} XD*. Finally, «= {+1}, 
e(\E*=1. With these values in the formula (11) for the correction factor we 
get 6=2/4=1/2. 

The result for this particular field has been checked directly, independ- 
ently of the normalized factor sets, by the laborious process of explicitly solv- 
ing the associativity conditions for all factor sets E,,, in the unit group 
{+n™}. Using the normalization again, the unit group has been computed 
also for the fields R(30?, (—2)/*), R(42"2, R(2”2, (—1)¥?). In 
these three cases one finds again that ¢=1/2. The first two cases have unit 
groups isomorphic to the group of our example R(15/?, (—2)*/*), while in the 
third case the unit group involves more roots of unity. 

The correction factor @ is not the same for all fields with the four group. 
For the field R(3'/?, (—2)'/?) it turns out to be 1. 


THEOREM 19.2. If the Galois group T of K/k is cyclic, the correction factor } 
as 1(5°), 

Proof. The proof depends on a normalization of the factor sets FE which 
appear in formula (1). Just as in the formula (9) of §2, each factor set of 


(®) This theorem simply asserts that the correction factor ¢ of (1) does in fact behave like 
the analogous correction factor of the cyclic theory. 
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units E,,, for a cyclic group with the generator \ determines a single quantity 
C which functions as the usual “normalized” factor set, 


(15) C= II Bia. 
i=0 


The associativity condition becomes C=C, so that C is a unit ¢ in the base 
field k. The equation (15) thus provides a homomorphic mapping E,,,—-C 
of the group FE onto the units ¢e of k. This mapping carries FE* into e(\E*, 
and one may establish as in Lemma 1 above that the factor sets E® mapped 
by (15) into 1 have the form of transformation sets E® = E,E°%E;;' for which 
E,=1. By the homomorphism principle we have 


[FE:FE*] = E*)[E,:E*] = [ere E*|[E: 


According to (1) this proves ¢=1. 

20. An additional reduction for unit factor sets. In this section we 
give another way of reducing the basic index involving the units, J(Z) 
= [UE:E'-*|/[FE:TE]. The result will also be used to get an estimate 
for [FE: FE*] and for the correction factor J(E)/J(E*). The group E may 
be analyzed into the subgroup ¢ and the groups 


(1) Z = all roots of unity in K; § = Z(\ k; 
(2) B = all units E with NE a root of unity ¢; 
(3) Q = Be. 


We introduce also the integer y = [Z:1]. 
Under the homomorphism A—A¥ the subgroup mapped on 1 is the group 
Z, hence the isomorphisms 


(4) EvSE/Z, BYSB/Z, 


Clearly these isomorphisms hold also if y is replaced by any proper multiple 
of [Z:1]. 
THEOREM 20.1. The index J(E) is given by 
J(E) = B)w(B, Z)/[E: Be], 


where each w represents a deficiency index, where for any group R J(R) 
= [UR:R'-*]/[FR:TR], and where [E: Be| depends on the norms within € as in 


[E: Be] = [NE:e"]/[VEQ ¢:¢"]. 


Since ¢€ is generated by { and r independent units 4, ---, ¢, of infinite 
order, €” is isomorphic to a subgroup of the group generated by 4, ---, €,. 
Hence e” is the direct product of r infinite cyclic groups. As will subsequently 
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be shown (§21, (4) and §23), one may then compute that J(e¥) = [T':I’]~, 
where I’ is the commutator subgroup of I. 

The proof of Theorem 20.1 will depend on systematic use of the subgroup 
Q of E, as defined in (3). The index [E:Q] can be evaluated in several differ- 
ent ways. 


Lema 1. The index [E:Q] is finite and is given by 
(5) = 
(6) = [NE:e"]/[VEM 
(7) [E:2] = [EA 


Proof. If [E:Q] is finite, the expression (5) is obtained at once by applying 
the homomorphism principle to the map EE”, for the elements mapped 
thereby into 1 all lie in the subgroup Z of Q. To get (6), apply the homo- 
morphism E—WNE, with the result 


[E:Q] = [VE:NQ] = [NE:(NB)e"] = [VE:(NEQ 
= [NE:e"]/[(NEN 


for NBC¢ by the very definition of B. Since NE is a subgroup of e, [VE:«"] 
is less than the finite index [e:e"], which proves that [E:Q] and all other in- 
dices here present aré finite. If one observes that the intersection of (VE(\{) 
with e€* consists of all roots of unity in k which are mth powers, and hence is 
just ¢", this formula will give the result (6) by the reduction principle (§9). 

Finally, to prove (7), apply the successive homomorphisms E—E'~* 
—(E'°)", They give 


This will give (7), if we can prove that 2'-*(\Z,=Z,. By definition, 2=Be, 
so ('-*=B'-*, Since B contains all units with norms in {, BDZ and 
B'-*(\Z, DZ'-*. Conversely, suppose that B is a unit of norm NB=¢ with 
B'-*=Z, for all ¢. Then (B'~*)"=Z?=1, so (B¥)'-*=1, and B’=e is in k. 
Therefore NB¥={4¥=1 =e", so the unit €¢ must be a root of unity. But BY¥=e, 
so B is also a root of unity Z. Therefore B'-*(\Z,CZ'~’, and the lemma is 
established. 


Lemma 2. If Rand S are Y-allowable subgroups of K such that [R:S]| and 
[FR:TR] are both finite, then [FR: FS] and [FS:TS] are finite. 


Proof. The index [FR: FS] can be written formally as 
[FR:FS] = [FR:(TR)(FS)][(TR)(FS):FS]. 


The first index does not exceed [FR:TR], and the second can be changed 
by the reduction principle to [T7R:FS(\TR], which does not exceed 
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[TR:TS]. The latter index is finite, and bounded by [R:S]*. Hence 
[FR: FS] is finite. Therefore [FS:TS] is finite, because it can be expressed 
as [FR:TR|[TR:TS]/[FR: FS]. 

The expression J(EZ) of the theorem has as denominator the index 
[FE:TE]. This may be reduced by applying the homomorphism A—A”, to 
get 


(8) [FE:TE] = [(FE)¥:(TE)*][FZ:TE CQ FZ). 


Here [FE:TE] is known to be finite, while [E: E¥] is also finite because E has 
a finite number of generators. Therefore [FE: FE’] and [FE¥: TE*] are both 
finite indices (Lemma 2). The latter may be introduced in (8) if we divide by 
the deficiency index w(E, Z)=[FE":(FE)*] (see Theorem 15.1). The sub- 
group 2 of (3) may be introduced in terms of the finite indices [FE¥: FQ”) 
and [TE*: TQ]. Then 


[FE: TE] = [FEv:Fov] Tar] [TE»: 
(9) 
Z)}-. 


The index involving TE’ and TQ" may be found by a homomorphic map 
of the group (E”), of vectors with components in E”, as 


[(E¥),:(Q%),] = [TE¥: Ta*|[VE*: var], 
[TE:TQ*] = 


(10) 


In (9) we next attack [FE¥: FQ»] by the norm homomorphism 
[FE*:FQr] = [N(FE*): N(Fe*)]. 


One proves easily that the norm of a factor set is itself a factor set. The group 
N(Fe’) = is then contained in F( Ne”) = F(e"”). Since each element of €"” 
has a unique mth root, the two groups are equal, or N(Fe”) = F(e"”). On the 
other hand, the index [F(NE*): N(FE®)] is a deficiency index w(E¥, B¥) be- 
longing to the norm homomorphism. All told 


[FEv:FQv] = [F(NE*):F(e*) |/w(E», BY). 


Now NE” and e"” are both subgroups of finite index in the group e¥, which 
is a direct product of r cyclic groups. Hence both NE” and e*” are them- 
selves direct products of r cyclic groups. Therefore [F(NE%):T(NE”)] 
= [F(e"”): T(e"¥) ]; in fact, they are each equal to [[':I'’]", by §21, (4). The 
factor sets on the right in the last equation may therefore be replaced by 
transformation quantities, 


(11) [FEv:FQr] = [T(NE*):T(e) ]/w(E», BY). 


Since each NE’ is invariant under any a, every crossed character of I in the 
group NE? is an ordinary character of I in NE*. But T is finite and (NE)* 


i 
4 
{ 
{ 
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contains no element of finite order, so that all these ordinary characters are 1. 
This means that the homomorphism (NE”’)—+T(NE"), which carries a vector 
into a transformation quantity is an isomorphism. With this isomorphism, 
the last equation becomes 


[FEv:FQr] = Ey, BY). 
On the other hand, the homomorphism NE-(NE)* gives 
[NEv:e"] = [NE:e"]- [VEO ¢:¢"]-! = [E:9], 
according to (6). These two formulas, combined with (11), yield 
(12) [FE:FQv] = [E:2]"/w(E*, BY). 


The deficiency index w which is present here may be reformulated by com- 
bination with the deficiency w(E, Z) present in (9). By the norm homomor- 
phism 

w(E, Z) = [FEv:(FE)*] = [N(FE*): 


while 


w(Ev: BY) = —w(E, B) = [F(NE*): N(FE)*]. 


Combining these results, we find 
(13) w(E, Z)w(E, BY) = w(E, B)w(B, Z). 


Turn now to the numerator [UE:E'~] of the expression J(E). To each 
vector in the principal genus UE apply the homomorphism UE-(UE)”. 
Then 


(14) [UE:E'] = Z,]. 
We may introduce the group U(E”))(UE)” by 

Lemma 3. The index [UE¥:(UE)*] is finite, and is given by 
(15) [UE’:(UE)*] = [TEC FZ:T7Z]. 


Proof. Let U’E temporarily denote all those vectors E, of units such that 
the transformation set TE consists of roots of unity. Then U’E contains the 
crossed characters UE, and the homomorphism T gives 


[U’E:UE] = F2:1] = [TEAC F2:T2Z] [72:1]. 
Since Z is a finite group, the indices involved here are all finite. On the other 


hand, the crossed characters U(E”) are all yth powers of elements in this tem- 
porary group U’E, so the homomorphism UE-(UE)¥* will prove 


[U’E: UE] = [U(I*):(UE)*][Z,: UZ]. 
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This proves that the desired index [U(E¥):(UE)*] is finite. Furthermore we 

get (15) by comparing these two expressions for [U’E: UE], observing that 

[Z.: UZ]=[TZ:1] by the very definition of the crossed characters UZ. 
Using the result of Lemma 3, we may now rewrite (14) as 


(16) [EN 


The first index in this formula may be transferred to the group 24S since 
is finite, so are [UE¥: and Therefore 


On substitution in (16) and application of (7) this gives an expression for 
[UE:E'-*] as 


(17) (0)! ] [TE FZ: TZ} 


The results can now be combined to give J(E) = [UE:E'-*]/[FE:TE] by 
dividing the expression (17) for the numerator by the expression (9) for the 
denominator, using (10) and (12) for substitutions. The result is 


(18) J(E) = J(Q%)J(Z)w(E, Z)w(E», BY) [E:2]-. 


Since 2”=Bve", and since E” contains no roots of unity, and hence no ele- 
ments in the group B” of elements of norm 1, Q” is a direct product BY Xe’. 
The corresponding J index is therefore also a product J(Q”) =J(B”)J(e*). 
Putting this in (18), reducing the product of the two deficiency indices as in 
(13) and replacing [E:Q] by (6), the result (18) becomes that of Theorem 1. 

The indices involved in this expression for J(Z) are all reasonably explicit 
. except for J(B”). As indicated in (4), the group B” here may be replaced by 
B, where x = [E: E*] is the index of the Herbrand group. Hence the problem 
is essentially that of computing [FB*: 7B], the number of group extensions 
of a certain subgroup B* of the Herbrand group. The computations of §§22, 23 
solve this problem for the special case when B* is a subgroup isomorphic to 
the group H* generated by all the Herbrand units of norm 1. 

This type of computation can also be employed to give a new expression 
for the correction factor of §19. 


THEOREM 20.2. For an Herbrand subgroup E* of E 
J(E)/J(E*) = [J(B%)/J(A*) B)w(B, Z)[E: 
where H* is the subgroup of E* consisting of all units ef norm 1. 


This conclusion can be obtained by a suitable direct analysis of the cor- 
rection factor, using the index x = [E: E*] much as the index y of the above 
computation. A quicker method is to apply the computation underlying Theo- 
rem 20.1 to the group E* as if E* were the whole unit group of a field. Since 
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¢* = E*(\k, the Herbrand group is as in §17 the direct product E*=«* X H*, 
and contains no roots of unity. The result analogous to Theorem 20.1, using 
y=1, is then 


J(E*) = H*)/[E*:H*e*]. 


But E* =H* X«* means that the deficiency index w here must be 1, because 
every factor set in H* is automatically a factor set in E* and thus a homo- 
morphic image of a factor set in E*. Furthermore e* is isomorphic to e*, as 
both are free abelian groups on r generators. Hence J(e*) = J(e”). This result, 
combined with Theorem 20.1, then gives the formula of Theorem 20.2. 

21. Extensions of unit groups. The denominator of the index J(E*) is 
| FE*:TE*], the number of group extensions of the Herbrand unit group E* 
by the Galois group I’. Since E* is a direct product (see the end of §17), this 
index reduces at once to 


r r+1 
(1) [FE*: TE*] = ( Il [Fa: ( Il [Fu 

i=1 t=1 
Here the index [Fe;:T¢,;] is simply the number of group extensions of an 
infinite cyclic group ¢; by the Galois group I, it being assumed that ¢; lies 
in the center of the resulting extension(®'). These group extensions can be 
counted by the character method applied in §5, to p-primary factor sets of 
ideals. In fact, the group extension problem is formally exactly that of finding 
the number of classes of p-primary factor sets in the special case when p is a 
prime ideal(®) of K. The number of such classes was shown in Theorem 5.5 
to be the index [A(P):A(P)’] of the commutator group A(P)’. Since the for- 
mal analogue of the decomposition group A(P) is the whole group I, we find 
in this case 


(2) [Fe:: Te] = I’ the commutator group of I. 

The index (1) thus reduces to the following group-theoretic expression. 
THEOREM 21.1. The number of classes of associated factor sets from the Her- 

brand unit group E* is 

(3) [FE*: TE*] = [FPs: TPs] 


Po 
where H is the abstract unramified unit group of (9) in §17, Ps is the abstract 
5-ramified unit group of (10), (11) im §17, the product is taken over all p.. which 
are ramified in K/k and 6=6(P.,), where P.| Pe: 


The group-theoretic indices in (3) can be evaluated in some special cases. 


(*) That is to say, the coset belonging to each o induces in « the identity automorphism. 
(®) In this case the ~-primary ideals form an infinite cyclic group. 
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If I is abelian and is the direct product of cycles of orders m, --- , mz, 
then (*) 


(4) [FH:TH] = [J (mi, m)). 


i<j 
Exactly the same formula holds for an abstract ramified group P, as will be 
proved by the computations(™) of §22. These results prove 


THEOREM 21.2. Let T be an abelian group represented as the direct product 
of t cyclic groups of respective orders , m,. Then 


r+1 
i<j 
where (m;, m;) denotes the greatest common divisor of m; and mj. 


22. The number of extensions for a unit group. This section is devoted 
to group-theoretic computations leading to 


THEOREM 22.1. If P is an abstract ramified unit group belonging to an abe- 
lian group T which is the direct product of cyclic groups of orders mo,--- , Ms, 
then the number of group extensions of P by T is 


(1) [FP: TP] = (mz, m,); i,j =0,---,5. 


i<j 
The ramified unit group P is defined with reference to an automorphism 6 
of order 2 in I’ (6 is the generator of the decomposition group of a correspond- 
ing infinite prime divisor of K). Write the abelian group I as a direct product 
of s+1 cyclic groups {as}, 
(2) T= { ao} {ax} > 4 {a}; order of a; = m,. 


A simple computation shows that this representation may be so modified that 
the given 6 lies in one of the cycles, as 


(3) = ao, Mo = 2r. 


In each coset of I modulo {1, 5} there is a representative of the form 


(4) B= a; Osa<r,0 5 & < mi, (i 0), 


with an exponent less than r for ao. 
By definition, the abelian group P is generated by elements P* subject 


(®) Dr. A. H. Clifford has pointed out to us that this product is exactly the order of the 
multiplicator M of T in Schur’s theory of collineations (see [15, 36]). Moreover, Clifford and 
MacLane in [12] have proved by more general methods that FH/TH is isomorphic to It when- 
ever I is solvable. 

(*) We omit the analogous computations for (4), since the result is given by [12]. 
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to the relations(*) 


(5) 


Any element A of P can be expressed in the form 


6) A = = = exp (x 
8 8 


(“exp” for convenience!). Since P’= P, it is convenient to define the integer 
a(y) for all y in T by the convention a(Gaj) =a(85) =a(B). Because of the first 
relation of (5), the representation (6) is not unique; the exponents a(8) may 
all be changed simultaneously to a(8)+-g, for any integer g. We call g a change 


of gauge. 
In any group extension € of P by I pick a fixed representative u;=u(a;) 


for the cosets a; of €/P~T’. Then use for any element ¥ of I the special repre- 
sentatives generated by the u,;, 


The multiplication table for these representatives is then 


(8) = Ci, = (¢<j;i,7 = 0,---, 5); 
these constants C; and D;,; from P form a normalized factor set. The multi- 
plication table for € is completed by the commutation rule 

(9) u;A = Ain; (for all A in P). 


If the original coset representatives are changed to v;=A,u;, for constants 
Ao,-::, A, in P, the constants C; and Dj; of the factor set are multiplied 


respectively by the transformation quantities 


l—ay , aj—1 


(10) NiAi, A; A; 


here N; (the “relative norm for a;”) denotes the expression 


(i<j,i,j =0,---, 5); 


(11) = (ce = m = m). 


The factor set {C;, D,;} must satisfy the associativity conditions(®) 


(12) C;" Ci, Ci = NDi;, Di; Dix 
for all i, 7, k, with Dj;= Dj‘ and D;;=1. Our problem is to count the number 


() Here and subsequently 6 denotes an index which runs over the elements (4). 
(®) The fact that these conditions are necessary and sufficient to insure associativity is 


proved by Zassenhaus [43, p. 97]. His A;,s is our Dax. 


I]P=1, P=pP. 

| 
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of non-equivalent solutions of these equations, where two solutions are called 

equivalent if their quotient is a transformation set (10). A preliminary is 
Step I. Removal of the constants C;. 


LEMMA 1. For each group extension €& of P by T there is a normalized factor 
set with C;=1, fort=1,---,5. 


Proof. If C; is written in the exponent form of (6), then 
(13) C; = exp ( > = exp ( y 
8 


According to the associativity condition (12) these two representations can 
only differ by a change of gauge g;, so (12) becomes 


(14) B) = + (all 6; i = 0,---,5). 


For a fixed i, add these equations over all 8. Since >> 9ci(az"'8) =)-sc;(8), each 
gi=0. Therefore c,(8) =c;(Baf) for every k. If B’ runs over the elements 8 of 
(4) which do not involve a; (i.e., which have e;=0), the C; of (13) becomes 


(15) C; = exp (+ pros | (i 0). 


The sum (1+a+ - - - +a”) is the exponent involved in the norm JN; of (11), 
so C;=N;(exp >-»-c;(6’)). This means that C; is a transformation quantity 
NA; for a suitable A;, so that this transformation will reduce C; to 1, q.e.d. 

For 1=0 the argument fails. Since 8 involves af only up to e=r—1, (15) 
becomes 


(16) Co= exp | + |; fan a4). 
The corresponding transformation quantity NoAo is (with a=ap) 


NoAo = Ao = Ao = Ay , 


for a’ = 5 leaves Ao fixed. The exponents in NoAo are all even, so Co of (16) 
can be brought to this form only if its exponents ¢o(8’) become even after a 
change of gauge. This proves 


Lemma 2. The constant Cy may be reduced to 1 by a transformation quantity 
if and only if its exponents co(B’) satisfy co(B’)=co(1) (mod 2) for every B’ in 
the group generated by a, - - , ds. 


Henceforth we consider only factor sets reduced, as in Lemma 1, to 


(17) C.=C,=---=C,=1, NiA, = --: = NA, = 1. 
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Step II. Construction and counting of the invariants. The essential device 
for our computation is the reduction of factor sets in P to factor sets of in- 
tegers. This is done by using the trace of each element A of the group P, 


(18) a=i#(A) = exp = >> a(8) (mod n/2), 

where »=mgm, --- m, is the order of the group I’. The change of gauge 
a(8)—a(8)+g changes the sum over n/2 terms 8 by (n/2)g, hence ¢(A) is 
uniquely determined modulo 2/2. Furthermore 


(19) (AB) = (A) +4(B), (Ar) = (A) (mod n/2). 


Therefore ¢ is an operator-homomorphism of the group P of units on the addi- 
tive group of integers modulo n/2, so t maps the given factor set { Co, Dj;} 
onto a factor set of integers 


(20) diy = Di) 


The homomorphism ¢ applied to the associativity conditions (12) yields 0 for 
every term of the form B*—', because ¢(B*) =i(B). There remain only the con- 
ditions derived from the norms in (12). The norm N,B of (11) contains m; 
exponents, so t(N;B) =m,t(B), and the associativity conditions (12) yield the 
trace conditions 


(21) md;; = 0 (mod /2), m;d;; = 0 (mod n/2). 
These must hold for all with dj; = —d;;. 


LEMMA 3. The number of integers d;; modulo n/2 which satisfy a trace con- 
dition (21) is the g.c.d. (m;, mj). 


Case 1: 0<i<j. Here (21) states that d;; is a multiple of the integers 
n/2m, and n/2m;. The smallest such multiple is the l.c.m. [”/2m,, n/2m;]; the 
the number of multiples (mod 2/2) is 


(n/2)[n/2m;, n/2m;|-' = = (mz, m)), 


according to the relation (m;, m,) m;] =m<mj. 

Case 2. i=0, n/mo=0 (mod 2). Here /2mp is an integer, so the argument 
proceeds exactly as in Case 1. 

Case 3. i=0, n/mo¥0 (mod 2). The congruence modoj= 2rd of (21) 
becomes here 2d);=0 (mod n/m). The latter modulus is odd by assumption, 
so do;=0 (mod n/m). Computations now give (m;, r) solutions do;. But the 
hypothesis (mod 2), where »/mo=m, - - - m;, means that each m,; 
must be odd. Therefore (m;, r) = (m;, 2r) = (m;, mo) is the number of solutions. 

Because this lemma gives the same total count [];<;(m;, m,) as that stated 
in our theorem, it will suffice to prove that each set of solutions d;; of the trace 
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conditions (21) is the trace belonging to one and only one group extension. 
Because a transformation quantity Dj; of (10) has trace zero, each group ex- 
tension € determines the trace d;; uniquely. It remains only to prove that each 
set of solutions d;; is the trace of some factor set and that a factor set with 
traces d;;=0 is a transformation quantity (and so belongs to the unit exten- 
sion). 

Step III. The realization of invariants by factor sets. To given d;; we wish 
to construct a factor set 


(22) Co = exp | |, Di; = exp | |. 


The integral exponents co(8) =c(8) and d;;(8) must satisfy the associativity 
conditions (12). The second condition of (12), after substitution of the expres- 
sions (22), takes on the forms (the first for i=0, the second for i#0) 


(23) go; + co(Bay') — co(8) = do(Bar), #0, all), 
k=0 


(24) gis = di(Bai), (all j ¥ i, #0), 
k=0 


where g;; represents a change of gauge. These gauges may be determined in 
terms of the traces. In (24) let 8’ run through all elements (4) not involving a;. 
By adding these »/2m; equations, one gets 


ngi;/2m; = = dis(8) = dij. 


Hence g;;=2md;;/n. A similar addition of (23) gives go;. For a fixed choice 
of gauge for Cy) and Dj; in (22) we have 


(25) = 2m.d;;/n, (all 


The trace conditions (21) assert that these constants g;; are integers. 

Since (AB) =t(A)+#(B), it will be possible to realize any allowable set 
of invariants d;; if these invariants can be realized one at a time. The cases 
4=0 and 0<i<j behave differently, as we now show by treating the typical 
cases diz. and dq. 


Lemma 4. If diz is a solution of the trace conditions (21), with i=1, j=2, 
there exists a factor set {Co, Di;} with Co=Dj;=1 for (i, j)¥*(1, 2) and with 
= dis. 

Proof. The essential associativity condition is (24) with «=1, j7=2 and 
4=2, j=1; the trace conditions insure that gi: and ga are integers. If we regard 
the exponents di2(catas) = —du(catto§) for fixed o as the terms of an m by m: 
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matrix, condition (24) requires that each column (h=0, - - - , m—1) add up 
to giz, and that each row (k=0, - - - , m:—1) add up to —ga. These two re- 
quirements are consistent because the sum of all terms by rows is —miga, by 
columns is megi2, and these two sums are equal by (25), with d= —dn. The 
requirements may be met by making the matrix ||d12 (cota) || zero except in 
the first row and column, as 


= 0, dis(oa:) = = gis (h, k 0), 
dio(o) = gia + gor + migar = gi2 + — Moga. 


For any ¢ =a$°a§? - - - af in the group generated by the remaining a’s we take 
these equations as defining the quantity Dy». They satisfy the associativity 
conditions (24), as may be seen by substitution. Furthermore this definition 
is independent of the choice of ¢, so the resulting Dy is invariant under any 
a a, and a. Therefore D7,’ =1. Every other D,; is to be 1, so the last associa- 
tivity condition connecting any three D’s as in (12) is satisfied, and the lemma 


holds. 


Lema 5. If do is a solution of the trace conditions (21) withi=0 and j=1, 
there exists a factor set { Co, Di;} with D;;=1 for (i, 7)#(0, 1) and with 
t(Du) =du. 


Proof. Much as in the proof of Lemma 3, a separate treatment is necessary 
in the case when m,=0 (mod 2) (i.e., when a; has an even order). 
Case 1. m,#0 (mod 2). If we set C)=1, the associativity conditions ((24) 
with 7=0, i=1 and (23) with j7=1) become 
m—1 Ak r—1 Ak 
k=0 h=0 
By (25) the integers gio and gm satisfy migo. = —mogio. Since mo=2r is even 
and m, is odd, go must be even and go: /2 is an integer. These equations again 
specify the row and column sums of a matrix, and may be solved exactly as 
in the previous lemma. 
Case 2. m,=0 (mod 2). We choose dip= —dm. By the trace condition on 
dm, the constants go and gio of (25) are integers, and by (25) they satisfy 
go = — Mogio. We no longer choose C)=1, but set instead 


= 


(o a, ;h=0,---,7—1;k =0,--+,m, — 1). 


(26) 


For 8 =cadoi the quantity co(Baz) —co(8) of (23) is, according to this agree- 
ment, (k — 1) go. — = — gor, provided k If k=0, it is Therefore 
(23) and (24) give the associativity conditions 
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h=0 h=0 


(28) > = — £10, (c= ). 


These requirements once more specify consistent row and column sums for a 
matrix ||do(cagat)||. A solution is given by 


(29) = 0, (kx 0); = — gu, 


where ¢ again is any element in the subgroup generated by az, -- - , a. These 
formulas provide a construction of a Dm from the given integer do. Because 
the formulas (29) do not depend on ¢, Dj, = Du for any a not a or a. For this 
reason all the associativity conditions of (12) are satisfied if the remaining D;; 
are all 1. This proves the lemma. Combination of these results proves 


LemMA 6. Any set of integral solutions d;; of the trace conditions (21) is the 
trace of some factor set { Co, Di;} , 


In Case 2 of the proof of Lemma 5 the use of the constant C)#1 is essen- 
tial (at least whenever go: #0 (mod 2)). One may show by examples that this 
is the case; the result will subsequently throw some light on the relation of 
the ramified group P to Schur’s multiplicator. 


Lemma 7. For some abelian groups T there is a factor set {Co, Di;} with 
t(Co) #0 (mod n/2). 
Proof. The expression Cy constructed in (26) has 


t(Co) = (m/2)(my + 1)g01/2. 


This will satisfy ¢(C)) =0 (mod 2/2) only if m is odd or go: is even. Sometimes 
neither will be the case, as for instance when I’ = {a} X {o1} with a» of order 
2, a, of order 6. Then m,=6=0 (mod 2), m=12, and the constant do =3 satis- 
fies the trace condition. It gives gu =1 by (25). Hence ¢(Co) = 6(7/2) =2140 
(mod 6). Since #(Co) cannot be altered, mod 2, by the insertion of any trans- 
formation quantities (10), the factor set so constructed cannot be equivalent 
to any factor set with C)=1. 


Step IV. The reduction of factor sets with zero traces. 
Lema 8. If a factor set {Co, Di;} has traces 1(D;;)=d;;=0 (mod n/2), 
then Cy may be reduced to 1 by a suitable transformation set 


Proof. By suitable choice of gauge in (22), all d;; are zero identically. Then 
go;=0 by (25), so the associativity condition (23) makes co(Baj"') —co(8) =0 
(mod 2). By applying this repeatedly for all j=1,---, s, one proves 
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co(B’) =co(1) (mod 2) for every 8’ in the group generated by a, ---, a. 
According to Lemma 2, Cy may then be reduced to 1. 

After this reduction the associativity conditions (12) satisfied by any one 
constant D;; have the form 


(30) = 1, N;Di; = 1, t(Di;) =0 (mod n/2). 


The essential step is the demonstration that each D which satisfies conditions 
of this form may be removed by an appropriately chosen transformation 
quantity. This is essentially accomplished by a lemma related closely to a 
lemma of Clifford’s [12]. 


Lemma 9. If an element D in the unit group P satisfies conditions t(D) =0 
(mod 2/2) and N,;D =1, there exists in P an element A such that D=A'-*, where 
a=a;. The quantity A may be so constructed that, for every j7#1, N;D=1 implies 
N;A =1 and D=D+i implies A 


Proof. Write D=exp (> sd(8)8). The hypothesis (D)=0 means that 
d=) ,d(8)=0 (mod n/2). By a suitable choice of gauge for D we may ac- 
tually get d=0. The hypothesis V;D=1 may now be expressed in terms of 
the exponents d(8) exactly as in (23) and (24). Because the trace d is zero, 
the gauges g;;, computed as in (25), are also zero, so the condition N;D =1 be- 
comes 


(31) d(6a;) = 0 — 1). 
h 
We seek an A=exp {}°sa(8)8} to satisfy the equation A'-*=D, where 
a=a;. In terms of the exponents a(8) this equation is 
(32) a(8) — a(Ba-') = d(8) +g (gaconstant for all 8). 


To solve this explicitly, write 8=ra* in such wise that r involves only the 
generators a;#a, and try 


(33) a(ra*) = d(ra*), (e = 0,1,---,m; — 1, if i #0). 


If e=m;,, then ra* =7 and this equation is still valid in virtue of the hypothesis 
(31). Therefore (33) holds for every integer e=0. By substitution we then find 
that this proposed A does satisfy the required condition (32), with a gauge 
g=0. 

The case a =a may be treated by a minor modification of this argument. 
For a solution A we need define the exponent a(ra*) only in the range 
e=0,---, 7-1, where r=m,/2. Again we adopt (33) as the definition in 
this range. Since the original exponents d satisfy d(Ga’) =d(8), the hypothesis 
(31) may now be written 2>> nd (Bad) =0, where h runs from 0 to r—1. There- 
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fore (33) again holds for all integers e outside the original range of definition, 
and we have constructed A to satisfy a(@a") =a(8), as desired. 

The construction (33) gives an element A with the added properties as- 
serted in the lemma. Because ‘(D)=0, an added hypothesis NjD =1 would 
again mean 


(34) = 0, my — 1). 


On the other hand, N,A is by definition 


h’ 


Set 8 =rTa*, and compute each exponent, by (33), as 
kh kh 
a(ra aj) = d(ra aj) = d(ra aj). 
h h=0 k=O 


This sum is 0, by the hypothesis (34); hence N;A =1. 

Suppose next that D =D. Exactly as in the argument in (14), this means 
that the exponents satisfy d(8) =d(@a;). With the definition (33) one then has 
also a(8) =a(8a;), hence A = A%, q.e.d. 

By this lemma, any individual D;; may be reduced. For example 
NoDu=NiDu=1 by the associativity conditions (30), so there must exist 
an Ao with A}-™"=Dpo, and NoA,=1. According to the formulas (10) for trans- 
formation quantities, a change v9 = Agu in the coset representation will then 
replace Dm by 1 without disturbing the normalization C)=1 already achieved 
in Lemma 8. This process continues as in 


Lemma 10, If 1Sk<s, every factor set {C;, Diz} with traces t(D;;)=0 is 
similar to a factor set with C;=1 for all i and D;;=1 for all i and j which satisfy 
0si1<jsk. 


Proof. The above reduction of Do takes care of the case k=1. Assume by 
induction that the lemma is true for k—1, and by a second induction that 
Du=--- =Dj1%=1 (the case j7=0 will be included in the induction argu- 
ment). For the next constant Dx use at long last the third associativity con- 
dition of (12), which enforces a relation between three constants D. For each 
i<j the constants D;; and D,;=Dg' have already been made equal to 1, so 
this third condition becomes D§~*=1 for a=ao, - - - , a;-1. The other condi- 
tions on Dy are N;Dx=Ni,Dx=1. By Lemma 9 there exists an A; with 

Make the corresponding change »,=Aj'«, in the coset representatives (7). 
According to the list of transformation quantities (10), this change reduces 
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Dy to 1 and modifies each of C, and Dx for i=0, - - - , 7—1 by 1. In other 
words, the new reduction Dg =1 is accomplished without disturbance of the 
results of previous reductions. This completes the induction, and proves 


Lemma 11. Every factor set with traces zero is similar to 1. 


With this lemma the proof of Theorem 1 of this section is complete. Our 
argument has actually shown that the group of classes of factor sets is iso- 
morphic to the additive group of traces d;;. Each trace by itself gives a cyclic 
group of order (m;, m;), hence 


THEOREM 22.2. The group FP/TP of group extensions of P by an abelian 
group T is the direct product of cyclic groups of orders (m;, m;), for allO Si<jSs. 


For an unramified unit group H exactly the same two theorems are true; 
they have been established by more general arguments than ours in Clifford 
[12]. It is proved there that FH/TH is isomorphic to the multiplicator M 
of T' in an algebraically closed field of characteristic ©. This multiplicator 
can be represented by factor sets of mth roots of unity or, equally well, of 
integers modulo n, but the resulting factor sets of integers can always be 
normalized so that the constants for c;= uj are all 0. In the unramified case, 
the trace maps the group FH/TH isomorphically on this representation of 
the multiplicator M, as is proved by Clifford. In the ramified case the group 
FP/TP is still isomorphic to the multiplicator, in virtue of Theorem 22.2; 
however, the trace #(A) no longer provides an isomorphic map of FP/TP 
on I. This curious anomaly is a consequence of Lemma 7 above, which as- 
serts that for the ramified case the constant C, cannot always be reduced to 1, 
although it can be so reduced in the case of the multiplicator. 

23. Crossed characters for abstract unit groups. The index J(E*) for the 
Herbrand unit group E* has as numerator [UE*:E*'-*], the number of 
classes of crossed characters (see §7) of Tin E*. Since E* is a direct product 
(see the end of §17), this index can be written as a product 


(1) [UE*:E**"] = II [Vere] II 


The first r factors in (1) involve the number of classes of crossed characters 
of T' in an infinite cyclic group €; generated by one of the r chosen independent 
units ¢; of e(\E*. Since the elements of ¢ are invariant under the operators 
of I’, it results that these crossed characters are all ordinary characters. But 
I is a finite group, hence it has no non-trivial ordinary characters in an infinite 
cyclic group. The first product in (1) is therefore 1. 

The second product in (1) involves both ramified and unramified unit 
groups H;. Consider for the moment a ramified group P, associated with an 
automorphism 6 of order 2, which generates the corresponding decomposition 
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group. As in definition (10) of §17, the group P then has 2/2 generators P”, 
where o; are representatives of the left cosets of ! modulo {1, 6}. An element 
A of the group P can be represented (but not uniquely!) in the form 


(2) A = .. Pentn, m = n/2. 


We again associate with A the “trace” as an essential invariant(*’), 


(3) 


Since the representation (2) of A can be altered only by using the relation 
1=P..-- P=, the function ¢(A) is uniquely determined by A, modulo m. 
Furthermore 


(AB) = #(A) + (mod m), 

t(A*) = (mod m), 
Given a crossed character U(c) of T' in this group P, we define 
(5) = t[U(o)], allo in I. 
The definition of a crossed character (§7) implies at once that this function 
is an (ordinary) character of [ in the group of integers modulo m, with 
(6) x(or) = x(¢) + x(r) (mod m). 


We say that a crossed character UP lies in the principal genus GP if and only 
if the corresponding function x is the identity, so that the principal genus 
consists of all functions G(¢) on T' to P with the properties 


(*23.1) G(or) =G(c) [G(r) ]*, (G,) =0 (mod m). 


By using the homomorphism which carries each crossed character U into the 
character x of (5), we shall prove 


(4) 


THEOREM 23.1. For a ramified abstract unit group P whose decomposition 
group is generated by 5 (5 =1) the number of classes of crossed characters is given 
by 
(7) [UP:P!~] = 5} ], 


where the first index measures the number of classes of crossed characters in the 
principal genus, while the second factor is the index in T of the subgroup gen- 
erated by 5 and the commutator group T’. 


Proof. The index [f':{I'’, 5}] is simply the number of (ordinary) char- 
acters of the abelian factor group I'/{I’, 6}. The homomorphism principle 
of §9 applied to the map Ux will therefore yield the conclusion (7) directly, 


(®) The character group of P in the group of real numbers modulo 1 is a cyclic group gen- 
erated by x(A) =t(A)/m. This is the reason for the importance of ¢. 
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once we prove that the characters x obtained by this homomorphism are in- 
deed the characters of ['/ { IT’, 6 } . To achieve this goal we prove two lemmas, 
from which the desired description of the x will follow immediately. 


LemMA 1. For any o in {T’, 5}, x(c) =0 (mod m). 


Proof. This lemma asserts that x can be considered as a character defined 
for the cosets of the factor group I'/ { -. 5}. First observe that (6) shows 
that x(¢) =0 (mod m) whenever ¢ is a commutator in I’. It remains only to 
prove x(5)=0 (mod m). By the definition (5), x(5) =t[U(8)]. As in (2), we 
use for U(6) the notation 


(8) = Il x(6) = d; (mod m). 
t=—1 


t=1 


For a crossed character, U, U7 = U,,, by definition. With o=r=1 and o=r=6 
this gives the conclusions 


(9) U(1) = 1, [U(5) ]*** = U(6?) = 1. 


We proceed to express the second of these conditions in terms of the expo- 
nents d; entering into the value x(4) of (8). For 


II = II — I 


where o; (j=j;) is the representative belonging to the left coset o;{1, 5} in 
which the product de; lies. The correspondence i«+j;=j is an involution, so 


and 
[U(6) = II paw TT = II 


where s;=d;+d,;. This product is 1 by (9), and this must be a consequence 
of the basic relation | [%,P**=1 for our abstract ramified unit group P. There 


is therefore an integer g such that 
(10) d; +d; =g, t= 1,2,--+,m,j = ji. 


If i=1 belongs to the coset of 1, 7; is also 1. Consequently g=di+d: = 2d; is 
even. If i runs over all integers from 1 to m, so does j;. Adding (10) over all i, 


we get 
23) d; = gm, > d; = (g/2)m = 0 (mod m). 
t=1 


According to the formula (8) for x(6), this yields x(5)=0 (mod m), as re- 
quired for the lemma. 
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LemMA 2. Any character x of T/{T’, 5} can be realized as a trace (5) of 
some crossed character UP. 


Proof. We observe first that 5 has order 2, whence { rs 5} has even order 
and I'/{I’, 5} has as order a divisor of m=n/2. This means that any one of 
the [[': {I’, 5}] characters of the abelian quotient group I'/{I'’, 6} can in 
fact be expressed as a homomorphic mapping o—> x(c) of I on the integers 
modulo m. As is well known, the representation of the abelian group I'/{T’, 5} 
as a direct product of cyclic groups makes it possible to write any character of 
T'/{I’, 5} as a product of characters, each of which is defined on a cyclic 
quotient group of I’. To consider such a sample quotient group, let 2D {I’, 5} 
be a subgroup of I such that I'/@ is cyclic of order h, and let a be a representa- 
tive of some coset of !'/Q2 which generates this cyclic group. Then any o in T 
can be written as 


(11) o = aia; i=0,1,---,4—1; winQ, ind. 


To realize all possible characters x of I by crossed characters it will thus 
suffice to realize any character of the form 


x(a) = m/h (mod m), 


(12) 
x(w) = 0 (mod m), all w in Q 7 


Let 2 be decomposed modulo {1, 5} into m/h left cosets, 2=>> w;{ 1, 5}, 
with representatives w;. Define next an element C in P by the equations 


(13) C = J] j =1,2,---,m/h. 


This element C has the properties 
«(C) = m/h (mod m), 


4 
(14) C* =C, for w in Q. 


In terms of this element C we propose to define for every group element ¢, 
given as in (11), a value 


(15) U(atw) = = 
- of a crossed character U(c). This definition is given only fori=0,---,h—1, 
but the formula holds good for all values of 7, because a" lies in 2 and because 
the definition of C implies that Cite+---+e"*=1. With the formula (15), so 
generalized, a straightforward computation then shows that the function U(c) 
is a crossed character. By (14) and (15) | 

x(a) = t[U(a)] = «(C) = m/h (mod m), 

x(w) = «(C*) = 0 (mod m). 
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Therefore this crossed character does realize the sample character x given in 
(12). This completes the proof of Lemma 2 and with it, of Theorem 23.1. 

It remains to consider the unramified abstract unit groups H. In such a 
group an arbitrary element A =] [.H*‘* again has a trace, given by 


(16) #(A) = > a(c) (mod 2). 


The principal genus consists of those functions G on I’ to H which satisfy 


(*23.2) G(er) =G(c) (G(r) ]*, t[G(¢) ] =0 (mod n). 


The subsequent argument proceeds as in the ramified case, with appropriate 
simplifications. The result is 


THEOREM 23.2. For an unramified abstract unit group H the number of 
classes of crossed characters of T in H is 


(17) [UH:H'~] = 
where GH is the principal genus, I’ the commutator group. 


In many cases this approach will actually yield explicit answers. For a 
solvable group I, A. H. Clifford has shown [12] that the anne genus index 
in the unramified case is 1, 


(18) |GH:H'~] = 1. 


The authors have extended Clifford’s proof to the ramified case, for T abelian. 

These results can be combined to give the number of crossed characters 
for the whole Herbrand unit group E*. For the ramified cases this will involve 
the index {I'’, 5} which will have the value or accord- 
ing as the automorphism 6 of order 2 does or does not lie in the commutator 
group I’. Now 6 was introduced as a generator of the decomposition group 
of a factor P., of one of the ramified infinite prime divisors p.. of K/k. The field 
of elements left invariant. by 4 is then the largest subfield of K in which p, 
is unramified. Consequently the statement that 6 lies in I’ is equivalent to the 
statement that p.. is unramified in the field K’ corresponding to I’. Only in 
this case is the index [T': {T’, 5} ] equal to [[':T’’]. All told, the r:—p: ramified 
unit groups P; contribute to the crossed character formula (1) a term 
2-*’, where 

(*23.3) p’=the number of infinite prime divisors of k which are ramified 
in K’. 
The combination of Theorems 23.1 and 23.2 yields 


THEOREM 23.3. The number of classes of crossed characters for any Herbrand 
unit group E* is 
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(19) = (GP: P~], 


where H is an abstract unramified unit group, and where the last product is taken 
over all the unit groups P=P, belonging to the ramified prime divisors p., of 
K/k, while GH, GP refer to the principal genus defined in (*23.1), (*23.2). 


CHAPTER IV. THE FINAL FORMULA 


24. The composite result. The unit index J(Z) has now been evaluated 
in terms of the correction factor ¢ = J(Z)/J(E*) and in the explicit computa- 
tions of Theorems 23.3 and 22.1. If these results are put in the formula (15) 
of §16, we obtain 


THEOREM 24.1. For any normal extension K/k and any module M which 


involves all prime divisors p of k ramified in K/k, the least common multiple 
J=J(T) of the orders of the elements of the Galois group T can be expressed as 


(1) J = n*n 


where J(X*) =[UM?: depends only on the structure of the 
class group U*, while J(E) depends only on the structure of the group of units 
in K, by 


(2) 
TI { [FP:: }. 

Alternately, J(E) may be expressed by the formula of Theorem 20.1. All the in- 
dices appearing in these formulas are finite. 

We pause to identify the various invariants which appear in these formu- 
las. In J, n* is an integer which is a divisor of m and a multiple of J(T), as 
given explicitly by formula (*13.4); 


=the commutator group of 


p’=the number of infinite prime divisors in k ramified in the com- 
mutator subfield K’ of K; 

a* =the groups of ideal classes in K; 
A'(&’) =the groups of numbers (ideals) in K which are relatively prime 
to M. 


The class group enters in the numerator only in terms of [F%*: TU*], the num- 
ber of extensions of &* by I’, in the denominator only in terms of [UW*: A*-<], 
the number of classes of crossed characters (see §7) of &*. The groups A’, %’ 


367 
po 
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occur only in connection with the deficiency invariants which were defined 
in §15. 

In the unit index (2) the correction factor J/(Z)J(E*)—!=@ is the quantity. 
considered in §19. It need not be 1, as it would be in the cyclic case. It depends 
on the position of the Herbrand unit group £* within the whole group E of 
units in K. 


p=the number of infinite prime divisors p of k ramified in K; 


pit+?r.=the number of infinite prime divisors p of k which are unramified 
in K; 
H=the abstract unramified unit group for T; 


P;=the abstract ramified unit groups belonging to 6;: the generator 
of a decomposition group for the ith ramified infinite prime 
divisor of k. 


It should be noted that the group H, as described in §17, depends only on 
the Galois group [ of K/k and not on the further structure of K/k, while 
the various groups P; depend only on I and the position in TI of the auto- 
morphisms 6;. Each 6; may be described as an automorphism in I of order 2, 
such that the corresponding ramified infinite prime divisor p..,; of k has a fac- 
tor P; which is unramified in the subfield of K left invariant by 4;. 

The groups H enter into the formula (2) in two fashions: 


(a) through the number [FH: TH] of extensions of I! by H, and 
(b) through the number [GH:H*~*] of classes of crossed characters in the 
“principal genus” of crossed characters, defined by (*23.2). 


These quantities are explicitly computed in the case of abelian groups, as 
stated in §§22 and 23. Furthermore [ =I’ in these cases. 


THEOREM 24.2. If the Galois group T of K/k is an abelian group, the direct 
product of t cyclic groups of the respective orders m;, then the least common multi- 
ple J - - , mJ is 


<i 
where r+1 is the number of infinite prime divisors of k. 


The quantities which appear in our formulas (1) and (2) are all invariants 
of the extension K/k. This follows at once 1rom the definition of the quanti- 
ties, except for the quotient ¢ = J(Z)J(E*)— and the deficiency invariants w, 
which apparently depend on the module M. That the deficiency invariants w 
are in fact independent of M, if M has the properties of Theorem 24.1, was 
shown in §16. Since all the other indices in the formulas (1) and (2) are then 
invariants of the field K/k, it follows that the correction factor ¢ is an invari- 
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ant, too. In other words, ¢ is independent of the particular way in which the 
Herbrand unit group is chosen. 

The invariants of K/k which we have connected here are, roughly speak- 
ing, of four types: well recognized invariants, such as I’’, p:, p’, m* (in essence) ; 
invariants depending on the number of certain group extensions of groups be- 
longing to K/k; invariants having to do with crossed characters; the invariant 
¢ depending upon the explicit structure of Z. In particular, all these invari- 
ants can be defined without reference to the auxiliary notion of factor set, 
except in the case of the invariant ¢. 

One may also specialize the composite formula to the cyclic case. The in- 
variant n* is a divisor of the order and also a multiple of the order n, so that 
n* =n. The correction factor ¢ is 1 according to Theorem 19.1. The order of 
the multiplicator []:<;(m, is always 1. 


THEOREM 24.3. If Z/k is a cyclic extension of k with the class group A* 
then the number [FU*: TA*] of group extensions of this class group by the GaloiS 
group is related to the number of crossed characters of the Galois group in A* by 
the equation 
(4) w(M’, (A’)) = w(A’, E) TUF]. 


If the cyclic field and all its subfields have class number 1, all the terms in the 
equation (4) turn out to be 1. 


25. Examples. As an illustration and check of our composite formula we 
consider in this section some examples of biquadratic fields. We take biquad- 
ratic fields over the field of all rational numbers which have, with all their 
quadratic subfields, the class number 1. 

The field K = R(7/?, i), with i=(—1)?, is the join of two quadratic fields, 
R(t) and R(7"/?), each of which is known(®) to have class number 1. By 
Hilbert’s form of a theorem of Dirichlet [27, p. 51] the class number of K 
is a factor of the product of the class numbers of R(i) and R(7"/?). Hence in K 
every ideal is principal. The same is true for the third quadratic subfield 
R((—7)*/*) of K. The terms involving the deficiency w and the terms involv- 
ing ideal classes %* in the final formula for the abelian case are there all 1, 
hence formula (3) of §24 becomes 


(1) J = | TI (ms, | 


i<j 


The Galois group of K/R is the four group, so the least common multiple J 
of the orders of the group elements is 2. The order [ ]:<;(m;, m,) of the multi- 
plicator turns out to be 2. The quantity m* can be computed, as in §13, in 
terms of the ramification orders of the various rational primes in K. The three 


() See the list of quadratic fields in the back of [35]. 
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quadratic subfields R(7'/?), R(t), R((—7)*/*) have respectively the discrimi- 
nants 7-2?, —4, and 7. It follows then that the only ramified prime divisors 
for K/R are 2, 7, and p., the infinite prime divisor of R. The ramification 
orders are ¢:=¢;=¢,.=2. All the ramification orders are thus divisors of the 
index J, so that, according to Theorem 13.2, n*=n=4. 

Finally, the correction factor J(Z)J(E*)—' may be found directly, by the 
normalization method of §19, if one first computes the group E of units in K. 
In the field R(7'?) the basic unit is p=8+3(7/?). By a computation resem- 
bling that in Lemma 3 of §19 one finally discovers that p is the relative norm of 
a unit 7»=(3+7"?)(1+72)2-! in the field K. One then shows that every unit 
in. K has the form i*n’. In the Galois group of K/k let 8, y, and 6 denote re- 
spectively the automorphisms which leave fixed the subfield R(¢), R(7/?), and 
R((—7)/?). The generating units i and 7 then behave under the various auto- 
morphisms as follows: 

= i, = = 7, 


As an Herbrand subgroup one may choose the group generated by the unit 
P =i*»?, which has the appropriate behaviour, P*’= P, P’+7=1, relative to the 
generator 8 of the decomposition group { S, B} belonging to the only infinite 
prime divisor of R. The correction factor then involves the groups D and D* 


defined in Lemma 2 of §19. One finds that D is the group punciex by i and 
n?, while D* = E*. Therefore 


J(E)J(E*)-! = |E: = 8(4.2)-! = 1. 


These values, substituted in (1), give an identity. 

A similar check has been carried out for the field R(2'/?, 7). The ramifica- 
tions are ¢,=2, ¢:=4, consequently n*=2. The class numbers for this field 
and its quadratic subfields are again all 1, so that (1) holds. The group of 
units E is generated by a primitive 8th root of unity X\=(1+7)(2"*)-! and 
by p=1+2"/*. The unit p* may serve as generator of the Herbrand subgroup 
E*. One finds D* = E*, while D is generated by i and p?, whence the correction 
factor J(E)J(E*)~ is 2. This again checks equation (1). 

Another biquadratic field with class number 1 and with quadratic sub- 
fields of class number 1 is R(3'/?, 7). The equation (1) again holds, this time 
with n*=4, E= {h, Xa primitive 12th root 
of unity, and 


CHAPTER V. GENERALIZATION OF THE CLASSICAL SYMBOLS 


26. A conductor for factor sets. One can construct an analogue to the con- 
ductor of the classical theory if one recalls that the conductor of a cyclic field 
Z/k can be defined in terms of the local conductors (see [37]). For a local 


' 
i 
5 
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cyclic extension Zp/k, the conductor c(Zp/k,) = p* is defined as the smallest 
power of p such that a=1 (mod p*) implies that a is a norm. 

We first prove the existence of a power of P which will have the analogous 
property for factor sets. Consider a normal extension K p/k, of degree m,=m 
with Galois group A(P) =A. Denote by Ap=A the multiplicative group of the 
field Kp. Let A;,, denote the components of the factor sets in FA, while 7A 
are the analogous transformation quantities(**). 


THEOREM 26.1. For any normal extension Kp/k, there is a non-negative 
power P* of the prime divisor P of Kp such that every factor set FA with com- 
ponents F;,,=1 (mod P*) is a transformation set; in other words, 


(1) F;,, = 1 (mod P") implies F;,, = TB; for suitable B; in A. 


Proof. Consider first the case where P is a finite prime divisor, so that (1) 
is an ordinary congruence modulo the ideal P*. As in the cyclic case, we may 
then furnish a proof by using the P-adic logarithm, log A, and the correspond- 
ing exponential, exp [(log A)/m]. The exponent 4 may be chosen so large 
that these expressions are uniquely defined(®) whenever A =1 (mod P"). 
Each such A then has in Kp a unique mth root, B=exp [(log A)/m]. For 
any factor set F;,, of (1) there will thus be a set of mth roots 


(2) B;,, = exp [(log F;,,)/m]. 


The associativity conditions for this set can then be derived from the condi- 
tions for F;,, by elementary properties of exponent and logarithm. Conse- 
quently F;,,= Bz, is the mth power of a factor set, so it is a transformation 
set(*') by Lemma 1 of §1. 

It remains to establish (1) in the case when P is an infinite prime divisor. 
To insure the validity of the theorem in this case, we must use a new conven- 
tion as to congruences modulo such a divisor. An infinite prime divisor p., of k 
is in effect an isomorphic map ¥,(a) =a’ of k in a subfield k’ of the field of all 
complex numbers; The valuation belonging to p. is the valuation ||a|| =|a’| 
induced on & by the natural valuation of k’. If p,, is real(®), then 


(3) a = 1 (mod 9.) if and only if ¥,(a) > 0. 


On the other hand, if p,, is complex(*), we define 


(8) We omit the subscripts P. Of course, all terms are defined with respect to P. 

(®) According to [23, p. 149], it suffices to take h2 [s/(po—1)]+1++#, where pp is the ra- 
tional belonging to p and where Vp(p)) =s, Vp(m) =¢ in the P-adic valuation Vp of Kp, normal- 
ized by Vp(P) =1. Logarithm and exponential are also defined by Chevalley [10]. 

(*) This proof is a slight variant of the one given by Tannaka [38, Theorem 2]. We do not 
follow his exposition because in his conductor in the large he has omitted the (essential) infinite 
prime divisors. 

(®) In other words, if k’ consists of real numbers. 

(®) In other words, if k’ contains complex numbers. 
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(4) a = 1 (mod p..) if and only if a ¥ 0, 
(5) a = 1 (mod p.) if and only if ¥,(a) is real and positive. 


A congruence modulo p*,, h>2, is to have the same meaning as the same con- 
gruence for p%,. This congruence (5) is an acceptable definition, because the 
elements =1 (mod 2.) do form a multiplicative subgroup of the group of all 
nonzero elements of k. 

These conventions differ at (5) from the usual ones (see [20, 22]). Our 
reasons for the adoption of such a definition are: first, we need a congruence 
modulo p%, which is not trivially true for all a#0; secondly, the convention (5) 
agrees with the convention as to the ramifications. For, let k., be the field of 
real numbers, K,, the field of complex numbers. Then the prime divisor p,,(*) 
of k,, is ramified in K,, with p,. = P%,, according to the usual convention. The 
possible congruences then agree for any a in k,: 


(6) a = 1 (mod p.) if and only if a = 1 (mod P..). 


In other words, the formal decomposition »,,.=P2, may be actually substi- 
tuted in congruences. This possibility of substitution may be readily extended 
to the decomposition of any p,, in a normal extension K/k, which would not 
be possible with the conventions of Hasse. 

The infinite case of Theorem 26.1 is embodied in the following: 


THEOREM 26.2. Let A,,, be a factor set of complex numbers belonging to the 
(cyclic) Galois group of the field K., of complex numbers over the field k., of real 
numbers. Then A,,,=1 (mod P?,) implies that A.,, is a transformation set from 
K.., provided this congruence is interpreted as in (5). 


Proof. The proof will depend on the analysis of the algebra determined by 
A,,, as a quaternion algebra. The Galois group A of K../k.. is a cyclic group 
of two elements {1, c } . Consequently the crossed product (K../k., A, Ac,+) 
has a cyclic generation (K../k., £, @) where the constant a in the normalized 
generation may be computed as a=A;,;A;;. The condition A;,,;=A1,;=1 
(mod P2,) means that a is real and positive, hence a norm in K,,/k.. The 
algebra is therefore a total matric algebra, as asserted in Theorem 26.2. 

The local conductor Cp(K/k) for any P of K may be defined as the least 
power P*, with 420, for which the conclusion (1) of Theorem 26.1 will hold 
for the corresponding local extension. The conjugate prime divisors P* of P 
determine equivalent extensions, thus 


(7) [Cp(K/k) = Cpe(K/k). 


The characteristic property of these local conductors can be stated “in the 
large” as follows: 


(“) That is to say, the natural valuation. 
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THEOREM 26.3. Let F, G be two factor sets for T in K, such that at every 
prime divisor p of k one has for at least one factor P of p the multiplicative con- 
gruences 


(8) F;,, = (mod Cp(K/k)); in A(P). 
Then one can conclude F~G;; that is, that there is a transformation set TA with 
F =GTA. 


Proof. The hypothesis, as a multiplicative congruence, means that the 
quotient factor set FG-' satisfies the conditions (FG-')=1 (mod Cp(K/k)), 
for all P. According to formula (7) of §2 this factor set (FG-");,, is exactly 
one giving the local component (K, I’, FG"), of the algebra determined by 
FG-'. The congruences (1) therefore just suffice to insure that every local 
component is similar to one, which in turn implies FG-!~1 in the large, by 
the fundamental theorem for algebras over algebraic number fields! 

As a matter of fact, the congruences (8) in this theorem need only be as- 
sumed for a finite number of prime divisors P. 


THEOREM 26.4. The local conductor Cp(K/k) is 1 if and only if P is un- 
ramified in K/k. 


Proof. This conclusion is trivial for an infinite prime divisor P. For a finite 
P we recall the convention ([20, 23]) 


(9) A = 1 (mod P®) if and only if A is relatively prime to P. 


Suppose first that P is unramified in K/k. Then the requirement F;,,=1 
(mod P*) means that F;,, is relatively prime to P. But by Theorem 12.1 a 
factor set of P-adic units is always similar to 1 for an unramified local exten- 
sion. Hence P* is the local conductor. Conversely, suppose that the power P® 
functions as the local conductor. This means that every factor set of units is 
similar to 1. According to Theorem 12.1 the factor sets of local units yield a 
group of algebras with order equal to the ramification order e,. Therefore they 
can all be similar to 1 only if e,=1. 

This theorem suggests that we introduce as the conductor for factor sets 
of K/k the finite divisor 


(10) C(K/k) = [[ Ce(K/k). 
P 


This conductor need not agree with the ordinary conductor for abelian (non- 
cyclic) fields. We remark that our principal class (see §6) T&’(F’’) contains 
the “ray” modulo C(K/k). This is a strict generalization of the classical re- 
sults, provided we take for the module M a multiple of C(K/k). 

Theorem 12.1 can also be used to obtain a somewhat closer estimate of 
the size of the conductor. According to this theorem, the eth power of any 
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factor set of local units is similar to 1. To make F~1 we may then, as in (2), 
represent F as the eth power of a set: B;,, = exp [(logFr,,)/ep]; £, A(P). 
The original congruence F;,,=1 (mod P*) must then have a module h/ so 
chosen as to make the exponential and logarithmic series converge. Let Vp be 
the P-adic valuation of K, and assume 


= 17, Vrlpo) =s, 
Po the rational prime which is divisible by P. 


Then, if h>s/(po—1), log F converges and has P-adic order h. The exponen- 
tial function has as argument a quantity (log F)/e, of P-adic order h—r. To 
insure the convergence of the exponential series this must again exceed (see 
[23, p. 149]) s/(po—1). Therefore h>r+s/(po—1) suffices. 


THEOREM 26.5. If a finite prime divisor P is ramified in K/k in such a 
fashion that P* is the highest power dividing the ramification order e,, while P* 
is the highest power dividing the rational prime po, then the local conductor 
Cp(K/k) is a divisor of P*, where h=r+1+[s/(po—1)]. 


CoroOLiarY. If a finite prime divisor P has no higher ramifications in a nor- 
mal extension K/R of the field of rational numbers, and if P is ramified in K/R 
and relatively prime to 2, then the local conductor Cp(K/k) is P. 


In the case of a cyclic extension the factor sets can be normalized to single 
quantities. It follows that the conductor for factor sets is identical with the 
ordinary conductor(®). 

27. A generalized norm residue symbol. The investigations of Chevalley 
and Hasse [9, 11, 21, 22] showed that the norm residue symbols ((a, Z)/p) 
for a cyclic field Z/k can be defined purely locally, in terms of the invariants 
of the corresponding algebra (Z, A, a). In a similar fashion, crossed products 
may be used to define a generalized “norm residue” symbol for a factor set F 
of a normal extension(“) K/k. Unlike the classical symbol, this new symbol 
is not an element of the Galois group I of K/k, but its formal properties are 
similar to the ordinary ones (see [20, Part II]). 

Let F be a factor set for K/k, p a prime divisor of k, and define 


(*27.1) (K/k, F; p)=exp (up/m) 
where 
= uy(K/k, r, F) u(K/k, r, F), (mod n) 


is the additive invariant, mod n, of the algebra determined by F. Immediately 
one establishes the following properties of this symbol: 


(*) [37, Theorem 3]. Here also other inequalities for the conductor are given. 
(*) The introduction of such a general symbol is originally a suggestion due to Hasse. 
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(1) (K, Fi; p)(K, F3; p) (K, FiF3; ?), 
(2) (K, F; = (K, 9), 
(3) (K, TA; p) = 1. 


Hence the norm residue symbol maps the group FA/TA of similarity classes 
of factor sets homomorphically in the cyclic group of mth roots of unity. 

To further analyze (3), recall that the p-component of a crossed product 
(see §2, (7)) is (K, T, F)p~(Kp, A(P), FO\A) where FA is the factor set 
consisting of those elements F;,, of F whose indices ¢, 7 lie in the decomposi- 
tion group A=A(P) of a fixed factor P of p. Hence 


(4) (K,F; p) = 1 if and only if F\A~ 1. 
In terms of the local conductor Cp, this may be written as 
(5) (K,F; p) =1 if and only if (F (\ A)(TAp)— = 1 (mod Cp) 


for a suitable transformation set(*’) TAp. In terms of multiplicative con- 
gruences (see [10, 20, 23]), this last congruence can be written as 
F;,,=(Ap);(Ap)§(Ap);,' (mod Cp). This result specifies the sense in which our 
symbol is a “norm residue” symbol. Thus we have proved 


THEOREM 27.1. The symbol (K, F; p) depends only on the (multiplicative) 
residue classes of the elements F;,, modulo the conductor Cp, where §, n run over 
the elements in the decomposition group of some prime factor P of p in K. 


THEOREM 27.2. If (K, F; p)=1 for every factor set F, then p is totally de- 
composed in K; that is, p has in K n distinct prime factors p= P,P, --- Py. 


Proof. If P is not totally decomposed in K, then each factor P of p has a 
decomposition group A(P) of order [Kp:k,]=m, greater than 1. If / is any 
rational prime factor of the degree m,, there must then be a local algebra S, 
which has the invariant u(S,) =/1#0 (mod m). By Theorem 14.1 the algebra 
S, is the component of an algebra S in the large. Any factor set F for such an 
algebra S would have (K, F; p) #1, counter to the assumption of the theorem. 
The sum relation (*) for the invariants of an algebra implies a product formula 
for the norm residue symbol 


(6) II (K, F; = 1. 


The question of the existence of a factor set F with certain given values for 
(K, F; p) is identical with the question (see §§13—14) of the existence of actual 
algebras S with specified local components. 

Consider next a normal subfield L/k of K, belonging to the subgroup A 


(*7) The associated vector (Ap); has components in Kp for ¢ in A. 
(**) As stated in the proof of Theorem 6.1. 
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of I’. Let Fa=F’ be a factor set belonging to L/k. A formula of the theory of 
algebras (see [13, p. 63]) expresses the crossed product given by F’ as a 
crossed product for K/k by the relation 


(7) (L/k, T/A, F’) ~ (K/k, T, FUT), 
where F’UT is the factor set obtained by extension of F’ with I, as in 


(8) F’ur where = = Fiz 


for ¢, 7 in I'/A and @, 7 arbitrary representatives of the cosets ¢, 7. The fac- 
tor set F’UT is “A-symmetric.” In general, a factor set F,,, is called A-sym- 
metric if the components F,,, depend only on the position of ¢ and 7 in the 
cosets of 

Since similar algebras have the same invariants, (8) yields 


(9) (L /k, F’; p) = (K/k, UT; 9). 


This rule determines (K, F; p) only for those factor sets F which are similar 
to A-symmetric factor sets(®). Rule (9) is the analogue of the simple rule 
“((a, K)/p) induces ((a, L)/p)” of the classical theory. 

Consider next an arbitrary finite extension L of the base field k, which 
“translates” the extension K/k to the extension KL/L. The Galois group of 
the join KL/L is isomorphic to that subgroup A of I which leaves fixed all 
elements of the intersection K(/\L. On a crossed product the extension of the 
base field k to L has the effect (see [13, p. 61]): 


where F/)\A is the factor set whose components are those elements F,,, of F 
which have subscripts o and 7 in the group A. On the other hand (see [28, 
Theorem 5]), it can be shown that for any prime divisor g in L the g-invariant 
of an extended algebra S, is obtained by multiplying the additive p-invari- 
ant (mod 1) of S by h=[L,:k,], where q|. In terms of the norm residue 
symbol, these two facts may be combined as the “translation law” 


(11) (K/k, F; p)* = (KL/L, F(A; q). 


A special case of (11) is the rule for a subfield: if RCLCK, while P’}p 
is a prime divisor in L, A the corresponding group, then 


(12) (K/L, F (\ A; P’) = (K/k, F; p)* 
where h=[Lp’:kyl. 


Consider a field K which is the join over k of two fields K; and Ka, each 
normal over k. In the Galois group T' of K/k each automorphism ¢ induces 


(®) Even if F is not A-symmetric, its local component F/\A at some of the P| p may be so 
symmetric; this makes possible a slight extension of (9). 
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an automorphism a; of K:/k and an automorphism oz of K2/k. Since K is 
generated by K, and Kz, the original ¢ is uniquely determined by its homo- 
morphic maps and so may be represented by the formal product(’*) 
0 =0102. As in (7) a crossed product (K:/k, 11, F,) for the first extension is 
similar to a crossed product (K1K2/k, I’, F), where the factor set F is obtained 
from F; by the formulas (8) as 


(13) 0102 and Ti1T2 in 


The crossed products (K2/k, T:, F:) are similarly extended. For the direct 
product of two such algebras, we then have 


(14) (Ki/k, U1, Fi) X (Ka/k, U2, F2) ~ (KiK2/k, T, F) 
where the factor set F is given by formulas such as (13) 
= Fie, with C1 and T1 in T,, C2 and T2 in 


This means that the matrix of F is obtained from the Kronecker product 
F, @ F, of the given matrices by taking that submatrix belonging to the group 
IT (see [34, p. 691]). This yields for the norm residue symbols a rule 


(15) (KiKo/k, (Fi: F2) VT; p) = (Ki/k, Fi; p)(K2/k, Fa; 


Formula (15) is a direct generalization of one of the rules for the ordinary 
norm residue symbol (see [20, Part II, p. 27, (8) ]). 

The rules for the values taken on by the classical norm residue symbol 
(see [20, Part II, p. 35, VI and VII]) break down in our case. The p-invariant 
of an algebra S always has the form x(/m,) for an integer x. Hence the corre- 
sponding norm residue symbol is an m,th root of unity. Not all such roots 
need occur, because not all local algebras are components of algebras in the 
large (see §14). 


THEOREM 27.3. If p is unramified in K/k, the norm residue symbol 
(K/k, F; p) for variable factor sets F takes on all values exp (1/m,) in a cyclic 
group of order m,. If p is ramified, the norm residue symbol takes on some, but 
not necessarily all, of these values. 


For factor sets F which are relatively prime to a given prime divisor p 
the corresponding local factor set consists of P-adic units, and the results of 
Theorems 14.4 and 14.5 determine the range of values of the norm residue 
symbol in this case. 

THEOREM 27.4. If p is unramified in K/k, the norm residue symbol 
(K/k, T; p) for variable factor sets F which are relatively prime to p is always 1. 
If p is ramified, the norm residue symbol for F relatively prime to p takes on all 


(7) Here o; is an automorphism of K; (not of K). This formula represents I’ as a subgroup 
of the direct product T'; XT: of the groups I; and I of Ki/k, K2/k, respectively. 
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values exp (y/(ép, #)), with y integral, in a cyclic group of order (ey, n). Here 
n=n; is determined from p=p; as in Theorem 14.5. 


28. A generalized Artin symbol. The invariants of ideal factor sets, as in- 
troduced in §4, may be used to set up an Artin symbol resembling the symbol 
(K/a) of the classical theory ([20, Part II]). The ideal a which is relatively 
prime to the conductor is to be replaced by a factor set § of ideals which are 
relatively prime to the conductor C(K/k). We define(7') 


*(28.1) (K|§)=(K/k;%) =exp 


where the sum is to be taken over all unramified prime divisors p for K/k, 
while yu, is to be the invariant defined in (*5.6). In terms of the explicit for- 
mula §5, (16) for this invariant we may also write, for any factor P of p, 


m—1 
(1) (K| §) = exp { 
x= 
where Vp(%) denotes the P-adic order of an ideal Y, while 5=[(K/k)/P] is 
the Frobenius automorphism for P, of order m=my. 

Our symbol may be obtained for any § once its values are known for the 
p-primary factor sets. We know that the invariant yu,(§) depends solely on 
the p-primary factor § of §. Specifically, any § which is relatively prime 
to the conductor can be represented uniquely by a product 


(2) = FOFO FO, 


where §‘® is a p;-primary factor set, while fi, pe, - - - , p, are all the various 
(unramified) prime divisors of k involved in §. Since (F) we have 


(3) (K|&) = (K|§)(K| -- - (K| F). 


For a p-primary factor set § all invariants u,(§) for g#>p are zero, so the 
original definition of the symbol may be rephrased as 


(4) (K|§) = exp 


The equations (4), (3), (2) might have been adopted to define the Artin sym- 
bol (K | §}). Alternatively, (4) may be inverted to give a definition of the p-in- 
variants in terms of the Artin symbol: 


(S) = (n/2ni) log [(K| F)], 
where §‘”) denotes the p-primary factor of the given ideal factor set §. 


THEOREM 28.1. The Artin symbol affords an isomorphic mapping §—>(K | §) 
of the group FU'/TA'(F’’) onto the group of Jth roots of unity. 


(™) We let exp u =e****, 
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The quotient group in question is exactly the group whose order was com- 
puted in Theorem 6.1. Much as in Artin’s reciprocity theorem, the Artin sym- 
bol thus furnishes an explicit realization of the isomorphism of the class group 
FU'/TA'(F’’) to a substitute for the Galois group (Jth roots of unity). 

Proof. To show that §-—-(K | §) is a homomorphism, we need only refer to 
the corresponding properties of the invariant u,(%), as given in §5. We find 


(6) (K| | = (K| 

(7) (K| = (K|-, 

(8) $1 ~ implies (K| §:) = (K| §:). 

Lemma 5.1, combined with the Tschebotareff density theorem, indicates that 
every Jth root of unity appears as the value of some Artin symbol (K | %). 
If § is taken as the principal ideal (F’’), then by Theorem 6.1 § has the same 


invariants as the algebra (K/k, I, F’’). The sum of these invariants is 0 
(mod m), hence 


(9) § in (F”) implies (K| §) = 1. 


It remains only to prove 
(10) (K| §) = 1 implies § lies in TY’(F”). 
But (K | ) =1 means according to definition (*28.1) that )_ ,up(%) =0 (mod 7). 


This implies that the invariants u,(§) are the invariants of an actual algebra 
S’ relatively prime to M. By Theorem 6.2, S’ has a crossed product represen- 
tation with a factor set (F’’). By Theorem 5.4, y,((F’’)) =up(S’) =up(%), so 
that, by Theorem 5.2, §(F’’)—! is a transformation set TY’, as asserted. 

Since the norm residue symbol can also be defined (see §27) in terms of 
invariants of algebras, we may obtain it from the Artin symbol, applied to 
the p-primary component (F) of a factor set of principal ideals 


(11) (K, F; ~) = (K| (F)), if p is unramified in K/k. 


According to Lemma 4 of §5 the p-invariants u,((F)) run over all multiples 
of nm;'. Hence we obtain the following result, which resembles the deter- 
mination of the decomposition of unramified prime divisors in terms of the 
abelian class groups (see [20, Part II]). 


THEOREM 28.2. If p is unramified in K/k the degree f =m, of a prime fac- 
tor of p is the least integer f such that (K|§)/=1 for every p-primary factor 
set 


Remark. In general not every coset of F%’/TY’'(F’’) will contain p-pri- 
mary factor sets. The least common multiple J(IT') may be a proper multiple 
of every residue class degree f which is permitted by the structure of the 
Galois gr sup. The simplest example is furnished by fields K/k with the sym- 
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metric group of 3 letters as the Galois group. Here J(T) =2,3 and f=2,3. 
Thus, the two classes of order 6 in the cyclic group FU’/TY'(F’’) are free 
from primary factor sets. This is another instance which illustrates the dis- 
crepancy between the classical class field theory and our theory. 

The cosets which contain primary factor sets can easily be determined 
by means of Theorem 28.1. A coset contains a p-primary factor set if its 
order in the class group is equal to a permissible residue class degree of an 
unramified prime divisor. These degrees are exactly the orders of the cyclic 
subgroups of I’, as follows from the ramification theory. Now J(I) is the 
least common multiple of the orders of the group elements, hence J(IT')=0 
(mod f) for every possible f: The Frobenius density theorem then proves that 
at least one class of order f must contain infinitely many primary factor sets. 

Consider next the symbol referred to a subfield L of K such that | 


(12) RCLCK, L/k normal. 


If A is the subgroup of T belonging to L, then the Galois group of L/k is T/A. 
If a prime divisor P of K has a multiple Q in L, then the Frobenius auto- 
morphism [(K/k)/P]=4 of P induces in T/A the Frobenius automorphism 
[(L/k)/Q]=5A=¢ of Q (see [20, Part II, p. 6, Rule III]). A factor set G 
for A can be extended to a factor set § for K by the rules 


the result is a A-symmetric factor set of K. By (1), the Artin symbol is 


(K|§) = exp { 


j=-0 


The order Vp is the same as Vg, since p is unramified, while the order n, 
of the automorphism { is a divisor », = m,/r of the order m, of 5, so this equa- 
tion becomes 


Since r/m,=1/ny, this yields the result 
(14) (K/k; §) = (L/k; ©). 


Given the situation (12), with § defined by (13), this gives the Artin symbol 
(K | §) for the A-symmetric sets §. 
On the other hand, one may consider the symbol for K/L. 


THEOREM 28.3. If the subgroup A of T corresponds to the subfield LCK, 
while §'(\A denotes that part of the factor set §' which refers to the subgroup A, 
then 
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(15) (K/L; § C\ A) = (K/k; §')4, where d = [L:k]. 


This is a special case of the following general “translation law” for the 
norm residue symbol: 


THEOREM 28.4. Let L be any finite extension of k such that the intersection 
L(\K belongs to the subgroup A of T. Then 


(16) (KL/L; § C\ A) = (K/k, §')4 where d = [L:k]. 


Proof. It will suffice to prove (16) for the case of a p-primary factor set 
$=, where p is unramified in K/k. Let the decomposition of p in L be 


(17) Ning = G=1,---,2). 


In the join KL choose for each j a factor Q; of g;, and let P; be the prime fac- 
tor of Q; which lies in K. The translation rule for the ordinary Artin symbol 
asserts that gq; is unramified in KL/L and that the Frobenius automorphism 
5; of Q; (see [20, Part II, p. 8]) is 


8; = [(KL/L)/Q;] = [(K/k)/P;]*. 


Since the original Frobenius automorphism 5= [(K/k)/P;] has order my, the 
derived automorphism 6; must have the order 


n 
n;=m,(m,, fi) where Nxx/1Q; = q; - 


In L the only primary components of § are the q;-primary ones, forj=1, - - -,h. 
Hence the translated Artin symbol has by definition the value 


h nj—1 
(KL/L;§ 0A) = exp { 
- j=l 
where W; denotes the valuation belonging to Q;. Since P;| p is unramified, 
the ramification order of Q,| P; must be exactly the ramification order e; which 
figures in the decomposition (17). Therefore the power W;[%] to which Q; 
divides any ideal & of K is e; times the power V;[M] to which P; divides the 
same ideal, and 


(KL/L; = exp (¢s/n;) (= 


But the order V; of the product involved here was computed in (18) of Lemma 
5.7, and is (n,f;/n)u,(%), where r=n; is the order of the cyclic group on 4, 
while t =f; is the exponent in 6;= 5‘. Therefore 


(18) (KL/L; § = exp { 
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But )-e;f; is exactly the degree d=[L:k], while exp { up(%)/n} is exactly 
(K | ) by (4). Therefore (18) gives the desired conclusion (16) of the theorem. 

This translation law seems superficially out of agreement with the analo- 
gous law (see [20, Part II]) for the norm residue symbol, because in that case 
the exponent was [L,:k,], while here it is [L:k]. The divergence disappears 
if one recalls that the factor set § splits up into hk p-primary factor sets over 
L, each of which involves an exponent [L,:k,], for a total [L,:k,]h=[L:k]. 
This remark may be explicitly checked by using the theorem of (11). 

As in §27 we may consider the case of the join K = KK; of two normal 
fields, and a factor set (§:@%2)(\T obtained from the Kronecker product of 
two ideal factor sets §: and §2 which are relatively prime to the conductor of 
K/k. This factor set can be represented as a product(”) 


to each factor of which the subfield rule (14) for symmetric factor sets may’ 
be applied. The result is 


(19) (K:K2| AT) = (Ki| §:)-(Ke| 
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FACTOR-SETS OF A GROUP IN ITS ABSTRACT 
UNIT GROUP 


BY 
A. H. CLIFFORD AND SAUNDERS MacLANE 


The following interesting problem in group extensions arose in an arith- 
metical study of normal algebraic number fields('). 

Let T be any finite group of order m with elements p, o, 7, -- - . By the 
abstract unit group of T we mean the free abelian group of rank n—1 gen- 
erated by n symbols H* (¢ ranging over I’) subject to the single condition tha 
their product is 1: ' 

I] =1. 


Every element of § is expressible in the form H=** with integers a(c), and 


if and only if there is an integer c such that 
a(c) — b(c) = «¢, all o in I. 


(© is isomorphic with the additive group of the integral group ring of I re- 


duced modulo the element }>c.) 
For each 7 in I, the mapping H’—H* generates an automorphism of §, 


namely, 


and to the product rp evidently corresponds the product of the corresponding 
automorphisms: 


Presented to the Society, February 22, 1941; received by the editors August 24, 1940. 

(*) S. MacLane and O. F. G. Schilling, Normal algebraic number fields, these Transactions, 
vol. 50 (1941), pp. 295-384. The present paper is entirely independent thereof. 

To indicate briefly what the connection is, let K be a real algebraic field normal of degree n 
over the rational field k, and let T be its Galois group. A theorem of Minkowski (Nachrichten 
der Gesellschaft der Wissenschaften zu Géttingen, 1900, p. 90) asserts the existence of a unit 
Hin K such that the group § generated by H and all its conjugates H” is a free abelian group 
of rank n—1, the only relation satisfied by the H’ being that asserting that the norm of H is 1. 
This group § is of finite index in the group of all units of K. MacLane and Schilling study the 
class field theory of K by introducing crossed products (K, I, F). (K, T, F) is a normal simple 
algebra over k, determined by K, I, and a factor-set F of elements F,,, #0 of K satisfying (0.3). 
Under the homomorphism F,,,—>(F,,;) carrying numerical factor-sets into factor-sets of prin- 
cipal ideals, those mapped into the identity are precisely the factor-sets of units. By further 
devices they are enabled in some cases to reduce the consideration of the latter to that of factor- 
sets lying in the Minkowski subgroup §. 
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(0.1) At = ‘all A in §. 


This representation of I by automorphisms of § is effectively the right regu- 
lar representation of T applied to the basis H’ of . 

The problem in question is to determine all extensions(*) © of § by T 
realizing this representation, and in particular to compute the number of non- 
equivalent such extensions, where by & equivalent to G@’ we mean the exist- 
ence of an isomorphism between them leaving § and [ fixed. 

We shall think of an extension © =)_u,§ of $ by I as the set of all sym- 
bols u,A (¢ in T, A in $) with the multiplication laws 


(0.2) Atle = = 


The F,,, are elements in § satisfying the “associativity conditions” 


Such a function F,,, on IT to © is called a factor-set(*) (f.s.) of T in §. Pas- 
sage to a new set of representatives u/ =u,C, (C, in $) replaces F,,, by 

(0.4) 
The factor-sets F,,, and F,,, are called associate. Two extensions @ and G@’ 
are equivalent if and only if the factor-sets of T in § determined by them are 
associate. 

If F,,, and G,,, are factor-sets, then so also is the product F,,,G,,,; for 5 
is abelian, so that (0.3) is evidently satisfied. Hence the set of all factor-sets 
of Tin § constitutes an abelian group FQ. The identity element of FG is the 
factor-set each value of which is the identity element 1 of $. The factor-sets 
associate to 1 form a subgroup 7 of FH, and the group M$= FH/TS will 
be called the multiplicator of T in $. The order of MQ is the desired number 
of non-equivalent extensions of § by T 

Let now © be any algebraically closed field of characteristic not dividing 
the order of [. By a factor-set of T in 2 we mean a function w,,,#0 on IT 
to 2 satisfying 


(0.5) Wp,eWpe,r = Wp,erWe,r- 


(?) For a description of Schreier’s theory of group extensions, see e.g., H. Zassenhaus, 
Lehrbuch der Gruppentheorie, pp. 89-97 (Berlin, 1937). We cali @ an extension of $ by IT if it 
contains § as an invariant subgroup and @/O—T. 

(*) In Zassenhaus and also in MacLane and Schilling, the representative elements u, of 
the cosets of G@/§ are written on the right instead of the left. This leads to the composition 
law A’? =(A*)* instead of (0.1), and to similar slight changes in (0.3), (0.4), etc. This divergence 
is regrettable, but the computations are bad enough without having to keep in mind that the 
composition law runs backwards. 
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(This differs from (0.3) only in the absence of the superscript 7 on the‘left.) 
and Wee are associate if 
Cor 

Schur(*) defines the multiplicator M of T to be the group of classes of asso- 
ciate factor-sets of Tin Q; it is independent of 2. We conjecture that MH and 
M are isomorphic, and it is the purpose of the present paper to prove this con- 
jecture in the case T solvable. The structure of Jt is of course much easier to 
determine than that of MQ, and has already been found by Schur for a con- 
siderable number of groups. For example, if I is abelian, and is represented 
as the direct product of cyclic groups of orders m,, - - - , m,, then(®) M is the 
direct product of $¢(t—1) cyclic groups M:,; (¢<j), where the order of Mt, ; 
is the G.C.D. of m; and m;; the order of M is thus ]] :<;(m;, m;). 

If one cares to delve into the structure of- 7, the natural thing to do is 
first to construct the group V§ of all “vectors” C,, which is simply the direct 
product of § with itself m times. The mapping 


CL, 


C.— 


or 


is a homomorphism of V onto TG, and hence TH~VH/UGH where UG is 


the subgroup of V§ consisting of those C, satisfying 
CC, = Con 


We call such a function C, a crossed character (c.c.) of T in § from the analogy 
with a crossed representation of I by matrices(®) (i.e., by semi-linear trans- 
formations). The study of these is quite fascinating in its own right, in addi- 
tion to being a necessary preliminary to the main task. 

If Cis a fixed element of §, then C,=C'~* is a crossed character. The total- 
ity of these constitutes a subgroup $'~* of US. We make a second conjecture 
that the crossed character group CH= U$/H'~* of T in G is isomorphic with 
the group € of linear characters of T in the field Q (functions y(c) on T to Q 
satisfying ¥(or) =¥/(c)¥(7), Y(c) £0), but again we are able to prove this only 
if T is solvable. 

The paper is so arranged that all necessary lemmas involving explicit rep- 
resentation A = H*)¢ of the elements A of § fall in §1. In the remainder of 


(*) I. Schur, Uber die Darstellung der endlichen Gruppen durch gebrochene lineare Substitu- 
tionen, Journal fiir die reine und angewandte Mathematik, vol. 127 (1904), pp. 20-50. 

(®) Schur, Journal fiir die reine und angewandte Mathematik, vol. 132 (1907), p. 113. 

(®) A. Speiser, Zahlentheoretische Sétze aus der Gruppentheorie, Mathematische Zeitschrift, 
vol. § (1919), pp. 1-6; I. Schur, ibid., pp. 7-10. 
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the paper, only the formal properties expressed by these lemmas are used. 
In §2 the connection between M§ and M is indicated by means of the notion 
of trace: tr A=) a(c¢). The main theorem is stated in this section in two 
parts (Theorems 1A and 2A). In §3 crossed characters are developed, and the 
second conjecture proved (Theorems 1B and 2B). Theorem 1A is proved in 
§4, Theorem 2A in §5. In the final brief section, §6, Mo and CH» are deter- 
mined, where po is the subgroup of § of vanishing traces. 

Actually we prove these four theorems for any solvable subgroup I* of I, 
and make no restrictions on I. Theorem 2B does not even require that I'* 
be solvable. Theorem 1B might be called the “principal genus theorem for 
crossed characters of I'* in $,” being in essence just an extension of Lemma 2. 
O. F. G. Schilling was the first to observe the importance of such a theorem 
in his work on the class field theory. The authors wish to acknowledge that 
they profited considerably from discussions with Schilling. 

1. Norms, traces, and the principai genus theorem. Let A be any subgroup 
of I, the elements of which will be denoted by a, 8, - - - . The A-norm of an 
element A of © is defined to be 


= [] At = 


extended over all a in A. Evidently 
Na(AB) = (NaA)(NaB). 
The T'-norm of every element of $ is 1. For if A = H** then 


since ).7 is in the center of the integral group ring of I’, and H®*=1. 


LEMMA 1. An element A of is invariant under a subgroup A of T if and 


only if it is the A-norm of an element B of 9. 
Proof. If A = N,B =B*-, then since ().a)8=)_a for any in A, we have 


A%=A. 
Suppose conversely that A*=A for all ain A, and let A = H***, We then 


have 
as as AC = 


Hence to each a in A there exists an integer c(a) such that 
— a(ca) = c(a) 


for all ¢ in I. Taking the sum of these equations over o we get 0=nc(a), 
whence c(a) = 0 and 


(1.1) a(ca) = a(c), alco EA. 


a 
1) 
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Let 
T = pA + + p,A. 


Then by (1.1) 
eer i=1 aed i a 
Hence if B = we have 
= = = A, 
which completes the proof. 
Since N;A=1 for all A in §, it follows from this lemma that there are no 


elements #1 of $ invariant under YT. ; 
If p is any element of [ and A is in §, we define the p-norm N,A of A 


to be N,A, where A is the cyclic group {p} generated by p. If p has order r, 
then 
N,A = 


The trace of an element A = H=* of © is defined by 
trA = a(o). 
Since for any integer c, A = H*‘«+* we have 
trA = + ne, 


and hence tr A is actually an integer taken modulo n. The coefficients a(c) 
can be chosen so that tr A has one of the values 0, 1, 2, - - - , m—1. It is clear 
that elements of any preassigned trace exist in $, for example, the powers 
of H. Evidently 


(1.2) trAB=trA+trB, tr A° =trA, alA,BEG,c EL. 


All congruences throughout the paper are taken modulo the order n of T and the 
sign (mod n) will be omitted. 

The next lemma we might call the “principal genus theorem” for §, being 
analogous to Hilbert’s theorem on units in a cyclic field(’). 


LEMMA 2. Let p be any element of T, and let A* be any subgroup of T in- 
variant under p. Then an element A of $ has the form A = B'~° with B invariant 
under A* if and only if N,A =1, tr A =0, and A is invariant under A*. 


Proof. Let A= {p, A*} be the group generated by p and A*. Let g be the 
index of A* in A, so that 


A = A* + A*p + A*p? + + p? A*. 


(7) D. Hilbert, Gesammelte A bhandlungen, vol. 1, Theorem 90, p. 149. 
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(The lemma is trivial if p€A*; for, since has no elements ~*1 of finite order, 
each condition is equivalent to A =1.) If A =B*-* with B invariant under A’*, 
and r is the order of p, then 


trrA=trB-—trBe=0, N,A = Bre’ = B= 1. 
If a is in A* then so also is 8=pap™', since A* is invariant under p. Hence we 
have 
Bee = Bhe = Be, 
and 
Bove = Bro = A, 
Assume conversely that A =H‘) is invariant under A*, N,A =1, and 


tr A=0. As in the proof of Lemma 1, equation (1.1), the invariance of A 
under A* is equivalent to 


(1.3) a(ca) = a(c), allo ET, a A*. 


Again let r be the order of p. Then 


and hence VA =1 requires that 
r—1 

(1.4) a(cp*) = ¢, alle ET, 
i=0 


where ¢ is an integer independent of c. 
Let /=n/r, and let Ay, - - - , A; be representative elements of the cosets in T 


of the cyclic group {p} generated by p: 
+ rsfo} +--- + Arfo}. 


We now choose the components a(c) of A so that tr A is actually zero, not 
merely divisible by m. Then from (1.4). 


t rl 
O0=trA = > > a) = 
j=1 


j=1 im0 


whence c=0. Using (1.3) and the fact that p® is in A*, (1.4) with c=0 gives 

(1.5) LX = 0, allo ET. 


Now let 
T = pA + +--+ + 


>» 
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Every element of [ is then uniquely expressible in the form p;ap‘* 
(j=1,---, m; a€A*; i=0,---, g—1). We define the element B= 


as follows: 
b(ujap*) = a(uja) + a(ujap) +--+ + a(ujap'). 

(1.5) and p*CA* give b(uj;ap—') =0, and hence 

b(ujap*) — b(ujap*') = a(ujap'). 
For any element ¢=y,ap‘ of T this gives 

— b(sp~") = a(c), 
whence A = 
From (1.3), 

a(ujap*) = = a(ujp'), 

whence 
b(ujap*) = b(u;p'). 
Hence for any element ¢=y,ap‘ of T and any element 6 of A*, 
b(oB) = b(u;-ap‘Bp-*-p*) = b(ujp*) = 

whence B* = B, and the proof is complete. 


Lemma 3. If Ais a subgroup of index m in I, then there exists an element A 
of S such that tr A=mand N,A =1. 


Proof. Let 
T = + uA. 


Define A = H** as follows: 
if a= 1, 
a 


That tr A =m is obvious. If c=, is any element of I, 


= a(uBa-) = a(uja) = 1. 


aea @ 


eer 


N,A = H® = 1. 


a 
Hence 
and 
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COROLLARY. An element A of $ has the form A=N,B with tr B=0 if and 
only if A*=A and tr A=0. 


Proof. If A=N,B with tr B=0, then A*=A is evident and tr A= 
r tr B=0, where z is the order of p. Conversely, from A*=A follows A= N,B, 
for some B,EH by Lemma 1. Then ¢ tr B;=tr A=0. Fixing on a definite 
representation of B,, this asserts that r tr B, =/n for some integer /. Applying 
Lemma 3 to A= {p}, there exists C in § such that tr C=n/r, N,C=1. Set 
B = B,C—. Then 


B = (N,B,)(N,C)— = = A, 
trB= 


2. Connection with Schur’s multiplicator. In the brief discussion of factor- 
sets and group extensions in the introduction, § may of course be replaced 
by any abelian group &, and we may take any representation of I by auto- 
morphisms A—A?’ of &. The two cases with which we shall be chiefly con- 
cerned are: (1) I replaced by a subgroup I'*, without changing §, and (2) %a 
cyclic group 3 of order n, with z’ =z for all z€ 3, eG T. (When I induces the 
identical automorphism in %& we shall speak of central extensions © of A by T 
since Y is in the center of G.) 

We shall call an f.s. F,,, normalized if, in the extension © defined by (0.2), 


= 1 implies u, = 1. 


From (0.2) one readily sees that this is equivalent to 
(2.1) if o = 1. 


The set of all normalized f.s.’s of T in & constitutes a subgroup FU of FU, 
and we shall call the corresponding subgroup MY of MA the normalized multi- 
plicator of T in A. In general, e.g., in case (2) anene, MUY is a proper subgroup 
of MU, but in case (1) they coincide: 

If @* =) is any extension of by a subgroup of T, new 
representatives v, can be found such that if o*=1 then v= =1, 

In proving this we may evidently assume that s is the order of c. It is clear 
that we can first normalize the u, so that u,.=1. Then 


(2.2) ue = ee? = Ag 


is an element of §. Since 


A. = the Atte = = A, 


r r 

& 
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there exists by Lemma 1 an element B, of § such that 


(2.3) 


If we set u,=v,B, then an easy calculation shows that 


= vB, 


whence =i. 

Now Schur has shown(°) that any f.s. w,,, of T in the field Q (see introduc- 
tion, equation (0.5)) is associate to one such that each number w,,, is an mth 
root of unity. w,,, defines a central extension )_#,2* of the multiplicative 
group 2* of QbyT: 


(2.4) = therWe,r; Wl, = tw, allw € Q. 


We proceed to show that w,,, is associate to a normalized f.s. Wee which like- 
wise has the property w,",=1. Let 


w, = 


Taking the product of (0.5) over 7 and using w),,=1, we get 
(2.5) Woe = WpWe, 


i.e., w, is a linear character of T in Q. If o has order s and rf is arbitrary in IT, 
then by successive multiplication of (2.4) on the left by #, we find 

a = a, = We,rWe,or * 
If we think of T as decomposed into {o} and its cosets, we see from this that 
w, =a"’*, Let c, be any sth root of a in Q, and let 4, =a,c,. Then # =1, so that 
the new factor-set w,,, (given by (0.6)) is normalized. Since &=a-"*=w,", 
raising (0.6) to the mth power and using (2.5) gives w,",=1. 

Since the w,,, lie in the cyclic group 3= 8, of mth roots of unity in Q, 
the equations (2.4) also serve to define a central extension @=)_4#,3 of 3 
by I. If two normalized f.s.’s of T in 3 are associate relative to 3 they are 
plainly associate relative to 2. But the converse is also true. For if #,=4a,c, 
(c-EQ), from follows c}=1, i.e., 3. We have therefore shown 
that the multiplicator M of any finite group T of order n (as defined by Schur) 
is isomorphic with the normalized multiplicator M3 of T in a cyclic group 3 
of order n. (The normalized f.s.’s of T in 3 correspond to those central ex- 
tensions @ of 3 by IT having the property that the order of every element of G 


divides n.) 
Let € be a primitive mth root of unity in Q, fixed throughout the rest of 


(8) In the 1904 paper, p. 26. 


393 

| 


394 A. H. CLIFFORD AND SAUNDERS MAC LANE [November 


the paper. If F,,, is any f.s. of T in and we set 
(2.6) = trF,,,, 

then from (0.3) and (1.2) 

(2.7) foe = foser + fe.rs 
and hence 

(2.8) = 


is an f.s. of Tin 3. By taking traces of (0.4) it is clear that associate f.s.’s of T 
in § give rise to associate f.s.’s of Tin 3: 


/ 


(2.9) = Ce + Ce — Cor + Je. = tr 


Again by (1.2) a product FF’ maps into the sum f+f’ and thence into the 
product ww’. Finally, by taking the trace of (2.1), 


(2.10) + + + fee = 0, 


and using (2.8) it is seen that a normalized F maps into a normalized w. 
Since every F has been shown to be associate to a normalized one, the 
mapping F—f—w given by (2.6) and (2.8) is a homomorphism of MH onto 
a subgroup of M3. As mentioned in the introduction, our conjecture is that 
this is actually an isomorphism between MH and M3 (~M), and we shall 


prove it for solvable '. We must show (1) that distinct elements of MQ corre- 
spond to distinct elements of M3, and (2) that M3 is covered by the map- 
ping. We accordingly split the main theorem into two parts. All the foregoing 
holds as well for any subgroup I* of I, and the inductive nature of the proof 
makes it necessary to consider this more general situation. We are of course 
rewarded with a correspondingly more general result; only the subgroup I'* 
need be solvable, [ being perfectly arbitrary. 

To avoid circumlocution, we shall identify 3 with the additive group of 
integers mod n. An f.s. of I in 3 is then a set of integers f,,, satisfying the 
congruence (2.7). Associate f.s.’s are connected as in (2.9). (2.10) is the nor- 
malization condition. 

THEOREM 1A. If I* is a solvable subgroup of T, and if F,,, is a factor-set 
of T'* in $ such that the factor-set tr F,,. of T* in 3 is associate to 1, then F,,. 
is itself associate to 1. 

THEOREM 2A. If I* is a solvable subgroup of T, and tf f,,, is a normalized 
factor-set of T* in 3, then there exists a normalized factor-set F,,, of T* in $ 
such that tr F, ,=f,,,. 


Theorem 1A will be proved in §4, Theorem 2A in §5. It is first necessary 
to develop the theory of crossed characters. 


o=1, 
{ 
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3. Crossed characters. Let ['* be a subgroup of order m of I’ which we 
regard as fixed throughout this section. There will be no occasion to consider 


elements of I outside of I'*. 
As mentioned in the introduction, a function A, on I'* to § will be called 


a crossed character (c.c.) of I'* in © if 


(3.1) AA, = Agr. 


If B, is another c.c. of I'* in , so is A,B,, and likewise A7'. Hence they form 


an abelian group U§. 
If A is any element of § and we set A,=A'~ for all og in I'*, then A, isa 
c.c. For 


(1—¢)r+(1—r) l—or 
= A A or: 


A.A, =A 
A'-¢ will be called a unit c.c. The unit c.c.’s of I* in § constitute a subgroup 
§'-* of UG. (Incidentally(*), by taking the product of (3.1) over o we find 
that the mth power of any c.c. is a unit c.c.) 
If a,=tr A, then from (3.1) 


(3.2) + = 
and hence 
va(o) = 
is a linear character of I* in the field 2. Evidently 
= 


Moreover, if A,=A'~* then tr A,=0 and ~a(o)=1. Hence the mapping 
A,—wWa(a) is a homomorphism of the crossed character group CO = U$/$'~" 
of I'* in § onto a subgroup of the group € of linear characters of I'* in Q. 
(€ is of course identical with the character group C3 of ['* in 3.) We conjec- 
ture that this mapping is an isomorphism between C§ and 6G, and shall prove 
it for the case I’* solvable. Again we split the proof into its two parts. Observe 
here that the second part (Theorem 2B) does not require the solvability of T*. 


THEOREM 1B. If I'* is a solvable subgroup of I, and if A, is a crossed char- 
acter of T* in $ such that tr A,=0, then A, is a unit crossed character. 


THEOREM 2B. If I'* is any subgroup of T, and (oc) is a linear character of 
I'* in Q, then there exists a crossed character A, of T* in $ such that e* 4¢=y(c). 


If we identify 3 with the additive group of integers mod , Theorem 2B is 
more conveniently expressed as follows. If I'* is any subgroup of I’, and a, isa 


(*) Cf. Zassenhaus, loc. cit., p. 126. Thus every c.c. of a finite group of order m in an abelian 
group of finite exponent prime to m is a unit c.c. 
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linear character of ['* in 3, i.e., the a, are integers satisfying (3.2), then there 
exists a c.c. A, of !'* in § such that tr A, =a,. 

Proof of 1B. Let A, be ac.c. of [* in $. Putting ¢=7r=1 in (3.1) we find 
A,=1. From (3.1) one readily computes 


l+o+o2+-- 


(3.3) Aa=A, 
for any o in I* and any positive integer 7. If s is the order of o, then i=s yields 
(3.4) N.A, = 1. 

We prove the theorem by showing that A, can be reduced to 1 by succes- 
sive multiplication by unit c.c.’s B'-*. The result will be established by an 


obvious induction on a composition series of [* when we have proved the 
following statement. 

Let A*C A be subgroups of I'* such that A* is invariant in A, and 4/A* 
is cyclic. If A.=1 for all a in A*, and tr A,=0 for all o in A, then there exists 
Bin such that A,=B'~“ for all gin A. 

Let 


A = A* + A*%p + A*p? + + A*. 


From (3.1) and the condition A, =1 we have, for every a in A*, 


and, since pap~' is in A*, 
A, = Aga = Apap-1-p = Ay. 


Hence A, is invariant under A*, N,A,=1 by (3.4), and tr A, =0 by hypothesis. 
By Lemma 2 of §1 there exists an element B=B, of  (p is a fixed element!) 
such that 
A, = BY, all a € A*. 
By (3.3), 
Ay = 


and hence for any ¢=ap‘ in A, 
A, = Aas = Ay = BY = Bier = Bl, 

Proof of 2B. Let I’ be the commutator subgroup of I*, and let pi, - - - , p: 
be representative elements of basic classes of the abelian group I'*/T’ (ex- 
pressed as a direct product of ¢ cyclic groups). Let r; be the order of 
p; mod I’. Every linear character of I'* is a product of the basic characters y/; 
(j=1,---, ¢) defined in the obvious way from 


=e", = 1 for k ¥ j. 
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(Any linear character of [* must have the value 1 over I’’.) We need only 
show that each basic ; can be realized by a c.c. AY of I'* in §, for then any 
linear character wy can be realized by taking the corresponding product of 


the A, 
Without loss in generality we may take j=1, and for simplicity we write 
p for pi, r for n, for yi. A= { T’, po, pr} is an invariant subgroup of 


r* = A+ Ap+ Ap? +--- + Ap™, p EC I’CA, 
and for each of (a€ A; i=0, 1,---,r-—1) we have 
(3.5) ¥(ap*) = 
By Lemma 3 of §1 there exists an element B of § such that 


n 
trrB=—, Nr-B = 1, 
m 


since n/m is the index of I* in I. Let 
A = 


Since m/r is the order of A, 
(3.6) 


Also, since 


we have 
(3.7) = NB = 1. 
_ For every ¢=ap‘ in I'* we now define 
(3.8) Aap = 
Since A is a A-norm, it is invariant under the element p’ of A. From this and 


(3.7) it follows that (3.8) is valid for all integers i120. If 8 is in A so also are 
B;=p*Bp-i (j=0, 1, - --, i—1), and, since A is invariant under A, 


=A apt- 


8 

Aas = A 

For any two elements ¢ =ap‘, r=8p/ of I'* we therefore have 
Agr = A = Apiti, 


= A,i+i. 


ATA, = = A 


r rom r 
r—1 
aetA i=0 
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Hence A, defined by (3.8) is a c.c. of I* in 8. By (3.6) for c=ap‘, 

in 

trA,=itrA=—» 

r 

whence by (3.5), 
Ac = 
Hence A, realizes the basic character ¥(c). 
4. Proof of Theorem 1A. By hypothesis, I* is a fixed solvable subgroup 


of T and F,,, is an f.s. of !'* in § such that 

(4. 1) tr Ce + Ce — Cor, allo, rE I*, 
where the ¢, are integers. By an obvious induction on a composition series 
of I'*, the theorem will be established when we have proved the following 


statement. 
Let A* CA be subgroups of I'* such that A* is invariant in A and A/A* is 


cyclic. If the f.s. F.,, of A* in § is associate to 1 (a, BE A*), then the f.s. F,,, 
of A in is likewise associate to 1 (¢, rE A). 
F,,, determines an extension @=) of H by A: 


= therl At, = u,A’. 
By hypothesis for induction we may assume the uz (a€A*) so chosen that 
(4.2) Uglg = Uap, a, B € A*. 


(It is hardly necessary to point out that an f.s. F,,, associate to F,,s within a 
subgroup of I* can be extended to an f.s. F,,, of I'* associate to F,,,, and that 
(4.1) remains valid with new integers c/ .) 

Let 


A = A* + pA* + --- + € A*. 
Then 


(4. 3a) Uy ‘alt, A all a € A*, 


(4. 3b) =UpoB, 


where the elements A,-1., and B are in §. The proof consists in showing that 
these elements can be reduced to 1 by successive normalizations of the u,. 
For if, along with (4.2), we have the equations 


1 Q 
Uy Ugh, = Up = Ugo 


and define for any ¢=p‘a of A (a€A*;i=0, 1, ---, g—1) 


Upia = 
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it is readily seen this last holds for all integers 120, and for any o=p‘a, 
t= p'6 of A, 


i+j -j i +3 
Ug, = Up Uy = Up Up-iapilp = Upiti.p-iapig = User. 


This means, of course, that the original F,,, is associate to 1. 
(4.3a) may also be written 


-1 
Up = UgAg. 


Hence for a, 8GA*, using (4.2), 


-1 8 
UapA ap = Up = = UagA 
A, is thus a crossed character of A* in §. We proceed to show that the u. 
can be normalized so that tr A, =0. From 
= a,p, Uptplap = Uaply,p-1ap 


and (4.3a) we find that 
= 
p.p—ap 


Hence by (4.1) 
tr A,-tap = Ca — Co-lay- 


Again from (4.1) and F,,,=1 we see that c, is a linear character of A* in 3, 
and hence by Theorem 2B there exists a c.c. C, of A* in § with tr C.=c,. If 
we now set u,=.C., (4.2) remains valid for the v, and 


thy Valky = Vp-tapA p-lap 
where 
Hence 
tr  Cy-lay + tr A,-tan — Co = 0. 


We may therefore assume that tr A.=0 in (4.3a). 
But now A, isa c.c. of A* in § with zero trace, and by Theorem 1B there 
exists A in § such that A.=A!~<. If we now set u,=v,A we find 


-1 -1 p—lap—1 
Uap = Atky-tapA p-tapA Up-tapA = 


Hence we can assume that the u, have been normalized so that, along with 
(4.2), 


(4. 4a) Ualt, = ae A*, 
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(4.4b) us = up oB. 


For a=p*, (4.4a) shows that u, commutes with u, .. Hence by (4.4b) u, 
must commute with B, so that B*’=B. By successive application of (4.4a), 


U, = 
By (4.4b), 


UqupoB Uo UapoB UapoBe 


Replacing a by p*’ap~, this gives B*=B (all a€A*). Since B is invariant un- 
der p as well as A*, it is invariant under A, and hence by Lemma 1 of §1 
there exists C in § such that B= N,C. Since 


g-1 
eed 
it follows that if we set D= N,-C then 


Hence if we set u,=v,D, we have 


0 
u, = v,B, Vp, = 


and (4.4a) remains valid: 


oul -1 
Uat, = = 


since D (being a A*-norm) is invariant under A*. We have thus achieved the 
desired normalization. 

5. Proof of Theorem 2A. Let us make first a preliminary observation. As 
stated in §2, Theorem 2A apparently gives more precise information than is 
really required. Given the normalized f.s. f,,, of ['* in 3, all we require is an 
f.s. of in such that tr , is associate to f,,,: 


tr Fis = Jew + Co + Cr — Car. 


But if such an F) , is given, there exists a normalized f.s. F,,, associate to it such 
that tr F,,,=f.,-. We first pick any elements C, in § such that tr C,=c,. Then 
the associate f.s. F,,, given by (0.4) has the property that tr F,,,=f,,,. Now 
taking the trace of (2.2) and using the hypothesis (2.10) that f,,, is normal- 
ized, we see that the elements A, defined by (2.2) have zero trace. By the 
corollary to Lemma 3 of §1, the elements B, in (2.3) can be chosen so as to 
have zero trace. Hence on setting u,=v,B, the resulting normalized f.s. has 
the same trace as F,,,. 

Theorem 2A will be established by an obvious induction on a composition 
series of [* when we have proved the following statement. 
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Let A*CA be subgroups of I'* such that A* is invariant in A and A/A* 
is cyclic. If F.,s is a normalized f.s. of A* in § such that tr F.,,=f.,s, then it 
is possible to construct a normalized f.s. F,,, of Ain § such that tr F,,,=f,,-. 

By virtue of the preliminary observation (applied to A) we need only con- 
struct an f.s. F,,, of Ain $ such that tr F,,, is associate to f.,+. 

Let 


A = A* + pA* +--+ + 


Let & be any abelian group, which we later specialize to be or 3, and let 
A-—A’* be a representation of A by automorphisms of &%: (A*)"=A*. Let 
(aE A*) be a given extension of by A*: 


Uatg = Atta = UgA*. 


Let u, be a new symbol. Then (Zassenhaus, loc. cit., p. 94) the equations 


(S. la) Up-lapA p—lapy all a = A*, 
(5. 1b) all A 
(5. 1c) => 


with A,-,, and B in Y, will define a cyclic extension 


= G* + + u, Gt 


of @* if and only if the following three conditions are satisfied. 
I. The mapping (combining (5.1a) and (5.1b)) 


UgA P(tgA) = thy-tapA p-tapA” 


is an automorphism of @* (aE A*, A EA). 
; II. The gth power P¢ of P is the inner automorphism defined by u B: 


P¢(ugA) = (upoB). 
III. u,.B is invariant under P: 
= upoB. 


If these conditions are satisfied the group © will be an extension of 
by A. For by (5.1b) & is invariant in G, every element of © is uniquely ex- 
pressible in the form 


EY, 


and if for each ¢=p'a in A we define u, by uia=u,ua, the product u,u, will 
differ from u,, by a factor in Y. 
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It can be shown('*) by straightforward computation that I, II, III are 

equivalent respectively to the following conditions on the elements A., B of . 

(Ia) = a, BE A*. 
Aas 

F 


2 1 


F ,oap-0,90 
1—p 
(IIIa) B = 
By hypothesis, w,,,= *." is, with o and 7 ranging over A, an f.s. of Ain 3. 
Let G=) 4,3 be the corresponding central extension of 3 by A: 


= therWe,r, = allz € 3. 
The equations (5.1) for &% = 3 have the form 


(5. 2a) @, Be, = all a € A*, 
(5. 2b) i, = 2, allz € 3, 


p = 


(5.2c) 


with integers a, and b. Since these equations do in fact define an extension @ 
of @*=)°4.8 (a€A*), the conditions (Ia), (Ila), (IIIa) must hold. Trans- 
lated into congruences involving the exponents f.,8, da, 6 of € they are respec- 
tively as follows: 


(Ib) Soap-1,pBp-1 = da + ag — Gap + fas; a, B = A*, 


(IIIb) Gn. = 0. 


The integer 5 does not enter into these, but from (5.2c) and the assumption 
that f,,, is normalized we have 


Therefore 
(IVb) the integer b is divisible by the index g of A* in A. 


By hypothesis for induction, we have already constructed a normalized 
f.s. F.,, of A* in § such that tr F,,s=f.,s, and corresponding thereto we have 
an extension @* =) u. of S by A*. The whole proof will consist in showing 
that we can find elements A., B of § satisfying (Ia), (Ila), (IIla) (with A= H) 
and such that 

(**) Due to its rather unwieldly nature, much of the computation in this section will be 
omitted. 


n/g nb/ nb/g 
1 = (iy) =e. 
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(5.3) tr Aq = Ga, trB=b. 


For, if such elements exist, the equations (5.1) define an extension © =u, 
of $ by A. We then define, for each ¢=p‘a of A, 


i=0,1,---,g-1, 


and at the same time make a new choice of representative elements 
= Uptha 
in the extension @ of 3 by A. The latter determine an f.s. f,’, of A in 3 asso- 
ciate to f,,, and coinciding with it within A*. The former determine an f.s. 
F,,, of Ain § coinciding with F.,, within A*. But the f.s. w,’,=ef,’, of A in 3 
is computed from the elements e¢*, e° in formally the same way that F,,, is 
computed from A,, B. Hence the trace relations (5.3) will carry over into 


tr F,,,=f,., for all ¢ and 7 in A, which is the desired result. 
F.,2 being an f.s. of A* in §, that is, 


(5.4) Fa all Qa, B, E A*, 


one readily verifies by direct substitution in (5.4) that F,,,4,,g.-1 (p is a fixed 
element!) is also an f.s. of A* in $. (Were the group © already constructed, 
it would belong to the representatives 0. = u;>"'tupap1%,.) (Ib) asserts that the f.s. 


F 


has trace d.+as—dag. It follows from Theorem 1A (applied to A) that this 
f.s. is associate to 1. Hence there exist elements C, in such that 


a, BE A*. 


Let c,=tr C,. Then, taking traces, 
= Ca + Cp — Cap + 


Combining this with (Ib), we see that d.=a,.—C, is a linear character of A* 
in 3. By Theorem 2B, there exists a c.c. D, of A* in § such that tr D,=d,. 
Set Az=C,Dz.. Then (Ia) holds and tr 

Now let B, stand for the expression on the right of (Ila) with the A, as 
already determined. Form the expression 


(5.5) 


Cis Fes, 
= Co 
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directly from the definition of B,. Divide (la) by F.,s, solving for the A-ex- 
pression, so to speak. Using this in (5.5) one replaces each of the g A-expres- 
sions by a quotient of two F’s. Each numerator cancels the following 


denominator, and (5.5) reduces to 


B 
F 90,6F poasp-o.00 
F po8p-0, po ,a8 


The left factor is the original F-part of (5.5); the right factor is all that re- 
mains of the A-part. By means of the f.s. identities (5.4), with (a, B, y) re- 
placed in turn by (p’, a, 8), (p’ap~*, B), and p"Bp~*, (5.6) is 
found to reduce to 1. Hence B, is a c.c. of A* in §. 

But (IIb) asserts that B, has zero trace, since we already have tr Aa=da. 
By Theorem 1B, there exists B in § such that B,=B'~*. B then satisfies 
(IIa). It does not necessarily satisfy (IIIa) of course, and our next task is to 
find B, in § which satisfies both, i.e., 


(5.6) 


(5.7) By,’ =B Bi 


For a=p*, (Ila) gives 


1+p+++++po-1 
po 


Hence 
(5.8) ] = N,,B-" = 1. 


By (Ila), 
l—a p 


By (Ia) with (a, 8) replaced by (p’, a) and (p"ap~*, p*) this reduces to 


= 
Hence the element A,,B-'** is invariant under A*. By (5.8) its p-norm is 1. 
By (IIIb) its trace is zero. Hence by Lemma 2 of §1 there exists an element C 
invariant under A* such that 
= Ch», 
Then B,=BC has the desired property (5.7), and so satisfies (IIa) and (IIIa). 
We have therefore succeeded in finding elements A., B of (we now write B 


for B,) satisfying (Ia), (Ila), and (IIIa) and such that tr A.=a,. It remains 
only to show that they can be modified so as to satisfy the second condition 


of (5.3), tr B=b. 
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Since A, and B satisfy (Ia), (IIa), (IIIa), the equations (5.1) define an 
extension © =) >u.© of $ by A. Let r be the order of p; it is divisible by g, 
say r=gh. Raising (5.1c) to the power h, 


r h 
Up = 


By hypothesis for induction, the f.s. F.,, of A* in $ is normalized, and hence 
uso =1. Since u, commutes with uw; the latter is invariant under p and by 
Lemma 1 must be the p-norm of an element D of 9: 


= N,D. 
Taking traces, 
htr B= hg tr D. 
Since n is divisible by hg it follows that tr B is divisible by g, say 
tr B = 
By (IVb), 0 is also divisible by g, say 
b = 
Now let E be any element of $ such that 
tr E = ke — hi, 
and let 
A, = AE. 


Since E'~* is a c.c., (Ia) will remain valid with A,’ instead of Aq. If we replace 
A, by A. in the right-hand member of (IIa), the new expression is equal to 
the old one multiplied by E with the exponent 


(1 — a) + (1 — pap)p + + (1 — po! 
=(1+e+ --- +7 — a). 
Hence (IIa) will remain valid if we replace B by 


Bl = 


(IIIa) will also remain valid, since 
= =E "Ay 
But we now have 
tr A, = tr Ag = Ga, 


trB’ =gtrE+tr B= g(ke — ki) + = 
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Hence the elements A, , B’ satisfy (Ia), (Ila), (Illa) and the trace conditions 
(5.3), which concludes the proof of the theorem. 

6. The subgroup of vanishing traces. Let $) be the subgroup of § con- 
sisting of all A in § with tr A =0. $/Hpo is evidently a cyclic group of order n. 
Let I* be a solvable subgroup of I of order m. We conclude the paper by 
proving the following two statements. 

(1) The multiplicator of T* in Do is 1. 

(2) The crossed character group of T* in Go ts cyclic of order m. 

Let F,,, be an f.s. of !'* in So. Since this means that tr F,,,=0, it follows 
from Theorem 1A that elements A, exist in § such that 


A.A, 


Ag 


Let a,=tr A,. Taking traces, we obtain 0=a,+a,—a,,. By Theorem 2B, there 
exists a c.c. B, of T* in § such that tr B, =a,. Setting C,=A,B;>' we have 


_ CL; 


Fer 
Cor 


with tr C,=0. Hence F,,, is associate to 1 in So, proving (1). 
Let A, beac.c. of I'* in §. Since this means that tr A,=0, it follows from 


Theorem 1B that A, is a unit c.c. of I'* in §. Conversely every unit c.c. 
A'~¢ of I* in § lies in So. Hence the group Up of c.c.’s of T'* in Ho coincides 
with the group §'~* of unit c.c.’s of '* in §, and the crossed character group 
CHo of in Go is by definition 

Let NH be the subgroup of § invariant under I'*. Considering the homo- 
morphism A—A!'!~* of onto we see that The subgroup 
Ny+ Do of Ho invariant under I* is evidently the intersection Ho/\Ny-H. (That 
it coincides with the group of ['*-norms of elements of §o follows from the 
corollary to Lemma 3, but we do not need this.) Hence $)°°~o/Nr+ Ho 
where is the group generated by Go and Since 
Ny is the group of I'*-norms of elements of § (Lemma 1), the trace of 
every element thereof, and hence the trace of every element of Ore, is divisible 
by m. Conversely, if the trace of A in is divisible by m, say tr A =Im, and 
we select any element B of trace /, then C= Ny-B has trace Jm and A=AC" 
-C is in Dye; for AC! is in Ho and C is in Ny. Hence Hy consists of all 
elements of § whose traces are divisible by m. (2) then follows from 
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ON THE BEHAVIOR OF TRIGONOMETRIC 
SERIES AND POWER SERIES 


BY 
J. MARCINKIEWICZ AND A. ZYGMUND 


INTRODUCTION 


1.1. The present paper consists of two parts. The first part contains proofs 
of theorems describing the behavior of the partial sums of trigonometric se- 
ries. The second part gives corresponding results for the partial sums of power 
series on the circle of convergence. 

Let us consider the trigonometric series 


(1.1.1) hao + >> (a, cos v0 + 5, sin v6) 
y=1 


and the conjugate series 


(1.1.2) > (a sin v8 — b, cos 

The partial sums of these two series will be denoted by s,(@) and 5,(@) respec- 
tively. The Cesaro means of order a of the series (1.1.1) and (1.1.2) will be 
denoted by o%(0) and *(6)(*). We also introduce the following notation: 


lim inf o,(0) = limsupo,(@) = (8), (8) — oa(0) = wal). 

The last expression represents the oscillation of the sequence {o%(8) } for 
n—-+ ©. If o%(0@) tends to + © or to — ©, we write w.(@) = + ©. Hence the 
condition w.(@)=0 is both necessary and sufficient for the series (1.1.1) to 
be summable (C, a) at the point @. 

Similarly, we write 


lim inf = o4(6), (6), (0) — = 
Theorems 1 and 2 which follow connect the behavior of the series (1.1.1) 
and (1.1.2). By summability A we mean Abel summability. 


THEOREM 1. Suppose that the series (1.1.1) is summable A to sum s(@) at 
every point of a set E of positive measure, and that for ana>—1 


Presented to the Society, January 1, 1941; received by the editors October 10, 1940. 
(1) In §1.5 below a few properties of the arithmetic means are collected which will be used 
in the sequel. 


407 
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(1.1.3) > — © fordE E. 
Then at almost every point of E we have the following relations: 

(1.1.4) o*(0) << + 0, 

(1.1.5) — < @,(0) S #(0) << + 

(1.1.6) = w,(6). 


Moreover the series (1.1.1) and (1.1.2) are summable (C, a+e), €>0, at al- 
most every point of the set E, and 


(1.1.7) s(0) = + o(6)}, 
(1.1.8) 5(0) = + 
almost everywhere in E, where §(0) denotes the (C, a+) sum of the series (1.1.2). 


If the hypotheses of Theorem 1 are satisfied, we have therefore that the 
ath Cesaro means of the series (1.1.1) and (1.1.2) are bounded at almost every 
point of E. 

From (1.1.6) we see that the oscillations of the sequences {o%(0)} and 
{#2(@)} are equal at almost every point of the set E. In particular, if one of the 
series (1.1.1) and (1.1.2) is summable (C, a) at almost every point of E, so is 
the other. 

The relations (1.1°7) and (1.1.8) show that the limits of indetermination 
of the sequences {o%(0)} and {G2(6)} are situated symmetrically with respect 
to the (generalized) sums of the series (1.1.1) and (1.1.2). 

It follows at once from Theorem 1 that, if the series (1.1.1) is summable A 
at every point of the set E, and if ¢.(@) = — © in E, then o7(@) = + © almost 
everywhere in E. The question whether we also have 


= — = + 
almost everywhere in E is left open. 


THEOREM 2. Suppose that the ath Cesdro means (where a> —1) of the series 
(1.1.1) are bounded at every point of a set E of positive measure, that is, that 


(1.1.9) o,(8) = O(1) for every 0 & E. 


Then at almost every point of E the series (1.1.1) and (1.1.2) are summable 
(C, a+e) (€>0) and we have the relations (1.1.5), (1.1.6), (1.1.7) and (1.1.8). 


The hypothesis (1.1.3) of one-sided boundedness, in Theorem 1, is replaced 
in Theorem 2 by the stronger hypothesis (1.1.9); but, on the other hand, no 
assumption is made in Theorem 2 concerning the summability of the series 
(1.1.1). 

Theorems 1 and 2 are known. Special cases of Theorem 1 have been proved 
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by Kuttner(?) and Plessner(*), and the general result stated above was proved 
by the authors(‘). 

The original proofs of Theorems 1 and 2 are however rather difficult. In 
the first part of this paper we give new proofs of these theorems, using certain 
ideas of Plessner, in particular the application of summability (C*, a) (de- 
fined in §2.1 below(®)). The chief simplification in comparison with the earlier 
proofs (in particular with Plessner’s proof) is that we do not require the theory 
of higher generalized derivatives. 

1.2. Theorems 1 and 2 raise the problem of the behavior of the Cesaro 
means of a power series on the circle of convergence. Let us begin first with 
the case of partial sums. 

Let 


(1.2.1) F(z) = 2", <4, 
v=0 


be a function regular inside the unit circle. We may suppose for the moment 
without loss of generality (subtracting a constant from F(z) if necessary) that 


Co is real. If 
Cn = GQ, — 1b, form = 1, 2,3,--:, 


then the real and imaginary parts of the series 
(1.2.2) Dd ce 
v=0 


may be written in the forms (1.1.1) and (1.1.2) respectively. 

Let us assume that the partial sums of the series (1.2.1) are bounded at 
every point s =e" of a certain set E situated on the circumference |z| =1. We 
shall also denote by E the Set of the corresponding arguments 6; this, however, 
will not lead to any confusion. By Theorem 2 the series (1.2.2) is summable 
(C, 1) to sum ¢(@) at almost every point of EZ. It follows from Theorem 1, 
therefore, that for almost every point @ of E the limit points of the sequence 


tn(0) = cei”, n=0,1,2,--+, 
v=0 


(?) Kuttner [1] proves that if the series (1.1.1) converges in E and the series (1.1.2) is 
summable (C, 1) in E, then the latter series converges almost everywhere in E. 

(*) The result of Plessner [1] coincides with Lemma M of the present paper in the case 
B=0, 1, 2, - - - . Plessner only sketches the proof of the result. 

(*) See Marcinkiewicz and Zygmund [1]. 

(5) That notion was considered independently by one of the authors and applied to the 
theory of Fourier series. See Zygmund [1, p. 61, Example 4]. 

It must however be observed that the expressions 


+ hin) + on(0 — hn) 


which play an essential part in our argument have been studied for the first time by Rogosinski 
[1]. 
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belong to the square with center ¢(@) and sides wo(@), parallel to the axes. 
Here wo(@) denotes the oscillation of the real part of the series (1.2.2). By 
Theorem 2, this square cannot be replaced by a smaller rectangle with the 
same center and sides parallel to the axes. On the other hand, not every 
point of the square need be a limit point of the sequence {t,(0)}, as simple 
examples show. 

In fact, take the series 


(1.2.3) 


the partial sums of which are bounded and summable (C, 1) at every point z 
of |z| =1 except z=1. Here 
ei(nt1)6 


1 
= t,(0) — = — 


so that all the partial sums of the series (1.2.3), with z=e”, 00 (mod 27), 
are situated on the circle with center (1—e*)-! and radius | 1—e*|-!. The 
same is of course true of the set of the limit points of the sequence {t,(6)}. 
Moreover, if @ is not commensurable with 7, every point of the circle just 
defined is a limit of the sequence {?,(6)}. 

Let us modify this example slightly by considering the power series 


(a + B) + az + (a + B)z? + az? +--- 
where a and @ are any constants. It may be verified without difficulty that in 
this case, for @ different from 0 and 7, the partial sums /#,(@) are situated on 
two concentric circles, with center 
a B 


(1.2.4) 


and radii 
1 B 


|1 — e#| 


These two circles are different if the ratio 8/a is not real. If @ is incommensur- 
able with z, every point of these two circles is a limit point of the sequence 


{t,(8)}. 


Similarly, in the case of the series 
(1.2.5) 
the partial sums /,,(@) are situated on six (generally distinct) circles with center 


1—e#  1— — 
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and if @ is incommensurable with 7, every point of each of those six circles 
is a limit point of the sequence {t,(8)}. 
A slightly different example may be obtained by considering the series 


(l+s+2?+---) ta(l + e%s + +.---), z= 


where a0 and AX is a real number incommensurable with 7. If @ is linearly 
independent of X, and n is suitably chosen, the fractional parts of (n+1)@ and 
(n+1)d may be as close as we wish to any preassigned numbers of the interval 
(0, 1). Using this fact, we easily obtain that, except for a denumerable set of 
values of 6, the limit points of the sequence of the partial sums of our series, 
with z=e*, form an annulus not reducing to a circle or a circumference. 
By combining this example with the preceding ones, we may obtain a 
power series such that for values of 6 belonging to a set of positive measure the 
set of limit points of the partial sums will consist of several concentric annuli. 
The particular series which we have just considered illustrate some gen- 
eral theorems which will be stated in a moment. It will be convenient to in- 
troduce certain notations. 
By 
A { Zo; a, B} 
where 0Sa<8< ~~, we shall mean the annulus consisting of the points z 
satisfying the inequalities a< |z—z0| <8. The circle A{ Zo; O, B} will be de- 
noted simply by 


K { 29; B}, 
and the circumference |z—20| =8 by 
C{ 20; 


We shall say that a plane set Z is of circular structure, if there is a point 
20 (center of Z) such that whenever a point ¢£ belongs to Z so does the whole 
circumference C { 20; | }. 

Given a function F(z) defined by (1.2.1) we shall write 


= Mr(@) = lim sup | ¢,(@) — |, 


m(6) = mp(6) = lim inf | — 4(0)|, 


where ¢(@) is the (C, 1) sum (provided it exists) of the series (1.2.2). The set 
of the limit points of the sequence {t,(6)}, when @ is fixed, will be denoted by 
Lr(@), or simply by L(6@). 

Now we may state the following 


THEOREM A. Suppose that the partial sums of the series (1.2.1) are bounded 
at every point of a set E situated on the circumference C { 0;1 } and let t(@) denote 
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the (C, 1) sum (existing, by Theorem 2, almost everywhere in E) of the series 
(1.2.2). Then, for almost every OCE, the set L(@) is of circular structure, with 


center t(@). 


In other words, for almost every value of 6 contained in E the set of the 
limit points of the sequence { tn (8) } consists of a finite, denumerable, or non- 
denumerable set of circumferences with center at ¢(@). The set L(@) is obvi- 
ously contained in the annulus A {¢(0) ;m(0), M(@) } . The set L(@) being closed, 
the extreme circumferences C {2(0); m(6)} and C {2(0); M(6@) } of that annulus 
belong to L(@). 

If the partial sums of the series (1.2.2) are bounded for some 6=@o, the 
coefficients c, are bounded. The examples of the series (1.2.4) and (1.2.5) 
show that the set L(@) need not coincide with A {t(0);m(@), M(@)}. This how- 
ever will be the case, if we assume additionally that the coefficients c, tend 
to 0. 

In other words, we have the following theorem: 


THEOREM B. Suppose that the series (1.2.2) satisfies the conditions of Theo- 
rem A and that c,—0. Then 
L(6) = A{s(@); m(@), M(0)} 
for almost every 0 of E. 
The deduction of this theorem from Theorem A is obvious. Since 
tn(@) every annulus A{t(6); re}, with m(0)<n<r<M(8), 
contains infinitely many points /,(@), and so also points of the set L(@). For 


every value of @ for which the set L(@) is of circular structure that set must 
contain all the circumferences C {1(0) ;r} with <r< _M(6). This completes 


the proof. 
Assume that for almost every CE, m(6) =0; that is, that for almost every 
value @ of E there is a sequence {m.} (which may depend on 6) such that 


(1.2.6) tn, (6) —> 1(6). 
Let us suppose furthermore that c, tends to 0. Then obviously 
= K{(6); M@} 


almost everywhere in E. This is certainly the case if the real part of the series 
(1.2.2) is a Fourier-Lebesgue series. For then, as is well known, 


2r 
f | — 0 for every0 < < 1(°), 
0 


and so there is a sequence {nx} , independent of @, such that (1.2.6) is satisfied 
almost everywhere. 


(*) See, e.g., Zygmund [1, p. 153]. 
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1.3. The results stated in the preceding section for the partial sums of 
power series can be extended to the arithmetic means of power series(’). 
Let 73(@) denote the ath Cesaro means of the series (1.2.2). By 


= L"(6) 
we shall denote the set of the limit points of the sequence {7%(6) }. 


THEOREM 3. Suppose that the series (1.2.2) is summable (C, a+1) (where 
a>-—1) at every point 0 of a set E, to sum t(6). Then at almost every point 0 
of E the set L°(6) is of circular structure, with center (0). 

In particular, the set L«(@) is of circular structure almost everywhere in E, if 
the arithmetic means 75(0) of the series (1.2.2) are bounded at every point 8 of E. 


That the second part of this theorem is a consequence of the first part fol- 
lows at once from Theorem 2. 


1.4. THEOREM 4. Suppose that the conditions of Theorem 3 are satisfied for 
some a=0 and that c,—0. Let 


(1.4.1) = lim inf | 7,(0) — 4(0)|, = lim sup | 7,(€) — |. 
Then 
La(#) = A{z(0); m(6), M(6)} 


almost everywhere in E. 


This theorem follows in the same way from the preceding theorem as 
Theorem B follows from Theorem A, provided we prove that 


(1.4.2) 1.(0) — ta-1(0) +0 


which is immediate (cf. §5.3). 

In the remainder of Part II we give a proof of a theorem (Theorem 5 be- 
low) which was already stated without proof in an earlier paper, and indicate 
extensions of the previous results to the case of Dirichlet series. 

1.5. In this section we state without proofs a few known results from the 
theory of Cesaro arithmetic means. We state only the facts we shall actually 
need in the sequel. 

Given a series 


(1.5.1) Dd 


(") For the theory of Cesaro means, see Andersen [1] and Kogbetliantz [1]. All the results 
required for the present paper will be found in Zygmund [1]. 


n=0 
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and a number a, we define numbers s% (nm =0, 1, - - - ) by the equation 


1 
> st = 


Unk 


n=0 (1 — 


Let us consider the numbers A§% defined by the formula 


= 
n=0 


1 


(1 j 
If the ratio 
(1.5.2) on = 


tends tos asm tends to infinity, the series (1.5.1) issaid to be summable by the 
Cesaro method of arithmetic means of order a, or simply summable (C, a), to 
sum s. The numbers sj and o% are called respectively the Cesaro sums and 
the Cesaro means of order a of the series (1.5.1). If the ratio (1.5.2) is bounded 
[bounded below] as n—, the series (1.5.1) is said to be bounded (C, a) 
[bounded below (C, a) ]. 

From the above definitions one can easily deduce the following properties 
of Cesaro means. 

(i) If the series (1.5.1) is summable (C, a), where a>-—1, to sum s, then 
the series is also summable (C, 8) to sum s, provided that B>a. 

If the series (1.5.1) is bounded [bounded below] (C, a), then it is also 
bounded [bounded below] (C, 8) for 8B>a>-—1. 

(ii) If the series (1.5.1) is summable (C, a), a>—1, to sum s, then it is 
also summable by Abel’s method (summable A) to s. In other words 

Here the variable z tends to 1 along the real axis, but the result holds if z 
tends to 1 from inside the circle |z| <1 along any non-tangential path, that 
is, along any path contained between two chords of the circumference | 2| =1 
passing through the point z=1. 

(iii) If the series (1.5.1) is summable (C, a), a>—1, then u,=o0(n*). 

(iv) We have 


n! ‘Tia + 


where the relation a,—~d, means that a,/b,—1. 

In particular, the numbers A§ are non-negative for a>-—1, form an in- 
creasing sequence tending to + when a>0O, and decrease to 0 when 
—1<a<0. Moreover A?=1 for all n. 
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(v) The numbers A§ and s% satisfy the following relations 
v=0 


In particular, 
= As”, 
v=0 
and so 


a+l1 a+l a a+l1 a+1 a 
A, —Avi= An, Sn Sn—-1 = Sn 


(vi) If {¢,} is any sequence tending to 0, then 


(1.5.4) = ofA") fora>—1,6>-—1. 


v=0 


This follows from (i) and from the second formula (1.5.3), if we put 
¢,A% =s*, and observe that the series summable (C, a) to 0 is also summable 


(C,a+6+1) to 0. 
(vii) It is easy to see that (1.5.4) holds if we replace the upper limit of 
summation n by n—k, where k is any fixed positive integer. Hence 


n—k 
(1.5.5) > o(As)As_, = o(Astt*) for a,8 > — 1, k = const. 


Part I 
2. LEMMAS ON SUMMABILITY (C*, a) 
2.1. Let o%(0) denote the ath Cesaro means of the series 


(2.1.1) + >> (a, cos v6 + sin 


We shall say that this series is summable (C*, a) at the point 0) to sum s, if 


on (8 + Nin) —s 


for every sequence h, =O(1/n). This property is equivalent to the following 
one: to every constant A>0O and to every e>0 corresponds an integer 
my =no(A, €) such that 


(2.1.2) ton@o+h)—s|Se for |h| SA/n,n > m. 


Lemma A. A necessary and sufficient condition that the series 


(2.1.3) a, 


415 
a a+l1 
Sy =Sn 
v=0 
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should be summable (C, a), where a> —1, to sum s is that the series 


(2.1.4) > a, cos v6 


v=0 
should be summable (C*, a) at the point 0 to sum s(°). 
Proof. The sufficiency of the condition is evident. For the proof of the 
necessity we may assume that s=0. We begin with the case of integral a, 
so thata=0,1,2,---. 


We write 
(n) 


, = 6 = An 
Let & denote the ath Cesaro sums of the series (2.1.3), and let 0%(@) be the ath 
Cesaro means of the series 


(2.1.5) > ae. 


v=0 


It is sufficient to prove that, if 4 =0(n*), then 
(2.1.6) o,(0) = o(1) for | < A. 


Applying Abel’s transformation a+1 times, we may write 


k=0 


n n—a—l a 
(2.1.7) = = + enn = Pa + 
v=0 


say. The numbers yp, being bounded, the expressions A*e,_; are also bounded 
for k=0, 1, - - - , a. Since the relation 4 =0(n*) implies 


= o(n’) forn— o,and k = 0,1,---,a, 


it follows that 
Qn = o(n*). 
In order to estimate the expression P,, we use the formula 
(2.1.8) = Ci, inns ir 6,1, 
j=0 
Hence, taking into account that 


(8) Lemma A of the present paper is a special case of Lemma D. The latter lemma is stated 
in Plessner {1 fora=0,1,2,---. 
(*) We use the notation 
At, = Cy — = A(4*"c,). 
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Au, = — = 23 sin 46), 


and generally 
Aip, = 27 sin 40) 


we obtain 


atl 


j=0 


> Ca+1,jAn—»(— 2% sin $6) 


j=0 


a+1l—j i(a+1—j)0/2 ivd 
é @ . 


It follows that P, is equal to the sum of the expressions 


n—a—1 


for 7=0, 1, - --,a. The absolute value of (2.1.9) does not exceed (cf. (1.5.5)) 


) = o(n'), 


provided that |6| <A. Hence P,=0(n*), and since the same relation was 
obtained for Q,, Pxa+Q,=0(m*). This and (2.1.7) give (2.1.6), so that the 
lemma is established in the case of integral a. 
2.2. In the case of fractional a>—1, we write 
(n) 
B= [a] + 1, Mb », = (0) = — Mn). 
Hence £ is a non-negative integer greater than a. We write 


(2.2.1) Axon(8) + > an, = o(n ‘) + 3 


To the last sum we apply Abel’s transformation 8+1 times: 


n—B-1 


n B 
B B+ k k 
(2.2.2) Qn = > tA + = P. + Ons 
v=0 k=l 


say. Now 


k-1 
k— 


j=0 


(2.2.3) 


k-1 


j=0 


a+l 
| 
— 
k 
| 
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for v=n—k and k=1, 2, - - - , B. Since the series (2.1.3) is summable (C, a) 
and so also (C, 8) to 0, we obtain 


os) for = 0, 1, -- 
Hence 


(2.2.4) Qn = > 0(n*)0(| @| ) = = o(ne) 


for | <A. 
It remains to estimate the sum P,. On account of the first equation 
(2.2.3) with k=8+1, P, is a sum of 8+1 expressions 


B+1—7 

(2.2.5) > My+is j=9%, 1,---, 
v=0 

and of the expression 


n—B—1 


B 
(2.2.6) > tAn—» — Mn)- 


v=0 


The sum (2.2.5) is 


7-6-1 


v=0 
and the sum (2.2.6) does not exceed in absolute value 
n—B—1 


v=0 v=0 


= 0(| = o(n). 
It follows that 
(2.2.7) P, = o(n*). 
From (2.2.1), (2.2.2), (2.2.4), (2.2.7) we deduce (2.1.6), and so the acaied 
of Lemma A is complete. 


2.3. Lemma B. A necessary and sufficient condition that the series 


(2.3.1) > }, sin v0 


should be summable (C*, a), a>—1, at the point 0=0, is that the sequence 
{y b,} (v=0, 1, 2, -- - ) should be summable (C, a+1) to 0. 

Proof. The argument is similar to that of Lemma A. We begin by proving 
the sufficiency of the condition, and we assume first that a is a non-negative 
integer. Let 


kel 
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(n) sin v0 (n) 
(2.3.2) vb, = Cy, My = (0) = 0 , Y=%7 (6) = 


By o%(@) we shall denote the ath Cesaro means of the series (2.3.1) and 
by ui the iterated sums of the sequence {c,}, so that 


Mn = Un = Cry = 
Hence 
Applying Abel’s transformation a+1 times we have 


k=0 
say. By hypothesis, and so also =0(n*+) fork=0,1,---, 
This gives 
(2.3.5) 60, = 60(n**") = o(n*), 
if only |6| <A. Since 


a+1—j a+1—j 


at+l 


j=0 j=0 


6P,, is a sum of a+1 terms of the form 


a+2— ’) 2a—j+2 
o(n 


), 


o(|@|***’) = o(A, = 0(| 6| 


where j=0, 1, - - - ,a. Hence, if | <A, 

(2.3.6) OP, = o(n*). 

From (2.3.3), (2.3.4), (2.3.5) and (2.3.6) we see that 

(2.3.7) o,(6) +0 forn—o and | | <A. 


This completes the proof of sufficiency in Lemma B for the case of integral a. 
2.4. If a is fractional, we write 


(}°) Here (and in the sequel) we use the known fact that if a function ¢(u) has a pth deriva- 
tive, and if ¢(v)=¢,, then 
A’, = (— + 0p) 


where @ is a number contained between 0 and 1. 
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(n) 


B= [a] + 1, & = & (6) Mn)» 
where y, is defined by (2.3.2). Then 


A,o,(6) = Opn + 
v=0 y=0 


First 
(2.4.1) On >, = = o(n*) 


v=0 
for <A. Now 


n—B—1 


n 


v=0 v=0 k=l 
say. But 


k = 
4% = Cr, + — Hn) 
7=0 


(2.4.3) 
a—j 
Cr, = O( | ) 
j=0 
for k=1,2,---,8and »v=n—Rk. By hypothesis, the sequence {c,} is summa- 
ble (C,a+1), and soalso (C,8+1), to0. Hence = fork =1,2,---, B. 
This gives 
(2.4.4) 60, = 8-0(| = o(n—) = o(n*) 
for <A. 
Substituting into the formula for P, the first formula (2.4.3) with k=6+1, 
we see that 6P, is a sum of 8+1 expressions 
(2.4.5) 7 > 0, 1, B, 
v=0 
and of the expression 
n—B-—-1 
B+1 a—B—1 
(2.4.6) 6 > O(A, )An—» — 
v=0 


The absolute value of (2.4.5) is 


i +2 a 


and the absolute value of (2.4.6) is 


"S oat = = o(n’). 


420 
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Hence 6P,,=0(n*), which in view of (2.4.1), (2.4.2) and (2.4.4) gives (2.3.7). 

2.5. In order to prove the necessity of the condition in Lemma B, we have 
to show that, if the series (2.3.1) is summable (C*, a) at the point @=0, then 
the expression 


vO 
(2.5.1) > A,-b, = — sin 


is o(n**'). We shall prove a slightly more general result, which will be required 
later on and which may be stated in the form of the following 


Lemma C. Let {ha} be a sequence of numbers tending to 0 and satisfying 
for n> no the condition 


(2.5.2) 0<is nh, 


where 5 is any fixed positive number less than 32. If for some such sequence the 
Cesdro means o%(0), where a> —1, of the series (2.3.1) satisfy the condition 


(2.5.3) 0 forv—- © andn=v 


then the sequence { vb,} is summable (C, a+1) to 0. 


Proof. The argument does not differ appreciably from that of the preced- 
ing lemmas. We write 
(n) a 
sin v6 
(2.5.4) 


(6) = b, sin v0, > », (6), k= 1, 2, 


and we suppose first that a is an integer. If we substitute 0 =h, into the right- 
hand side of (2.5.1) and denote the resulting expression by J, then (for 2 >mo) 


v=0 


(2.5.5) 


1 a 
= hn (lin) + hin lin Pp + lin Qns 
k=0 


say. From (2.5.3) we see that v$(h,) =0(v*) =o(n*). Hence 
(Its) = o(n*) 


and so (cf. (2.5.2)) 


(2.5.6) lin On = O(n) > o(n")-O(1) = 
k=0 


v= sin v6 
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a+1 
a+1 a—j a+l—j 


j=0 
h"P, is a sum of expressions 


1 
O(| hn of = o(n™”), j=0,1,---,a4+1. 
v=0 


From this and from (2.5.5) and (2.5.6) we see that the left-hand side of (2.5.1) 
is o(n**"), which proves Lemma C in the case of integral a. 
2.6. If a is fractional, we write 


where yu, has the same meaning as in (2.5.4). We get 


Tn = Hin sin + hin D> sin 


= + hn mb, sin vip. 
v=0 


Furthermore, 


n—B—1 


= 8 
v= k=l 


hin Px + lin 


From (2.5.3) and from the inequality 8 >a we get 


05 (Itn) o(n') 0,2», 
whence 
= 
Now 
k = a-k 


so that 


lin Qn = lin > o(n )O(n) = = ). 


422 
Since 
kml 
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If we substitute k=8+1 into (2.6.1), and observe that h-'P,, is correspond- 
ingly a sum of expressions 


n—8—1 


and of the expression 
n—B—1 


v=0 
we easily get 
J, = o(n**), 
which completes the proof of Lemma B as well as that of Lemma C. 


2.7. Lemma D('!"). Let o%(@) denote the Cesdro means of the series 
(2.7.1) tao + (a, cos v6 + 5, sin 
v=] 


A necessary and sufficient condition that this series should at the point 0. be 
summable (C*, a), where a>—1, to sum g, ts that 

(i) this series should be summable (C, a) at the point 05 to sum g; 

(ii) there should exist a sequence {ha} satisfying for n>mo the condition 


(2.7.2) 0<6<|nh,| <4 —65, 5 independent of n, 
and such that 
(00 + itn) g, yo, 


Proof. That the condition is necessary is obvious. In order to prove its 
sufficiency we may suppose that 6)=0. By hypothesis, the series 


+ > ay 


is summable (C, a) to g, and so on account of Lemma A the cosine part of the 
series (2.7.1) is summable (C*, a) to g at the point @=0. Hence, the sine part 
of (2.7.1) satisfies the hypothesis of Lemma C. It follows that the sequence 
{nbn} is summable (C, a+1) to 0. Consequently (Lemma B), the sine part of 
(2.7.1) is summable (C*, a) to 0 at the point @=0, and so the series (2.7.1) 
is summable (C*, a) to g at that point. This completes the proof of Lemma D. 


2.8. Lemma E. If the series (2.7.1) is summable (C*, a), a>—1, at a point 
60, then the sequence 


(4) Cf. Footnote 8. 
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(2.8.1) nB,(0o) = COS — ay sin NOo) 
is summable (C, a+1) to 0. 


Assuming for simplicity that 0).=0, we see at once that Lemma E is a 
consequence of Lemmas A and B(?”). 


3. SUMMABILITY A*, LEMMAS ON NUMERICAL SERIES 


3.1. We shall say that the series 
(3.1.1) 
is summable A* at a point 4 to sum g, if the harmonic function 
+ > (a, cos v0 + sin v@)r’ 


tends to g when the point re tends to e** along any non-tangential path. 


Lemna F. [f the series (3.1.1) ts summable (C*, a), a>—1, at a point 0 
to sum g, it is also summable A* at that point to g. 


Proof. Let us assume that 0).=0. From the hypothesis of Lemma F it fol- 
lows that both the series 


+ >> a, cos v8, > sin v6 
v==0 


are summable (C*, a) at the point 0, the sum of the first of these series being g, 
the sum of the second being 0. It is sufficient to show that 


(3.1.2) + > cos v0 g, > 6,7’ sin v9 — 0, 


provided that 
(3.1.3) z—1, | 4 —z|<C(i-»), where z = 


Now, 


(3.1.4) + a,r’ cos v0 = (4 + Das’), 


(*) From Lemmas E and G (see below) it follows at once that if the series (1.1.1) is sum- 
_ mable (C*,a),a>—1, at a point Oo, and if the series (1.1.2) is summable A at that point, then the 
series (1.1.2) is also summable (C*, a) at the point 0o. 
This result, with summability A replaced by summability C, and with a=0, 1,---, is 
stated by Plessner [1]. 


x 
d 


1941] TRIGONOMETRIC SERIES AND POWER SERIES 425 


and since the series $a9+a@1+a2+ --~- is summable (C, @) to g, the very well 
known extension of the Abel-Stolz lemma gives("*) that, under the conditions 
(3.1.3), the function 


+ + +--- 


tends to g. In view of (3.1.4), we get the first relation (3.1.2) under the same 


conditions. 
Furthermore, denoting by uf the ath Cesaro means of the sequence { vb, } ; 


where v=0, 1, - - - , we may write 


> 4,7’ sin v6 = f ( > cos dt = f ( dt 
0 v=0 0 


van] v=0 


where ¢ = re*'. Taking into account that 
1 


ltl=r 


we see that the absolute value of the last integral does not exceed 


| @| — r)*t! = 


This proves the second relation (3.1.2) under the conditions (3.1.3). The proof 


of Lemma F is thus complete. 
3.2. Lemma G which follows is known(*). We give its proof here for the 


sake of completeness only. 


Lemma G. [f the series 
(3.2.1) da, 


is summable A, and if the sequence {c,} ={va,} is summable (C, a+1) to 0, 
where a>—1, then the series (3.2.1) is summable (C, a). 


Proof. Let 


denote the yth Cesaro means of the series (3.2.1). We shall say that the series 
(3.2.1) is summable by the method A(C, y) to sum s, if 


(33) See §1.5 (ii). 
(4) See, for example, Andersen [1]. 


‘ 

Sn 

=-—— 

AY 

n 

| 

} 
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lim (1—1r) =s. 
r—1—0 n=0 
Summability A(C, 0) is plainly identical with summability A. For the proof 
of Lemma G we shall require the following three supplementary proposi- 
tions("*) : 
(i) If the series (3.2.1) is summable A to s, it is also summable A(C, y) tos, 
provided that y 20. 
(ii) If the series (3.2.1) is summable A(C, y), where y>0, to s, and if 
a,=0(1/v), then the series converges to s. 
(iii) If a,=o0(1/v) and if the series (3.2.1) is convergent, then it is summable 
(C, —1+€) for every e>0. 


In order to prove (i) we may assume that y >0 and that s=0. We observe 
that 
vf (1— u)*u"du y>0;n =0, 1, 
Hence, if 
fr) = Sar for0 Sr <1, 


then 


Pi 


n=0 n=0 


n=0 


0 (1 — ru u) 
Let M denote the upper bound of f(x) for 0Sx<1, and let us suppose 
that \f(x)| s <6 for 1—eSx<1. The last expression in (3.2.2) does not exceed 
in absolute value 


y-1 1 1 y-1 
0 


(1 — (1 — 
Here the first term tends to 0 as r—1, and the second term does not exceed 
— r)y du =53 
o (1 — 


(44) Propositions (i) and (ii) are taken from Zygmund [1]. Proposition (iii) was proved by 
Hardy and Littlewood [1], even with o replaced by O. 


426 
(3.2.2) 
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(in order to verify the equation, it is sufficient to substitute f(x)=1, i.e., 
o2=1 for n=0, 1, - - - , into the extreme terms of (3.2.2)). This completes the 


proof of (i). 

In order to prove (ii), it is sufficient to show that the summability A(C, 7) 
of the series (3.2.1) and the condition a,=0(1/m) imply the summability A 
of (3.2.1), for then the result will follow from Tauber’s classical theorem. We 
may of course assume that y#0. Let s, denote the mth partial sum of the 
series (3.2.1). We shall show that then 


(3.2.3) — 5,70 for 


For 
1 n 
(3.2.4) On — Sn = — (Any — 
A’ v=0 


and 
(3.2.5) 


pmn—v+1 
Hence 


+2 


Consequently, since va,=o(1), we obtain 


Ay 
—s,| < > o(1) = o(1), if y¥21, 


a 


| on — = o(1), if O<yS1. 
n 


This completes the proof of (ii). 
In order to prove (iii), we observe that 


[n/2} 1 —l+e 
a, + in = P,, + Qn, 


= 
ym[n/2]-+1 


—l+e 1 
on 


say. Now 


Denoting by s, the partial sums of the series (3.2.1) and applying Abel’s 
transformation we easily get 


21, | 
< <1. 

} 
| 
»=0 
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1 


A 
2 [n/2] 


(3.2.6) P, 


Assuming, as we may, that s,—0, we see that the last term on the right of 
(3.2.6) is o(1). The first term on the right is 
1 n n 
— O(n-***) | s,| = O(1/nm) s,| = o(1). 
A v=0 v=0 


Hence 
Ite _, 0, 


which completes the proof of (iii). 

3.3. We now pass on the proof of Lemma G. We may assume that the 
series is summable A to 0 and that ay) =0. Let of =s%/A% denote the ath Cesaro 
means of the series (3.2.1), and let us suppose first that a is an integer. We 


write 


0 k k-1 
C,=¢, C, = ~ v 
u=0 


(n) a 
€o = 0, = A,,—? 
v 


Then 


n n— 


a 
k=0 


say. From the formula 

k 
(3.3.2) soe 

j=0 v+j 
and from the relation 

oan 

it is easy to deduce that 
(3.3.3) Qn = 0(n*). 


Substituting k=a+1 into (3.3.2) we get 


a—j  a+l—j 1 


@ a a 1 k 
v j=l v+j 


a a. 1 1 
= — + ). 


| 
Hence 
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n—a—1 é n—a—1 1 


j=1 = 


n—a—1 a+1 n—a—1 


a+l 1 i- 


j=1 vel 


n—a—1 


We may also write 


From this and from (3.3.1) and (3.3.3) we get 


1 a 


The first term on the right is the ath Cesaro mean 7% of the series 


(3.3.5) 0+ 
whose terms are 0(1/v). By hypothesis, the series (3.2.1) is summable A to 0, 
and so on account of (i) summable A(C, a) to 0. From (3.3.4) it follows that 
the series (3.3.5) is summable A(C, a) to 0, and so converges to 0. Hence 
T—0, which on account of (3.3.4) gives 


(3.3.6) o, 0. 
Lemma G is thus established in the case when a is an integer. 


In the case of fractional a > —1 the proof is similar. We write 


(n) 1 
6 = [a] +1, no = 0, Ny = A forO<» <n. 
n 


Then 


since the sequence {c,} is by hypothesis summable (C, a+1) to 0. On the 
other hand, 


B 
k=O 
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Arguing as before (we omit the details, which remain essentially unchanged) 
we get instead of (3.3.4) the formula 


(3.3.7) 
Ag — | v 
which in the case a20 gives (3.3.6) (the argument is then the same as in the 
case of integral a). 
If —1<a<0, then summability (C, a+1) of the sequence {c,} implies 
summability (C, 1) of that sequence, to the limit 0, and so on account of the 
formula (3.3.4) with a=0 we have 


2 1 
= + o(1). 
v 
The series (3.2.1) being summable A, the series > CiA1/», whose terms are 
o(1/v), is convergent, and so summable (C, a) (cf. (iii)). In other words, the 
right-hand side of the formula (3.3.7), where —1<a<0, B=0, tends to 0. 
This proves (3.3.6) also in the case — 1<a<0, and so Lemma G is proved. 


3.4. Lema H. [If a series is summable A and its Cesdro means of order a 
are bounded (a>-—1), then the series in summable (C, a+e) for any e>0. 


This lemma is well known("*). 


LemMa I. If the Cesdro means o%=s%/A%, where a>—1, of a series 
ao+ai+ --- are bounded below, and if the series is summable A, then the series 
is summable (C, a+1). 

In the case a=0 the lemma reduces to a very well known theorem of 
Littlewood. The general result may either be deduced from Littlewood’s theo- 
rem by a certain comparatively simple argument('’), or may be proved ex- 
actly in the same way as the Littlewood theorem. We shall follow the latter 
course, using the familiar device of Karamata('*). 

Without loss of generality we may assume that the expressions o% are 
all positive. By hypothesis, 


>a," =(1-— asr— 1, 
n=0 n=O 


where s is the A-sum of the series a9+a,+ - - - . Replacing r by r**', where k 
is any non-negative integer, we easily obtain from the last relation 


(*) See Andersen [1]. A proof may also be found in Zygmund [1]. 
(7) See Zygmund [2, p. 329]. 
(*) Karamata [1]. 
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(k+1)* T(a+ oJ, (1 


n=0 


and so, if P(x) is any polynomial, 


a+1 an 5 1 
(3.4.1) (1 — P(r’) P(x) —) dx. 


Let Q(x) be any function defined and bounded in the interval 0<x <1. 
Let us assume furthermore that Q(x) is continuous except at some point where 
it has a jump. Approximating Q(x) above and below by polynomials and tak- 
ing account of the positiveness of the expressions s%, we deduce from (3.4.1) 
that 


a+l1 an n 1 
(3.4.2) (1 r) sar Q(r ) Q(x) (10s —) dx. 


n=0 


Let us define Q(x) by the conditions 
1 
Q(x) =0 for OS O(«x)=— for 
x 


The right-hand side of (3.4.2) is then equal to s/I'(a+2). Hence, if we set 
r=e-/" and make N tend to + ~, the relation (3.4.2) gives 


1 
n=0 (a + 2) 


or, since 


This completes the proof of the lemma. 
3.5. Let o%(@) denote the Cesaro means of the trigonometric series 


(3.5.1) hao + >> (an cos nO + b, sin n6). 
n=l 


The series will be said to be finite (C*, aw) at a point 40, if for any A >0 there is 
a number B= B(A), such that 


a A 
| on(00 + S B for |h| —andn=1,2,---. 
n 


Similarly the series (3.5.1) will be said to be finite A* at the point 6, if for 
any C>0 the harmonic function 
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hao + >> (a, cos nO + b, sin nO)r” 


is bounded in the neighborhood of the point e* satisfying the inequality 
| re? —¢i#o| <= C(i-—r). It is plain that Lemmas D, E, F, G have the following 
analogues. 

Lemma D,. A necessary and sufficient condition that the series (3.5.1) should 
be finite (C*, a), a>—1, at the point Oo, is that 

(i) the series (3.5.1) should be finite (C, a) at the point 0; 
and that 

(ii) there should exist a sequence {h,} satisfying the condition 

0<6<|nh,| — 5, 5 independent of n, 


and such that 
(09 + fn) = O(1) 
LemMaA E,. If the series (3.5.1) is finite (C*, a), a>—1, at a point Oo, then 
the sequence n(b,, cos sin Oo) is finite (C, a+1). 


Lemma F,. [If the series (3.5.1) is finite (C*, a), a>—1, at the point Oo, it is 
also finite A* at that point. 


LemMA [f the series --- is finite A, and if the sequence { va,} 
is finite (C, a+1), then the series ag+a,+ --- is finite (C,a) (a>-—1). 


4. PROOFs OF FUNDAMENTAL THEOREMS 


4.1. Lemma J. If Gis any measurable set of positive measure and 09 a point 
of density of G, then for any X>0 there is a sequence of numbers {an} such that 
Nan — d, 


(4.1.1) 
6 + a, belongs toG for alln > no. 


Proof. Since 6 is a point of density, the average densities of the set G in 
the intervals 


A + A +e 
n n n 
where 0 <€ < 


tend to 1 as ” tends to infinity. It follows that for m large enough these average 
densities exceed 3, and so there is a number 8, such that 


+e 


n 


432 
n> 
a n 
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Thence it is not difficult to deduce the existence of a sequence {a,} satis- 
fying the conditions (4.1.1). 


Lemma K. [f the series 


(4.1.2) da) + >> (a, cos nO + b, sin né) 
n=l 


is summable (C, a), a>—1, for 0CE, then the series is summable (C*, a) almost 
everywhere in 

Similarly, if the series (4.1.2) is finite (C, a) at every point of E, the series is 
finite (C*, a) almost everywhere in E. 


Proof. Let us suppose that the series (4.1.2) is summable (C, a) for 0EE, 
and let s(@) denote the (C, a)-sum of the series. Let G be any subset of positive 
measure of E, such that the Cesaro means o%(@) of the series (4.1.2) tend to 
s(0) uniformly on G. In particular, s(@) is continuous on G. Let #.€G be a 
point of density of G, and let {a,} be any sequence of numbers such that 


lr Sna,Sir, O+a,€G 
for all >mpo. Since 
(8 + an) — + am) 0 for ©, », 


and since it follows that for 0, 
An application of Lemma D shows that the series (4.1.2) is summable (C*, a) 
at the point 40, that is, is summable (C*, a) almost everywhere in G. 

Since the measure of E—G may be arbitrarily small, this proves the first 
part of the lemma. The second part may be proved in a similar way. 


4.2. L. Let 
F(z) = u(r, 0) + iv(r, 0), s=re%, 


be a function regular inside the unit circle, and let us suppose that there is a set E 
of positive measure situated on the circumference | z| =1 and such that for any 
zoCE the function u(r, 0) is bounded when z tends to 29 along non-tangential 
paths. Under these conditions for almost every point 2oCE the functions u(r, 0) 
and u(r, 0) tend to finite limits when z tends to 29 along any non-tangential paths. 


This lemma is known(?°). It plays an essential part in our proofs of Theo- 
rems 1 and 2. It may also be stated in the following form: If a trigonometric 
series is finite A* at every point of a set E of positive measure, then the series itself 
and its conjugate are summable A* almost everywhere in E. 


(2%) See Plessner [1] fora=0,1,2,---. 
(*°) Privaloff [1]. A more general result, obtained by an argument similar to Privaloff’s, 
will be found in Plessner [2]. 
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4.3. From the preceding results we may deduce without difficulty the fol- 
lowing special case of Theorem 1: 

Lemma M. [f a trigonometric series is summable (C, B), B>—1, at every 
point of a set E, the conjugate series is summable (C, 8B) almost everywhere 
in E(**). 

Proof. If the series (4.1.2) is summable (C, 8) in E, then it is summable 
(C*, 8) almost everywhere in E (Lemma K). It follows (Lemma E) that 


(4.3.1) (C, 8+ 1)n(b, cos — a, sin n@)—0 at almost every point of E. 


On the other hand, from Lemmas F and L it follows that the conjugate series 


(4.3.2) Dd (an sin — b, cos 

is summable A*, and so also A, almost everywhere in E. From this and from 
(4.3.1) we see (cf. Lemma G) that the series (4.3.2) is summable (C, 8) almost 


everywhere in E. 
4.4. Lemma N. [f at every point 0 of a set E of positive measure the series 


(4.4.1) + (a, cos + b, sin n6) 


n=l 


is summable (C, a+1), where a>—1, to sum s(0), and if 
(4.4.2) o.(0) > 


then 
(4.4.3) << +0, 
(4.4.4) s(6) = + 0%(6)} 


at almost every point of E. 


Proof(2*). Let us suppose first that a is an integer. From (4.4.2) and from 
Egoroff’s well known theorem we deduce that there is a subset G of E, of 
measure differing as little as we please from that of E and such that 


(4.4.5) o.(0) > oa(6) — ford &G, 


where €:, is a sequence of numbers independent of @ and tending to 0. 
The functions s(@) and o,(@) are measurable, and so if we remove from E 
subsets of arbitrarily small measure, these functions will be continuous on the 


(28) See Plessner [1] (for the case a=0, 1, - - - ), Marcinkiewicz and Zygmund [1]. 
(#) Lemmas N and O of this paper are taken without essential changes from Marcinkiewicz 


and Zygmund [1]. 


fordc E, 
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remaining set. Without loss of generality we may assume that the functions 
s(0) and o,(8) are continuous on G. 

Let 0) be any point of density of the set G and belonging to G, and let 
{ B.} be a sequence of numbers satisfying the conditions n8,—7, 6:+8,€G 
(cf. Lemma J). It follows from (4.4.5) that 


(4.4.6) 4{on(00 + Bn) + on(00 — Bu)} > + Bn) + — Bn) } — 


If we introduce the notation 


Co(0) = C,(0) = a, cos v6 + 5, sin v6 for vy 2 0, 


«4. forO0S» <2, 


the left-hand side of the last inequality may be written 
1 n 


As 


{on(80 + Bn) + on(B0 — = 

(4.4.7) 

= — ),C,(00)r. 

(40) 

Let sk(@) denote the kth Cesaro sums of the series (4.4.1). Applying sum- 
mation by parts a+2 times, we may represent the last sum in the form 


n—a—2 


a @. 1 et! , 7. 
ad, + = Pn + Qn 


say. Since A;!=A,;*=0 for u>0, we may write 


A = cos (v + f)Bn = >, Cat2,jAn—» cos (vy + Bn 


) =O(n) 


= 
for 0S vSn—a—2. Assuming for simplicity that s(@.) =0, that is, that 
o(n*’), 


we see that P,, is equal to a sum of a+1 expressions of the form 
1 n—a—2 
o( ) = o(1), 
van 
so that 
_ (4.4.8) P, = o(1). 


Since 


| 
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7 
Ay = cos (v + 


h=0 


the coefficient of s4_,(00) in A%Q, is equal to 


a cos + Fc, cos (n —j + h)Bn 


h=0 


=A; cosmB,+ >,O(n ) =A; cos mB, +O(n 
h=0 


for j=0, 1, - - - ,a+1. On the other hand, the condition s%**(00) =0(m**') im- 
plies 

i 

Sm(6o) = o(m forj = 0,1,---, 
Hence, 


> + 0(1) = 


As n i=0 j=0 


(since Aj!=0 forj>0). 
The left-hand side of the inequality (4.4.6) is equal to P,+@Q,, and so on 
account of (4.4.8) we get 
cos = 


(4.4.9) $f on(00 + Bn) + on(00 — Bu)} = + o(1). 
j=0 
The function ¢.(6) is by hypothesis continuous at the point 0» with respect 
to the set G. The right-hand side of the inequality (4.4.6) tends therefore to 
(9). From this and from (4.4.9) we deduce that 


j=0 


or, since n8,—r, 
1 a 
n- j=0 


4.5. Let us now consider the difference 
a+l1 


a a+1 An» 
1 
= vA, 


The last expression is analogous to (4.4.7), except that the factor cos v8, is 
replaced by 


(4.5.1) 


436 
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(4.5.2) 


which for our purposes possesses the same properties as cos v8,, namely 
A*y, = O(n-), 
(as a matter of fact, A*y, =0 for k>1). Hence, repeating the argument which 
gave (4.4.9), we get 
> + o(1). 
n + a + 1 Ae j=0 
From (4.5.3) and from the inequality 


(4.5.3) — (0) = 


1 a 
lim sup > ; 


i=0 


we deduce that 


lim sup { on(00) — on (60)} S — 


or that 


This inequality was established under the hypothesis o4*1(69)—>0. In the gen- 
eral case, which may be reduced to the former by subtracting the constant 
$(0o) from the series (4.4.1), we obtain 


(4.5.4) + S 


This relation holds almost everywhere in G, and so almost everywhere in E. 
Hence (4.4.3) is true at almost every point of E. 

Let us now change the signs of all the coefficients of the series (4.4.1) and 
let us apply the inequality (4.5.1) to the new series. We get that 


(4.5.5) + o*(6o) = 2s(0o) 


almost everywhere in EZ, which on account of (4.5.1) gives (4.4.4) at almost 
every point of E. Thus Lemma N is proved in the case of integral a. 
4.6. Passing to the case of fractional a>—1, we set 


= +1, 


so that a<8<a+1. Let us assume that the series (4.4.1) is summable not 
only (C, a+1), but also (C, 8) on E. Let us define the set G in the same way 
as before, and let 009€G be any point of density of G. Let us assume for sim- 
plicity that 


on(0c) — 0. 
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Applying summation by parts 8+1 times to the right-hand side of the equa- 
tion 


a a 
(4.6. 1) 4{ + Bn) + Bn) } = Ae C,(80)r» 


(cf. (4.4.7)) where nB,—7, 0 gars we get the expression 
1 


say. To estimate P,, we use the formula 


a—j  B+1-— a—B—1 | 
= cos (v + + An» cos (v +6 + 
j=0 
for0 


Correspondingly, 


n—B—1 1 


> 72 cos (v + B + 


1 
cos (v + B + 


n 


On the other hand, the last expression is equal to 
n—B—1 


x n—B—1 1 per 
== + > | O(n — v)Bn 


A n v=0 n 


n—B—1 


As 


n—6—1 


so that 
cos mB, 
+ 061). 


P, = 


Furthermore, from the formula 


A’), = cos (v + 


> 
P,= 
we get 
4 
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As j=0 As j=0 


n n 
cos mB, 


= o(1) + Ae > 


j=0 


Hence the expression (4.6.1) is equal to 


a v=0 j=0 


Since n8,—7, 09+8,€G, it follows that 


1 i a—j 
(4.6.3) lim + Sn—j(00)A S — 
“4 v=0 i=0 
Let us now consider the equation (4.5.1). The argument which transformed 
(4.6.1) into (4.6.2) gives 


on (00) on 


(4.6.4) n 1 { 


> + + o(1). 


n+a+i1 As 
Comparing this with (4.6.3) we get 


lim sup {on(80) — on S — 


+ S 0. 
If s(@9) 0, this inequality is to be replaced by 
(4.6.5) o* (0) + S 2s(0). 


This gives 7*(0)) < + ©, and so (4.4.3) is true almost everywhere in E. Hence 
applying (4.6.5) (with @) replaced by general 6) to the series obtained from 
(4.4.1) by changing the signs of the coefficients of the latter series, we obtain 


o*(0) + o4(8) = 25(6) 


and so (4.4.4) is true almost everywhere in E. 
4.7. We have therefore proved Lemma N also in the case of fractional a, 
but under an additional assumption, namely that the series (4.4.1) is sum- 
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mable not only (C, a+1), but also (C, 8) in E. To remove this assumption 


we may argue as follows. 
First of all, the argument of the preceding section shows that if 


(4.7.1) = O(1) 
for then o*(@) < +, that is, 
(4.7.2) o.(0) = O(1) 


almost everywhere in E. On the other hand, since >a, the hypotheses of 
Lemma N imply that 


om (0) on E, 
and applying Lemma N in the case of integral a (now 8) we get that 
o.(8) = O(1) almost everywhere in E. 


It follows that under the conditions of Lemma N (in the case of fractional a) 
the relations (4.7.1) are true at almost every point of E, so that also (4.7.2) 
holds almost everywhere in E. Now, on account of Lemma H, the series 
(4.4.1) is summable (C, 8) at every point @ at which 


= O(1), (6) s(6). 


Hence, under the conditions of Lemma N, the series (4.4.1) is summable (C, 6) 
almost everywhere in E. This completes the proof of Lemma N in the case 


of fractional a. 


4.8. Lemma O. Suppose that for some a> —1 the series 
(4.8.1) hao + >> (a, cos v0 + b, sin v6) 


satisfies at every point of a set E of positive measure the condition 
(4.8.2) — 0 <a,(0) < + 


and that the conjugate series 


(4.8.3) > (a, sin v0 — b, cos v6) 


is summable (C, a+-1) in E. Then at almost every point of E the following condi- 
tions are satisfied: 

(4.8.4) — © <G@,(0) << + 

(4.8.5) 5(0) = + 
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(4.8.6) — Ga(0) = o%(0) — 

Proof. The argument is so similar to that of Lemma N that we may con- 
dense some parts. Let G be a subset of E such that the functions ¢,(@) and 
o*(@) are continuous on G, and that 


— én S on(0) S on(0) + € onG, 


where {¢€,} is a sequence of numbers tending to 0 and independent of 8. The 
measure of G may be as near to that of E as we please. Let 4 be any point 
of density of G belonging to G, and let 8, be a sequence of numbers satisfying 
the conditions 


Using the notation 
Co(6) = 0, €,(6) = a, sin v0 — b, cos v0 fory > 0 


we have the formula 


(4.8.8) 4{ on (8 + Bn) Bn)} Ae C,(00)An—» sin vBn- 
v==0 
Here the right-hand side is analogous to the expression (4.4.7), with C,(6o) 
replaced by C,(@0), and cos vB, by —sin vB;,. Let #(6) denote the Cesaro sums 
of the series (4.8.3), and let us assume first that 5(@0) =0. 
In the case of integral a we get from (4.8.8) the formula 
sin mB, _j 


i=0 


{on(80 + Bn) — on(80 — = — 
analogous to the formula for P,+Q, in §4.4 (cf. (4.4.9)). Hence, making 
tend to + and using (4.8.7) we obtain 


n i=0 


Simultaneously we consider the formula for &%(00) —5%*"(60), which is anal- 
ogous to (4.5.1), with C,(@0) replaced by C,(0o). It follows that 


(cf. (4.5.3)). From this and (4.8.9) we get 

— < ${0%(0) — oa(60)}. 


If §(@0) #0, this formula takes the form 


— (60) = 


441 

| | 
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Fa(O0) — 3(60) — — oa(Oo)}. 


Applying this inequality, which is true for almost every point 0 of E, to the 
series (4.8.3) multiplied by —1, we get the inequality, 


&*(00) — (80) ${0%(00) — oa(Oo)}. 


The last two inequalities show that the series (4.8.3) is finite at the point 9p, 
and so almost everywhere in E. 
Subtracting the last two inequalities we get the inequality 


— Fa(Bo) S — 


true almost everywhere in E. The inequality opposite to this is also true, for 
the series (4.8.1) is summable (C, a+1) almost everywhere in E (Lemma M), 
so that under the hypotheses of Lemma O the series (4.8.1) and (4.8.3) play 
symmetric parts. (In particular, (4.8.5) is a consequence of the formula (4.4.4) 
in Lemma N.) It follows that (4.8.6) is true at the point 00, and so almost 
everywhere in E. This completes the proof of Lemma O in the case of inte- 
gral a. 

4.9. In the case of fractional a> —1, the argument is identical with that 
of §4.6, provided we assume that the series (4.8.3) is not only summable 
(C, a+1), but summable (C, 8), where 8 = [a]+1, in E (or almost everywhere 
in £). 

It is therefore sufficient to show that if a is fractional the hypotheses of _ 
Lemma O imply that the series (4.8.3) is summable (C, 8) almost everywhere 
in E. First of all it may be remarked that if the series (4.8.1) is finite (C, a) 
and the series (4.8.3) finite (C, 8) almost everywhere in E, then the series 
(4.8.3) is also finite (C, w) almost everywhere in E (the proof is substantially 
the same as the proof of the fact that if the series (4.8.1) is finite (C, a) and the 
series (4.8.3) summable (C, 8) in E, then the latter series is finite (C, a) almost 
everywhere in £). On the other hand, the conditions of Lemma O imply that 
the series (4.8.1) is finite (C, 8) and the series (4.8.3) summable (C, 8+1) in E, 
so that, using the lemma in the case of integral a, we see that the series (4.8.3) 
is finite (C, 8), and so also finite (C, aw), almost everywhere in E. Being finite 
(C, «) and summable (C, a+1) almost everywhere in E, the series (4.8.3) is 
summable (C, 8) almost everywhere in E (Lemma M). This completes the 
proof of Lemma O in the case of fractional a. 

4.10. Theorems 1 and 2 may now be proved in a few lines. Let us start 
with Theorem 1. 

If the series (1.1.1) is summable A, and if o,(@) > — © at every point of a 
set E, then that series is summable (C, a+1) in E (Lemma I). The conjugate 
series (1.1.2) is then summable (C, a+1) almost everywhere in E (Lemma M). 
Theorem 1 is then a consequence of Lemmas N and O. 

In order to prove Theorem 2, it is sufficient to show that under the hy- 
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potheses of that theorem the series (1.1.1) is summable A almost everywhere 
in E, for then Theorem 2 will follow from Theorem 1. — 

From the hypotheses of Theorem 2 it follows that the series (1.1.1) is 
finite (C*, ~) almost everywhere in E (Lemma K), and so finite A* almost 
everywhere in E (Lemma F;). From Lemma L it follows that the series (1.1.1) 
is summable A almost everywhere in E. 

This completes the proofs of Theorems 1 and 2. 


Part II 
5. THE CASE OF POWER SERIES 


5.1. By K°(¢; r) we shall denote the interior of the circle K(¢; r), that is 
the set of points z such that |s—¢ | <r. Similarly, by A°({; r, R) we shall de- 
note the interior of the annulus A({; 7, R). 

Let us suppose that the power series 


(5.1.1) ce” 

is summable (C, a+1) at a point @ to sum #(6). Let 73(@) denote the ath 
Cesaro means of the series (5.1.1). It will be convenient to consider the set of 
the limit points of the sequence of numbers 


— #(6), n=0,1,2,---. 


This set of limit points we shall denote by L{(@). The set L{(@) is obtained 
from L,(@) by translating the latter by —#(@). 
The proof of Theorem 3 will be based on the following lemma. 


Lemma P. Suppose that the series (5.1.1) is summable (C, a+1) (where 
a> -—1) for every 0 of a set E of positive measure, and that for every 0 of E the set 


Li (6) 
does not contain any point of a fixed circle K°({; r), with lt | 2r. Then, for 
almost every 0 of E, the set L{(@) does not contain any point of the annulus 
Proof. Let {5,(8) } denote the sequence of functions defined on the set E 
by the equation 


5,(0) = max (0, 5,(6)), where r — 5,(6) = inf | 7, (6) — #(6) — ¢|(*4). 
ven 
The functions 6,(@) are measurable on E. They form a sequence decreasing 
monotonically to 0. For a fixed @ and for y2n, the numbers 77(@) —i(0) lie 
outside the circle K°(¢; r—6,(6)). 


(#) By inf,2. c, we mean the largest lower bound of the sequence Cn, Cn41, °° * « 
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Let G denote any subset of E on which the functions 6,(6) tend uniformly 
to 0 and such that the function ¢(8) is continuous on G. Let @) denote any point 
of density of G belonging to G. Lemma P will have been proved when we have 
shown that the set L{(@.) contains no point of the annulus A°%(0; | | —?f, 
|¢| +r). Without loss of generality we may assume that 


(5.1.2) = 0. 


Let \ be any real number and let {8,} denote a sequence of numbers such 
that 

0+8, for = 0,1, 2,---. 

By ¢(@) we shall denote the kth Cesaro sums of the series (5.1.1). On setting 


= for v2 0, 
nop for OS» Sn, 


we get the formula 


a 1 = a ivBy 1 = 
Ae As v=0 


This formula is entirely analogous to the formula (4.4.7). Since for our pur- 
poses the numbers e‘”8" have the same properties as the numbers cos v6, 
(namely 


= O(| |*) for k = 0,1, 2,---), 


the argument which led from (4.4.7) to (4.4.9) gives in the case of integral a 
the formula 
einBn a 


(5.1.3) + Bn) = —— + 0(1). 


Similarly, starting with the formula 
a 1 1 a 
— (00) = —— — A n—vC,(9o), 
Tn(90) — Tr (0) (60) 
analogous to (4.5.1), we get the formula 


n 


1 a 
te Dd + 0(1) 
n i=0 


(5.1.4) — = 


corresponding to (4.5.3). 
From (5.1.2), (5.1.3) and (5.1.4) it follows that 


ing, 
n 


(5.1.5) + Ba) + o(1). 
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Since (cf. (5.1.2)), we have =0(n*+"), so that 


Hence 
= 0(n). 


It follows that the factor (n++-a+1)/n on the right-hand side of (5.1.5) may 
be suppressed, and the formula may be rewritten in the form 


—inB, a 


(5.1.6) € + Bn) = Tn(B0) + 0(1). 


This formula was obtained under the condition (5.1.2). The general case 
may be reduced to this special one by subtracting ¢(@0) from the constant term 
of the series (5.1.1). The formula (5.1.6) then takes the form 


+ Bu) — #(80)} = — £(60)} + 0(1). 

Since however the function ¢(@) is by hypothesis continuous at the point 4 

with respect to the set G, so that 
t(8o) — + B,) 0, 

we get 

(5.1.7) + Bn) — + Bn)} = — 4(00)} + 0(1). 

The formula (5.1.5), and so also the formula (5.1.7), holds in the case of 
fractional a>—1, for then instead of (5.1.3) we have 

v=0 


Ae j=0 


(cf. (4.6.2)), where B= [a]+1, and instead of (5.1.4) 


— 


n—f-1 


Ae 


(cf. (4.6.4)). 
By hypothesis, the points 0.+8, belong to G, so that the number 
7% —t(00+8,) lies outside the circle K°(¢; r—5,), where 


5, = sup 6,(0)(*) for 6 EG. 


It follows that the left-hand side of the equation (5.1.7) does not belong to 
the circle K°(fe—*"*n; r — 5,). Since »B,—A and 6,—0, the set Lf (60) lies outside 


v=0 j=0 


(*) In other words, 5, is the least upper bound of the sequence { 4,} on G. 


“ 
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the circle K°(fe—®; r). It is now sufficient to observe that \ is an arbitrary real 
number, so that the set LT(@») lies outside the annulus A°(0; ¢| +r). 

This completes the proof of Lemma P. 

5.2. It is now easy to prove Theorem 3. 

Let Z denote the set of points @ belonging to E and such that the corre- 
sponding set L{(@) is not of circular structure. The sets L{(@) are closed. For 
every 6 of Z there is then a circle 


(5.2.1) with |¢| 2,1, 


such that 

(i) L{(@) contains no point of K(f; 1); 

(ii) L¥(@) contains points of the annulus A°(0; +r). 

We may suppose that the circle (5.2.1) is rational, that is, the three num- 
bers £, n, r, where £+in =f, are rational. 

Let Z;,, denote the set of points @ of E satisfying conditions (i) and (ii). 
By Lemma P, every set Z;,, is of measure zero. Since 


Z= 


where it is sufficient to extend summation over all rational circles K(f; r), 
the measure of Z is equal to 0. 

This completes the._proof of Theorem 3. 

5.3. We now pass to the proof of Theorem 4. The theorem being obvious 
for a=0, we may assume that a>0. We have already observed in §1.4 that 
it is sufficient to prove the relation (1.4.2). 

From the formula 


we deduce that 


— = 


It is therefore enough to show that the expression 


[n/2] n 
v=0 


yen +1 
say, tends to 0. Now 
O(n=—) [{n/2)} 


nA v= 0 


a n + 
A, —— A,.1 
n 
ind = A A ivé 
As 
n—1 
ind n—v 
+ — we . 
nA« 
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S:= = Any = = o(n = 0 (1). 
u=0 


NA® /2)+1 
This completes the proof(**). 


6. STRONG SUMMABILITY OF TRIGONOMETRIC SERIES 


6.1. We shall now prove a theorem on the strong summability of conju- 
gate trigonometric series. 

The series }>*_ 9c, is said to be strongly summable (C, 1)—or simply strongly 
summable—with index g>0, to sum s, if 


1 n 


where s, denote the partial sums of the series considered. 
THEOREM 5. If the series 
(6.1.1) + >. (a, cos v0 + 5, sin v6) 


is strongly summable, with index q=1, at every point of a set E, then the conju- 
gate series 


(6.1.2) > (a, sin v0 — b, cos v6) 


is strongly summable, with index q, almost everywhere in E. 


This theorem was stated by us in an earlier paper(**), with a sketch of 
proof. Since however the theorem has meanwhile been used in the proof of 
another result(2’), we shall repeat here the proof of Theorem 7 in more detail. 

Proof. Since g21, the condition 


1 n 
(6.1.3) —— >| s,(@) — s(@) |"; +0 
n + 1 
implies 
1 n 
(6.1.4) —— >>| s.(@) — s(@)| +0 
n + 1 
for 6€E. In particular, the series (6.1.1) is summable (C, 1) in the set E. It 
(*) A similar argument shows that the theorem holds in the case —1<a<0, provided we 
replace the condition by =0(n*). 


() See Marcinkiewicz and Zygmund [1]. 
(27) See Marcinkiewicz [1]. 
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follows (Lemma M) that the series (6.1.2) is summable (C, 1) at every point 
of a set E; contained in E and of the same measure as E. Let §(@) denote the 
(C, 1) sum of the series (6.1.2), and let G be a subset of E, such that 

(i) the function §(@) is continuous on G, 

(ii) the relation (6.1.3) holds uniformly on G. 

Theorem 5. will have been proved when we have shown that (6.1.2) is 
strongly summable at every point 0 of G which belongs to G and is a point of 
density of G. Having fixed such a point 6), we may assume without loss of 
generality that 


—> 0. 


Let {a,} be any sequence of real numbers such that 


(6.1.5) Non — $7, 00 + a, EG for all nm > mo. 


From the formula 


+ Qn) = Gn) (a, sin — b, cos sin 


p=1 
— 5,(00) sin van — 5-1(00)A sin (v — 
v—2 
it is easy to see that 


+ an) — — On) = — 5,(O0) Sin van + forO0 SvSn, 


where ¢,,, tends to 0 when »p> n2yp. 
Hence 


$,(00) |*| sin va |* {| + — + | +| + an) — 5(60 | 
+ | $(00 — an) — — a) | 


and so 


vel 


1s 
5,(90) sin Von s > | + an) — + an) 


4 n 
4¢e-1 n 


+ n+1 — an) — — on) 


n 


+—— 


1 
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The first and third terms on the right tend to 0 as n— ~, since the points 
60 +a, belong to the set G, on which the relation (6.1.3) holds uniformly. The 
second term on the right also tends to 0, for it does not exceed the expression 


+ an) — — an) |* +0 


(cf. condition (i)). Since the last term on the right obviously tends to 0, the 
left-hand side of (6.1.6) tends to 0. On account of the first relation (6.1.5) we 
get 


(6.1.7) > | $,(@o) = o(met4), 


Let S, denote the sum on the left of (6.1.7). Then 


n—1 


560) = (S, — = — (v + + 


v=1 


n—1 


= + = o(n). 


This completes the proof of Theorem 5(?). 
6.2. Aslight modification of the above argument gives the following more 
general result. 


THEOREM 6. Let o(u), u20, be a convex strictly increasing function vanish- 
ing for u=0. There is an absolute constant \>0 with the following property. If, 
for any series (6.1.1), the sequence (| s,(8) —s(6)| ) is summable (C, 1) to 0 at 
every point 0 of a set E, the sequence o(r| 5,(0) —5(6)| ), where $(@) is the (C, 1) 
sum of (6.1.2), is summable (C, 1) to 0 almost everywhere in E. 


We may take for example \=1/10. 


7. GENERALIZATION 
7.1. Theorem 3 deals with power series; Theorems 1 and 2 with real parts 
of power series. It is natural to inquire how far the results we have obtained 
hold for Dirichlet’s series 


or, more generally for the Stieltjes integral of the type 


(7.1.2) f e*dC(n), 
0 


(28) The above proof holds in the case 0<q<1, if we add the condition that the series 
(6.1.2) is summable (C, 1) in E. 
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where C(A) is a function which is of bounded variation over any finite interval, 
and s = “+iv is a complex variable. 

It is not difficult to show that the results we proved for power series hold 
mutatis mutandis for Dirichlet’s series and for the more general integrals 
(7.1.2). The extensions must of course use the theory of arithmetic means of 


the integrals of the form (7.1.2). 
The arithmetic means 7% of order a for the integral (7.1.2) are defined by 


the formula 


where w is a continuous variable tending to + ©, and @ is any non-negative 
number. In the case of a Dirichlet series the expression (7.1.3) reduces to 


M. Riesz’s typical means. 
Let A(A) and B(A) denote respectively the real and the imaginary part of 


the function C(A), so that 
C(A) = A(A) — tB(A). 


If we suppose that the variable s is purely imaginary, 


s=— iW, 


then the real and imaginary parts of the integral (7.1.2) are respectively equal 
to the integrals 


(7.1.4) f cos AvdA(A) + sin Avd BA), 
0 


(7.1.5) f — cos \vdB(d) + sin AvdA(A), 


and the second of these integrals will be spoken of as the conjugate to the first. 
If we denote the arithmetic means of order a for these two integrals by o%(v) 
and @¢(v) respectively, then 


= “(1 ~)' (cos AvdA(A) + sin AvdB(A)), 


w 


= (1 cos \vdB(A) + sin AvdA(X)). 


Let us write 


lim inf ou(0) = ca(v), limsupoy(v) = o%(0), 


o*(v) — ga(v) = wa(2), 


* 
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and let us define similarly the functions ¢,(v), *(v), w.(v) corresponding to the 
conjugate integral. Then the analogues of Theorems 1 and 2 for the integrals 
(7.1.4) may be stated as follows: 


THEOREM 1’. Suppose that the integral (7.1.4) is summable A to sum s(v), 
at every point of a set E of positive measure, and that for an a=0 


> — ©, 
Then at almost every point of E we have the relations 
(7.1.6) < + 
(7.1.7) — © <6G,(v) S$ < + &, 
(7.1.8) Ba(v) = wa(v). 


Moreover the integrals (7.1.4) and (7.1.5) are summable by the arithmetic 
means of order >a at almost every point of the set E and 


(7.1.9) s(v) = + o%(v)}, 

(7.1.10) 5(0) = + 

almost everywhere in E, where §(v) denotes the value of the integral (7.1.5) by 
the method of arithmetic means of order a. 


THEOREM 2’. If the arithmetic means o%(v) of order a of the integral (7.1.4) 
are bounded at every point of a set E of positive measure, then at almost every 
point of E the integrals (7.1.4) and (7.1.5) are summable by the arithmetic means 
of order >a, and we have the relations (7.1.7), (7.1.8), (7.1.9), (7.1.10). 


In order to state the analogue of Theorem 3, let us suppose that the in- 
tegral 


(7.1.11) f 
0 


is at every point of a set E summable by the method of arithmetic means to 
the value ¢(v). By L*(v) we shall denote the set of limit points of the expression 
Tw(v) — #(0) 


(considered as a function of w), so that L*(v) is the set of the numbers 


= lim — #(v)} 


(?*) By 7&(v) we mean the expression 
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where {w,} is an arbitrary sequence of real numbers tending to infinity. Then 
we have the following. 


THEOREM 3’. Suppose that at every point of a set E the integral (7.1.11) is 
summable by the method of arithmetic means of order a+1, where a=0, to the 
value t(v). Then at almost every point of E the set L*(v) is of circular structure 


with center t(v). 


There is no need to give here the proofs of Theorems 1’, 2’, 3’, since they 
are wholly analogous to the proofs of Theorems 1, 2, 3. The theories of arith- 
metic means for ordinary series and for the integrals of the form (7.1.2) re- 
semble so closely one another, and the technique of dealing with the arith- 
metic means of integrals is now so developed and so familiar (thanks mainly 
to the work of M. Riesz and G. H. Hardy(*°)) that the passage from series to 
integrals usually requires no new ideas. 
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THE PARADOX OF KLEENE AND ROSSER(’) 


BY 
HASKELL B. CURRY 


Part I. FORMULATION AND PRELIMINARY DISCUSSION 


1. Introduction. In 1935 Kleene and Rosser published a proof that certain 
systems of formal logic are inconsistent, in the sense that every formula which 
can be expressed in their notation is also demonstrable(?). There are, it so 
happens, only two systems in the literature to which this inconsistency proof 
applies; viz., the Church system of 1932—1933(*), and what I called an &-sys- 
tem in 1934(*). But in spite of this limited application, the argument of 
Kleene and Rosser represents a theorem of great importance for the guidance 
of future research. It is a theorem of the same general character as the famous 
incompleteness theorems of Léwenheim, Skolem, and Gédel, which have 
played so prominent a role in recent research in mathematical foundations. 

The proof of Kleene and Rosser is long and intricate(*), and contains 
complications which tend to obscure the essential meaning of their theorem. 
Accordingly there is some interest in the problem of making this paradox 
more accessible, and of presenting it in such a way as to make this essential 
meaning stand out more clearly. This is what the present paper attempts to 


do. The paradox is here presented and derived by a method which has many 
advantages, from the point of view indicated, over that of the original dis- 
coverers. 

Before we enter into a detailed discussion, it will be expedient to examine 
the paradox in a vague preliminary way, and to explain in intuitive terms the 
central idea in its derivation. 

One of the goals toward which mathematicians strive in setting up formal 


Presented to the Society, March 27, 1937; received by the editors July 21, 1940. Minor 
additions were made December 7, 1940. 

(‘) This paper was first worked through in 1937. Since then it has been considerably revised. 
Part of this revision was done while I was in residence at the Institute for Advanced Study, 
Princeton, N. J. A general account of this subject was also presented to the Harvard Mathemat- 
ical Colloquium on May 4, 1939. In the final preparation of the paper the author is greatly in- 
debted to the referee, who checked the paper very carefully and conscientiously and made 
helpful suggestions. 

(?) C 545.1. (For explanation of references, see ‘end of the introduction.) 

(8) C 359.4 and 6. 

(*) C 396.6, p. 854. 

(*) Although the paper C 545.1 is relatively short; yet the proof depends on results in a 
whole series of previous papers (viz., Church’s C 359.4 and 6, Kleene’s C 497.1 and 2, and 
Rosser’s 546.1), totalling 162 pages. Of course some of the space in these papers is taken up 
with matters not considered here (cf. later parts of this introduction and the footnote to 3.15) 
and also with matters not bearing on the paradox. 
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systems is completeness—by which I mean not completeness in the technical 
sense, but simply the adequacy of the system for some purpose or other. 
There are two kinds of such completeness which especially concern us in this 
paper; both of them are desirable properties of formal systems of mathemati- 
cal logic. I shall call these combinatorial completeness and deductive complete- 
ness respectively. They may be roughly explained as follows. A theory is 
combinatorially complete if and only if every expression IQ formed from the 
terms of the system and an auxiliary indeterminate or variable x, can be 
represented within the system as a function of x (i.e., we can form in the sys- 
tem a function whose value for any argument is the same as the result of 
substituting that argument for x in Mt). A theory is deductively complete if 
whenever we can derive a proposition B on the hypothesis that another propo- 
sition A holds then we can derive without hypothesis a third proposition (such 
as ADB)(°) expressing this deducibility. Combinatorial completeness is thus 
a property relating to the possible constructions of terms (or formulas) within 
the system; deductive completeness relates to the possible derivations. De- 
ductive completeness is a well known property of certain systems(’); whereas 
combinatorial completeness has only been achieved in recent years(®). 

The essence of the Kleene-Rosser theorem is that it shows that these two 
kinds of completeness are incompatible—i.e., that any system which possesses 
both of them is inconsistent. The argument is essentially a refinement of the 
Richard paradox; it shows, in fact, that the Richard paradox can be set 


up formally within the system(°). 


(*) Strictly speaking deductive completeness requires that when A and B are properties 
expressible by functions in the system such that B is formally derivable from A, then a formula 
expressing that fact, such as (x). A(x) D B(x) is also derivable without hypothesis. However, the 
discussion in the text is sufficient for introductory purposes. For the precise formulation see 
3.65 below. 

(7) The name “deductive completeness” was suggested by the “Deduktionstheorem” of 
Hilbert-Bernays (C 507.1, p. 155), which establishes the deductive completeness of the ordinary 
logical calculus. The deductive completeness of the Church system is shown (essentially) by 
his Theorem I (C 359.4, p. 358); that of an &-system, by Theorem 14 of C 396.6. 

(8) The possibility of achieving combinatorial completeness is due to Schénfinkel (C 304.1), 
who introduced certain operators, called “combinators” in C 396.2. An 2-system, by definition, 
includes the theory of combinators, and so is combinatorially complete (in the strong sense—cf. 
below). The combinatorial completeness, according to the above rough definition, of the Church 
system was postulated in its formulation; that it can be so formulated as to be combinatorially 
complete (in the weak sense) according to the more precise definition of 3.3 (below) was shown 
by Rosser in C 546.1. 

(*) Added in proof, August 21, 1941: Since this was written, I have discovered a much sim- 
pler way of deriving the contradiction for a system which is combinatorially complete in the 
strong sense (see 3.3 below). This new derivation which is based on the Russell paradox is 
contained in a paper, The inconsistency of certain formal logics, now in preparation. The new 
proof uses only the formulation of the present paper, viz. through 3.4. 

In view of this circumstance the significance of most of the developments of this paper is 
quite different from what it seemed to be when this introduction was written. The uses which 
these developments have for other purposes is now where the chief interest lies. For these other 
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In order to see this in a preliminary way let us set up the Richard para- 
dox('*), as follows. In any formal system of arithmetic the number of definable 
numerical functions of natural numbers is enumerable; let them, therefore be 
enumerated, say in a sequence 


(1) ¢1(x), ¢2(x), ¢3(x), 
Consider now the function 
(2) f(x) = $.(x) + 1. 


If this is a definable function, then it must be in the sequence (1), say it is bn; 
then putting ¢, for f and m for x in (2), we have 


on(m) + 1, 


which is a contradiction. 

Leaving aside the explanation of this paradox from an intuitive point of 
view, let us consider what happens in the case of a system which is both com- 
binatorially and deductively complete. In such a system if a function is a 
‘ numerical function—i.e., if it gives numerical values for all numerical argu- 
ments("')—then a formal statement of that fact can be demonstrated within 
the system, since it is deductively complete; by means of a recursive enumera- 
tion of all the theorems the set of all numerical functions can then be effec- 
tively enumerated in a sequence (1). Since the theory is combinatorially 
complete, we can then define within the system the function f; this is demon- 
strably a numerical function, and the demonstration of this fact will tell us 
effectively the value of m such that the above contradiction will certainly 
arise. 

This shows in a rough way the nature of the paradox. Before we proceed 
to the formal developments I shall interpolate a few remarks concerning the 
present proof and its relation to that of Kleene and Rosser. 


purposes naturally certain modifications of the methods here given will eventually be necessary; 
what these modifications will be is for the future to determine. However, the following may 
be noted as significant now. First, wherever in this paper we have a theorem of the form 


where @ does not contain F or N, then on the basis of combinatory completeness alone it can be 


proved that 


where pi, - + + , Pn are any integers. Moreover where the second of these theorems is established 
here it follows from combinatorial completeness alone. This is true, in particular for 9.6; in fact 
under the hypothesis of 9.6 T Z, reduces to YH. Second, we can go a certain, as yet undetermined, 
distance with a system, similar to that described in 5.6 for which consistency proof has now been 
obtained. 

(#°) See also Church's discussion of this paradox in C 359.7. 

(#4) More precisely, if from the assumption that the argument is numerical it follows for- 
mally that the functional value is numerical. 
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In the investigations of Church and his students the combinatorial com- 
pleteness postulated is weakened in that it is required that the J? actually 
contain x—so that there need not be an apparatus for representing a constant 
as a function; there is also a weakening on the score of deductive complete- 
ness. These complications do not avoid the paradox, as Kleene and Rosser 
have shown; but they do increase considerably the length and intricacy of the 
derivation. If the object is to lay bare the central nerve of the paradox, the 
logical approach is to carry through the proof for the simpler case, that of 
combinatorial (and deductive) completeness in the strong sense, and then to 
show what modifications are necessary to carry through the proof for the 
more complicated case. Originally I had intended to do just this. But since 
the problems which led to this investigation, and the applications which I 
intend to make of it, are concerned with systems which are combinatorially 
complete in the strong sense, I have decided to leave this part of the investiga- 
tion open. The present proof is, therefore, carried through in detail for the 
simpler case only. I believe that essentially the same method can be carried 
through with suitable modifications in the Church case, and that the result 
will have certain advantages over the original proof of Kleene and Rosser; 
but I leave the verification of this hunch to the readers who are more at home 
with such systems than I am. 

Again, the present paper is essentially self-contained. I assume no ac- 
quaintance on the part of the reader with any previous papers either by 
Church or any of his students or myself. Reference is made to these papers 
for motivation or historical purposes only. The only information required of 
the reader which is not contained in the paper itself concerns the theory of 
recursive functions in ordinary arithmetic; in this case reference is made to 
papers by R. Péter, and such familiarity with the technique as is probably 
common knowledge among mathematicians is assumed. Except for these con- 
siderations regarding recursive functions (especially §6)("*) all proofs are given 
in full. 

The following system is used for the making of references. The paper is 
arranged according to the decimal system. Reference to different parts of the 
paper are made by these decimal numbers. References to other papers are 
made as follows: The letter “J” refers to the Journal of Symbolic Logic; it 
is followed by volume and page numbers where the paper referred to (or a 
review of it) may be found. The letter “C” refers to Church’s A bibliography 
of symbolic logic in J 1, 121-218 and J 3, 178-212; the individual items are 
referred to according to the system explained in J 3, 193. 

2. Preliminary explanations. In this section some general conventions re- 
garding notation, and some considerations regarding formal systems in gen- 
eral, will be stated. Certain technical terms which are italicized are to be re- 
garded as defined by the content in which they so appear. 


(#2) On the proofs of these refer to the remarks at the beginning of 6.8. 
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2.1. Formal systems. The notion of formal system is the central concept 
in any forrnalistic view of mathematics. Such a system is characterized by 
the fact that the process of proof is specified by explicitly stated rules. The 
initial conventions specifying such a formal system I shall call collectively 
its primitive frame. This will consist of three kinds of conventions, as in 2.11- 
2.13. 

2.11. First we shall have conventions stating what the objects of the the- 
ory, which I shall call its terms, shall be. These conventions will consist of a 
list of primitive terms, a list of operations for the formation of further terms 
and a set of rules of formation describing how new terms are to be formed from 
the primitive ones by use of the operations. 

2.12. Next we have conventions specifying a set of propositions, which I 
shall call elementary propositions, concerning the terms. Ordinarily these con- 
ventions will consist simply of a list of predicates, representing categories of 
terms, relations between terms, etc.; and an elementary proposition is then 
formed by applying a predicate to the appropriate number of terms as argu- 
ments. 

2.13. Finally we have specifications determining which of the elementary 
propositions are true. A certain set of these elementary propositions, called 
axioms, are stated to be true outright; and specific rules of procedure are given 
which are to determine how the derivation of new elementary theorems("*) is 
to proceed. This process amounts to a recursive definition of the elementary 
theorems. 

2.2. Relations to symbolism. This is not the place to go into an extended 
discussion of the nature of such a system; but it is necessary to make a few 
remarks, and, in particular, to compare it with the related notion of syntax 
of a language. 

Any statement of the primitive frame must, of course, make use of sym- 
bols. However, these symbols are to be thought of as designating the term 
(or other notion) (") and not as a specimen of it. In other words, these symbols 
are not the objects of discourse, but refer to them; they are not constituents 
of some “language” whose “syntax” we are studying, but are technical terms 
to be adjoined to ordinary language as designating some objects or other hav- 
ing the properties set down for them in the primitive frame. The primitive 
frame does not specify what these objects are; nor is it necessary that it should 
do so. The essence of formal reasoning is that we use these symbols as nouns, 
verbs, etc., in our ordinary language without saying exactly what their mean- 
ings are. 

Of course, the reader who wishes may interpret the theory as talking about 
symbols. In that case the symbols used in the primitive frame and our dis- 


(3) ‘Theorem’ is used here and elsewhere as synonymous with ‘true proposition.’ 
(**) The discussion here has primary reference to the symbols which are nouns. The modifi- 
cations necessary for the other kinds of symbols are left to the reader. 


| 
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cussions refer to these symbols being talked about. To avoid confusion it is 
desirable to use symbols of the second class distinct from those of the first. 
So interpreted the theory is essentially the syntax of an “object language.” 
But this interpretation is not the only one possible, and the reader who insists 
on it must invent his own “object language.” The symbols we are using be- 
come, in this interpretation, syntactical("). 

In order to have a systematic notation for names of symbols, Carnap (fol- 
lowing Frege) uses a symbol enclosed in quotation marks as a name for that 
symbol (or expression). In this paper I shall, on occasion, use single quotes 
for this purpose, reserving double quotes for their ordinary uses (which some- 
times conflict with the above technical use). But in some cases where there is 
no confusion, I shall use an expression to designate itself; in these cases the 
distinction is made clear by the context, as in the sentences ‘Paris is a city’ 
and ‘Paris is dissyllabic’ (**). 

2.3. Propositions. ‘Proposition’ is here used in an intuitive sense, i.e., as 
designating the meaning of a sentence. 

The elementary propositions are specified by 2.12; and 2.13 gives a recur- 
sive determination of all of them which are true. This, incidentally, defines the 
fundamental predicates uniquely; so that once we know what the terms are, 
no further indeterminateness in regard to the predicates exists. 

Further propositions may be formed from the elementary propositions by 
using the connectives and processes of ordinary discourse. These will be called 
metapropositions, and the study of the theory by means of them metatheo- 
retic('”). Examples of them are given below. 


(5) For a further discussion of the nature of a formal system, see my address Some aspects 
of the problem of mathematical rigor, Bulletin of the American Mathematical Society, vol. 47 
(1941), pp. 221-241. 

(4%) This example is Carnap’s (J 4,82—p. 153). Most of the cases of this “autonymous” 
mode of speech in the present paper will be found to be concerned with symbols (or expressions) 
which are not nouns—e.g. sentences or verbs (such as ‘F-’). When such symbols are used as 
nouns I omit the quotes systematically when the reference is to the meaning of the symbol, 
rather than its shape (or sound). Whether this is an instance of the “autonymous” mode of 
speech is a matter which I leave for the reader; cf. the preceding footnote. 

(17) This is not the usual sense of ‘metatheoretic.’ In the ordinary usage, in fact, ‘meta- 
theoretic’ and ‘theoretic’ are applied not to propositions but to expressions—i.e., rows of sym- 
bols; the distinction between them corresponds to the distinction between syntax language and 
object language. Cf. 2.2 and the paper cited in Footnote 15. 

The connectives of ordinary discourse are, of course, to be understood as including processes 
which, as they occur in ordinary discourse, are only vaguely formulated. The precise definition 
of certain metatheoretic processes may require passing to a higher level of formalization. Ex- 
amples of such processes are the deducibility connectives of 2.4 (cf. the next footnote) and sub- 
stitution. (On the formulation of the latter, however, compare my paper cited in Footnote 15.) 
Consequently there is a certain amount of arbitrariness in the distinction between elementary 
and metatheoretic propositions. Whether we regard a proposition as metatheoretic for a sys- 
tem G, or as elementary for a more extended system G’, is a matter of the point of view. Al- 
though the latter may be more exact, yet often we prefer the former for the same reason that 
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2.4. Metatheoretic connectives. The following are used as symbols having a 
significance independent of the primitive frame of the system('%). 

2.41. ‘=’ (for definitional identity). 

2.42. ‘—’ (for deducibility; the proposition on the right follows from that 
on the left by the rules of procedure). 

2.43. ‘&’ (for intuitive conjunction). 

2.44. ‘=’ (for equivalence). 

2.45. Dots will be used for avoiding parentheses in the customary manner 
(cf. J 2, 26-28). The order of seniority of the connectives for this purpose is 
‘=,’ ‘2,’ ‘&,’ ‘=’ (defined in §3.2). 

2.5. Term extensions. One method of forming metapropositions concerning 
a system © is to consider the adjunction to it of indeterminates, precisely as 
in algebra we adjoin indeterminates to a field to form its transcendental ex- 
tension. If ‘X’ is not defined with reference to a system ©, then we can adjoin 
to the primitive frame for S the specification ‘X is a term.’ If nothing else is 
specified concerning X we call such an extension a term extension of S with 
respect to the indeterminate X, and denote it by S(X). Similar notations will 
be used for extensions with respect to several indeterminates. 

The following are some special conventions regarding indeterminates. 

2.51. ‘Term’ will refer to any term of © or its term extensions; a constant, 
however, is a term belonging to the underlying system. 

2.52. By an X-term we shall mean a term of ©(X); similarly an 
(Xi, +++, Xm)-term is a term of G(Xi,---, Xm). 


we do not rush to Paris when we wish to measure a meter. Thus, the elementary propositions of 
the system t of §6 formalize what are ordinarily satisfactorily thought of as metatheorems of a 
more elementary system of arithmetic. It is even possible to conceive of a system in which there 
are no elementary propositions, all propositions being metatheoretic; certain constructionist 
theories amount, essentially, to just this. 

(18) The exact definition of these metatheoretic connectives is discussed in my paper Some 
properties of formal deducibility (not yet published). For the purposes of the present paper it 
will, in general, be sufficient to take them as intuitively given. However, in regard to the con- 
nective — it seems to be necessary to make the following remarks. 

As between elementary propositions we may distinguish two sorts of implication of a meta- 
theoretic nature. Let A and B be two such propositions. Then it may happen that if A is ad- 
joined to the primitive frame as additional axiom, then B is a theorem of the resulting system. 
This is the relation symbolized by AB; and it is generally what is referred to in connection 
with such phrases as ‘(metatheoretic) implication,’ ‘implies,’ ‘follows from,’ etc. Moreover, it 
holds between A and B whenever B follows directly from A by a rule of procedure; hence, it is 
legitimate to state the rules of procedure in terms of —. On the other hand AB does not ex- 
haust the possibilities of implication relations between A and B; we may, for example, have a 
process for converting a proof of A into a proof of B. The most general implication relation is 
expressed here as “if A, then B;” this is to be regarded as including the possibility A—B as a 
special case. 

The difference between these two may be illustrated by an example. Consider for instance 
the classical algebra of propositions; and let p be a variable and Y an arbitrary formula therein. 
Then if the algebra is formulated with a substitution rule, we have - p> + YW, otherwise not. 
On the other hand the proposition 
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2.53. If a proposition holds when Xi, --+, Xm, which may appear in it, 
are indeterminate, that fact may be emphasized by attaching a subscript ‘X’ 
to the principal connective or predicate in it. 

2.6. Substitution. If ¥ is an (X1,--+-, Xm)-term, and if %,---, Wn are 


terms, then the notation 
ky 
Xi, * 6 Xm 


denotes the term 9) got by replacing X ; wherever it occurs in ¥ by A;—.e., the 
term which is constructed from %,, ---, %m by the process that leads from 
X1,:++, Xm to ¥. We say that ¥ is obtained from ¥ by substitution of 
W%:,--+, Un for Xi1,--+-, Xm. We evidently have the following property. 

2.61. Any relation between the (Xi, --- , Xm) terms - , ¥, which 
is valid in 6(Xi, - - - , Xm) will also hold, in the appropriate term extension, 
between the terms obtained by substituting any terms %,---, YW, for 
Xm throughout. 

2.7. Use of letters(?*). 


is vacuous because the hypothesis is false; but we may note that it is a special case of a general 
substitution theorem which is demonstrable even when the algebra is formulated in terms of 
axiom schemes without a substitution rule. 

This example shows that implications of the if-then type are ambiguous when the hypothe- 
sis is not verified. Usually we are only interested in such theorems when it is. In this paper theo- 
rems concerning © stated in the if-then form are to be understood as making no particular 
assertion unless the hypotheses are verified; and theorems are occasionally stated in that form 
when that is all that interests us, even though the relation may actually be one of deducibility. 
Exceptions to this rule, made mostly for typographical reasons, are indicated by an asterisk pre- 
fixed to the number; such theorems are deducibility theorems. For the system t all theorems 
and rules are stated in the if-then terminology. 

In the paper above cited I have considered deducibility relations between propositions 
which are themselves compounded out of simpler ones by the above connectives and some 
others; and have advanced reasons for assuming these connectives subject to the rules of the 
Heyting calculus. If this is done, then I have shown that, for systems like G, the relation of 
deducibility holds between two elementary propositions if and only if the conclusion is deducible 
from the premise by the axioms and rules of procedure of the system. However, these general 
results are not needed here; we only need — between propositions which are conjunctions of 
elementary ones, 

It should be noted that theorems in t2rms of deducibility which are true for G are true 
for any extension of it. 

The notations adopted above for distinguishing between deducibility and other forms of 
implication are not always rigidly adhered to. This is because when the paper was first written 
the distinction was left to be determined from the context. The changes made since will assist 
the reader at the more important points; but it is difficult to be sure that every instance of 
ambiguity has been caught in the revision. 

(}*) These conventions do not apply to the introduction, nor to certain intuitive remarks 
not strictly necessary for logical completeness. 
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2.71. Capital letters are used for notations connected with the formal sys- 
tem © and its various term extensions, as follows: 

2.711. ‘U,’ ‘V,’ ‘X,’ ‘Y,’ ‘2’ are for indeterminates. 

2.712. Other Latin, and also Greek or script, capitals are for specific con- 
stants. Their meaning is fixed throughout the paper. 

2.713. ‘S’ designates the system. 

2.714. ‘’ and ‘D’ designate specific functions from numerical expressions 
to terms. Their meaning is also fixed throughout the paper. 

2.715. Other German letters(*°) are for unspecified terms, or for terms 
which are specified only for a particular context. They are the variables of 
the intuitive discussion. 

2.72. Lower case letters and Arabic numerals are for natural numbers and 
notions related to them, as follows: 

2.721. Arabic numerals are for natural numbers in the ordinary sense. 

2.722. ‘u,’ ‘v,’ ‘x,’ ‘y,’ ‘zs’ are for numerical variables. 

2.723. Other Latin letters are for unspecified numbers either taken intui- 
tively or as constituents of the system of §6. 

2.724. Greek letters(*') are for specific numerical functions. They have a 
fixed meaning throughout the paper. 

2.725. a, 6, c, } are for unspecified numerical expressions (cf. §6). 

2.726. g, 6, f are for unspecified functions. 

2.727. m, p, q are for unspecified expressions whether functional or nu- 
merical. 

2.728. e, f, n, 0, t, ¥, x, 9, 3 are for miscellaneous special purposes. The 
first six of these have a fixed meaning; the others are for unspecified classes 
of numerical variables. 

2.729. Gothic letters are for operations of the system r,in §6. 

3. Formulation of the system ©. The assumptions concerning the system 
S are those stated in 3.1-3.6. It will be noted that, aside from the very gen- 
eral assumptions in 3.1, the essential restrictions in the system are those of 3.3 
and 3.6, which represent combinatorial and deductive completeness respec- 
tively. The other assumptions are essentially either definitions of particular 
terms of © (and so are primarily notational) or consequences of the other 
assumptions. 

3.1. General restrictions on the primitive frame. 

3.11. There are a finite number of primitive terms, which we shall desig- 
nate Eo, E;,---, E;. (That this is not an essential restriction is shown in 


3.123.) 
3.12. The only operation is a single binary one of universal applicability. 


(2°) ‘2’ is used in connection with ‘system’ to refer to the system so defined in C 396.6, 


p. 854 and some of its modifications. 
(") Except ‘e’ which is used in the sense of Gédel (C 418.3, p. 180) in 6 and also (in the form 


‘€’) in its ordinary set-theoretic meaning, and ‘Xd’ which is given a specific meaning in 3.3. 


{ 
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We shall call this application and denote the term formed by application of 
to 8 simply by AB. Then we have as sole rule of formation: 

If UX and B are terms, AB is a term. 

3.121. Parentheses will be used in the customary manner to indicate the 
construction of complex terms. To avoid superfluous parentheses, however, 
it shall be understood that in a row of terms without parentheses the opera- 
tion shall be performed from left to right; so that ABCD, for instance, means 
the same as ((%B)C)D. 

3.122. The intuitive meaning of this operation is that of application of a 
function to an argument; thus if Y& is a function g and & is a value 3d of its 
argument, %B is what we ordinarily write as g(d); if Wis a function of two var- 
iables, such as the addition function x+y, and % is a value 5, then AB is the 
function of one variable got by giving the first argument in & the value b—i.e., 
the function )+-x—-; this can be applied again to an argument € representing a 
value c, and the result, YC, is b+c, etc. This notion, due to Schénfinkel(”), 
eliminates the necessity of separate consideration of functions of different 
numbers of variables. However it is an important assumption concerning © 
that AB is a term whenever Y% and % are, so that there must be terms which 
are intuitively meaningless. 

3.123. Next it is fitting to point out, by a heuristic argument, that this 
involves no essential restriction on S. For suppose S contains an enumerable 
(possibly infinite) set of operations Oi, Oz, --- where O; has m; arguments. 
With each ©; let us associate a term O* (possibly a new primitive term) ; then 
if we replace O;(%, -- +, everywhere by - - - we have a new 
system ©* in which the only operation is application. Of course the notion 
of term in S* is more general than in ©; but a limitation to terms correspond- 
ing to terms in S can be incorporated in the rules of procedure, and this limita- 
tion can presumably be expressed by elementary propositions. Suppose, now, 
that © has the primitive terms E,, Es, Es,---. Let € be a new primitive 
term and define 


E, = E, = E; = CE, --- ; 


then the resulting system has essentially the same content as the old, and has 
only one binary operation and one primitive term(?*). 

3.13. There is a single unary predicate denoted by the Frege sign ‘+.’ 
Elementary propositions are thus of the form + &, where & is a term. 

3.131. As to the intuitive meaning of this predicate, note that the sentence 
‘+ &’ expresses the fact that & belongs to a certain category of terms, which 
category is defined recursively by the axioms and rules of procedure. We shall 


(#) C 304.1. 

(3) The possibility of reducing to one primitive term in the above manner is mentioned in 
Schénfinkel’s paper cited above. Somewhat the same idea appears in various papers by Chwis- 
tek, who uses a single primitive term ‘c’ and a single binary operation denoted by a prefixed ‘*.’ 
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call the members of this category assertions and, at times, read ‘+ WY’ as ‘W is 
an assertion’ or ‘% is asserted.’ Thus ‘+’ plays the same role as Hilbert’s ‘ist 


beweisbar’ or Church’s ‘is provable’ (**). 
3.132. As in 3.123 we can show that this involves no essential restriction 


on G. For additional predicates can be expressed by means of + and terms 
(cf. the definition of equality in 3.2). 

3.133. As to the meaning of ‘+ x,’ see 2.53. 

3.14. There is a finite number of axioms. The terms asserted in these I 


shall denote by Ao, Ai, +--+, Az, so that the axioms are 
A; (¢ =0, 1,---, 5). 


Although in 2.13 ‘axiom’ was defined as designating a proposition, it will be 
convenient to apply this name also to the A; themselves; this is in accordance 
with current usage among logicians, who almost universally use ‘axiom’ to 


designate “formulas,” i.e., terms. 
3.15. There are a finite number of rules of procedure of the form 


X,&---&t 9, 


where %;, - + + , ¥n, J are (Xi, - - - , Xm)-terms such that every X; which occurs 
in 9) also occurs in some %;. (The restriction to rules of this character is not 
quite trivial, inasmuch as it implies that all conditions for significance are ex- 
pressed by elementary propositions(*).) 


3.16. Remark. It is sufficient to assume that © contains a subsystem 
satisfying 3.14 and 3.15(*), i.e., that S contains a finite number of elementary 
theorems of kind 3.14 and metatheorems of kind 3.15. For then, the proof of 
15.4 will go through in the subsystem, and from this the inconsistency of the 
whole system follows as in 15.5. 


(*) This usage of ‘+’ differs somewhat from that of Frege and the Principia Mathematica. 
There the symbol is placed before expressions which are already thought of as sentences, or at 
least as noun clauses, to indicate that the proposition concerned is true. Here ‘+’ is an intransi- 
tive verb; when placed before a noun the two together form a sentence; the proposition so de- 
noted may or may not be taken as true according to the context. 

() That the rules should be of the form given is a suggestion of Rosser (see Church 
C 359.7, footnote on p. 358); in his paper C 546.1 he showed how the Church system could be 
formulated as a system with rules of that character. The Rosser technique is also applicable to 
an &-system; this I plan to show in detail in a forthcoming paper. [This has since appeared; 
see J 6, pp. 41-53 (1941).] 

(*) And, for that matter, 3.11. Naturally the other assumptions 3.2—3.6 must be satisfied 
by the subsystem. As to which of these will be satisfied automatically when they are satisfied 
for the system, that is a question which is not here gone into. 

Kleene has pointed out to me that similar finiteness restrictions do not enter into the proof 
given by him and Rosser; because they first proved the inconsistency of a special system and 
then, in Theorem C, showed that more general systems include this as a subsystem. This part 
of the Kleene-Rosser argument can be superimposed on that given here to show that the finite- 
ness restrictions of 3.14 and 3.15 are unnecessary. This argument can, presumably, be consider- 


4 
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3.2. Equality. There exists a constant Q such that the relation of equality 
defined by 


Z=D=+ OW 


has the properties 3.21—3.27(?"). In consequence of these, 3.28 and 3.29 make 
convenient abbreviations. 

3.21. A=A. 

3.22. B=A. 

3.23. A=B &€B=C — A=E. 

3.24. A=B — CA = CB. 

3.25. A=B — AC=BEC. 

3.26. A=B&+A 

3.27. (General consequence of the foregoing.) If certain terms - - - , 
occurring in the construction of a term ¥ are replaced by terms Qi, - - - , Bn, 
thus forming a term 9), then 


= 
3.28. DEFINITION. =9=3.=.%=Y & Y=3. (It then follows, by 3.23, 
that 3.) 


3.29. DEFINITION. -}¥=-9.=.-% & X=. (It then follows, by 3.26, 
that 


3.3. Combinatorial completeness. Let GS’ be an extension of ©, and let 
X;, X2,---, Xn be indeterminates for 6’. Let M be any term of 
X2,---, Xn). Then there exists a term of S’ such that 


M*X,X2--- X, = M. 
This M* I shall denote, following Church, by the notation 
+ Xn. M(*8). 


The above I shall call combinatorial completeness in the strong sense. Church 


ably simplified. All that it it necessary to do is show that any system © satisfying all the 

hypotheses of this paper except the finiteness restrictions contains a subsystem S’ which satis- 

fies all, and the particular GS’ used by Kleene and Rosser is not the only one which will serve 

the purpose. It is, for instance, almost immediately evident that any such © will contain a 

subsystem which is an &-system, and that an &-system satisfies all the hypotheses of this paper 

has been shown in my papers cited elsewhere. The point will not be discussed further here. 
(27) In terms of the notions introduced in 3.3, 3.4, and 3.6 such a Q can be defined by 


Q = 


(cf. Rosser C 546.1); but this is a detail which will be passed over. 

(28) The period is to be interpreted as a bracket separating the complex operation 
‘\"X,-+- - Xx’ from its operand. The latter extends as far to the right as is consistent with indi- 
cated parentheses and other symbols of separation (cf. 2.45). 


= 
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imposes the additional condition that 2% must actually contain all of the 
X1, Xe, +++, Xn; when this is imposed I shall speak of combinatorial com- 
pleteness in the weak sense. In either case we have the following properties 
3.31-3.35. 

3.31. X,.M)Xi- X,=M. (This follows immediately by the 


definition.) 
3.32. If Ws, ---, are any terms, then 


(A"X1 +++ Xn. M/A --- A, -| |x. 
+ 


(This follows by 2.61.) 
3.33. If Vi, Yo,--+-, Ya are also indeterminates for 6’, then 


= Xn. M. 
**s 


(This is a separate assumption, but its plausibility is suggested by the mean- 
ing attached to indeterminates in 2.5.) 
3.34. If M=xMN, then 


3.35. Xn. M=AX - Xn. M). (This shows that it 
is sufficient to assume combinatorial completeness for m=1; but it is conven- 
ient to have the above properties to refer to for general n.) 

3.4. Some special constants. 

3.41. T=\AX.X. Then J is the identity combinator. It has (by 3.32) the 
property that for any term A, JA=Y. 

3.42. § =X YZ. Y(X YZ). Then § is the successor function for natural 
numbers (cf. 3.44). 

3.43. K=\NX Y.X. This K is called the cancellation combinator. Its defi- 
nition (unlike those of J and §) requires combinatorial completeness in the 
strong sense. It has the property that for any terms & and B 


KAB = 


KY is thus, intuitively, the function having 9% as its constant value. In the case 
of combinatorial completeness in the weak sense such constancy functions 
cannot be defined over the range of all terms (i.e., for 8 unrestricted), but 
constancy functions over restricted ranges can. 

3.44. The natural numbers are represented in the system by a sequence 
of terms Zo, Z:, Zz, - , such that 

(*) This is assumed for the system S and its term extensions, but not for systems obtained 


by adjoining axioms to such term extensions. With reference to such axiom extensions this 
property is invoked only when the premise is derivable without using the extraneous axioms. 
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3.45. If the system is combinatorially complete in the strong sense, then 
we define 


= KI, 
and in that case we have, for any term G, 
= I, = AX. GX, = 1X. G(GX), 
and generally 
= AX.G(Z,GX); 


so that, if G is a function, Z,@ is @", the nth iterate of G(**). 

3.5. The Gédel representation. With each constant % there is associated a 
positive integer n(%{) such that: 

3.51. A number is assigned to only one term, i.e., if n(Y%)=n(®), then W 
and % are identical, and this means that they are not merely equal but are the 
same combination of the same primitive terms. 

3.52. There exists a recursive function u(x, y)(*4) such that: 

3.521. n(AB) =p(n(M), n(B); 

3.522. x<p(x, y); 9); 

3.523. If u(x, y) =u(x’, y’), then x=x’ & y=y’(*); 

3.524. u(x, y) ex, where e; is the number of a primitive term. 

3.6. Deducibility assumptions. There exist two terms N and F whose intui- 
tive meanings are as follows: N represents the property of being an integer, 
i.e., the proposition / NY& is to mean the same as ‘Y is a natural number;’ 
on the other hand F represents the notion of being a function, in the sense 


(*) This way of introducing the natural numbers is due to Church (C 359.6, p. 863). 
(#) A u satisfying all conditions would be given by 
w(x y) = 

provided the primitive terms are assigned numbers not of that form. Another such yu can be 
obtained from a recursive enumeration of number pairs (such as the o(x, y) of Hilbert-Bernays 
(C 507.1, p. 321) by skipping enough numbers to get in the e,. Still another possibility is the 
following. Let application be denoted, for the time being, by a prefixed ‘*’ (a la Chwistek), so 
that no parentheses are necessary. Assign to E; the number 7+1 and to * the number 0; then 
every term is assigned a unique number in the (¢+1)-adic system; and conversely every such 
number with not too many 0's is assigned to a unique term (the number of prefixed 0’s is 
uniquely determined). From this a function » can be determined. — 

(#) We must understand this to mean that for all x, y, x’, y’ either u(x, y) ¥u(x’, y’), or 
x=x’ and y=y’. In the notation of §6.9 this is expressed by 


52(u(x, 9), u(x’, | x’) + da(y, = 0. 


A similar remark applies to 3.524. Note that a part of 3.523 and 3.524 is a consequence of 3.51; 
thus, for 3.524, if a=n(M) and b=n(B), u(a, b) ~ex follows by 3.51; but if a and bare not as- 
signed to terms, 3.524 is an additional restriction on yu. These additional restrictions facilitate 
the proofs in §9, but are not essential. 
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that ‘+ FAB’ is to mean the same as ‘G is a function on A to B’(*). These 
intuitive meanings are expressed by the following formal assumptions con- 
cerning them(*): 

3.61. HE NZp, i.e., Zo is a natural number. 

3.62. K FNNS ; i.e.,S is a function on N to N, i.e., a numerical function. 

3.63. FUBG & H+ AX —x+-B(GX), i.e., if G is a function on A toB and X 
is on the range &, then GX is in B. This is the characteristic property of F 
according to its intuitive meaning. This rule will be sometimes referred to as 
“Principle F.” 

*3.64(**). (Mathematical induction.) If 


MZ & FMMS, 


then 
- NX —xk MX. 
3.65. (Property of deductive completeness.) If Di, ---, Mn», A,B, G are 
terms of an extension ©’ of S with respect to Yi,--+, Ym, and X is an inde- 
terminate for G’, and if 


M, & AX BGX); 


then 
&€M, rb FABG(**). 


(3) The postulation of F is equivalent to postulating a term representing formal implica- 
tion. For if P* represents formal implication, P* and F are interdefinable, thus , 
F = XYZ.P*X(AU.Y(ZU)), 

P* = MXY.FXYI. 


(It is understood, of course, that in place of 3.63 the appropriate rule to go with P* is 
P*AB AV vt BU.) 


Many formal relations are simpler in terms of F. 

(*) Of the “assumptions” here stated it is evident that the really important ones are 3.63 
and 3.65, expressing the intuitive meaning of F and deductive completeness respectively. The 
other properties 3.61, 3.62, and 3.64 will automatically hold for any system which is adequate 
for arithmetic at all. Incidentally it is not necessary to postulate them as independent assump- 
tions. For if, using the A defined in §5.4, we adopted the definition 


N = AX. FAY 20)(FYVS))AY. YX), 


they would become deducible as theorems. (The proof of this uses the full strength of 3.65, but 
is no more difficult than the theorems in §5.) When 3.64 is deduced in this way, it holds in the 
sense of deducibility (cf. the next footnote). 

(8) On the significance of the * in 3.64 see the footnote to 2.42. That there is no loss of 
generality in assuming 3.64 in this way is evident from the preceding footnote, since the prop- 
erties of conjunction (5.42) are deducible without the use of 3.64. 

(*) The referee has called attention to the fact that, since we do not have conjunction in 
the system, we need this assumption for n =2 in order to derive 5.42 according to the method 
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4. General discussion of the proof. The derivation of the paradox depends 
on three principal theorems which may be roughly described as follows: 

First, the system © is strong enough to include all of recursive arithmetic, 
in the sense that every recursive arithmetic function has a representative 
in ©, called its formalization, such that the properties of the recursive func- 
tions are reflected in corresponding theorems about their formalizations. 

Second, we can construct a constant, here called JT, which formalizes the 
Gédel representation; this means that if a= n(%{) the proposition 


Y= TZ, 


is formally demonstrable as an elementary theorem in ©. 

Third, we can construct within the system a formal enumeration of the 
assertions [3.131]. Indeed by the aid of the above described T such an enu- 
meration can be obtained from a formalization © of a primitive recursive 
function 6(x), which enumerates the Gédel numbers of those assertions. For 
this © we can further prove that 


NX T(OX). 


These three theorems are established in Parts II, III, and IV respectively. 
On the basis of them it is shown in Part V that the Richard paradox can be 
set up in the system on much the same lines as in the introduction. 

One or two general remarks may be interpolated here before we proceed. 


The reader should note the difference between proving that 
MZ, (n = 0, 1, 2,---) 


and that 
kK NX MX. 


The first of these requires simply that we know that IZ, is an assertion for 
every non-negative integral value of m; the second requires the exhibition of 
a process for passing from the premise to the conclusion by the use of the 
rules of procedure for 6(X) only, X being treated as a constant. The second 
of these theorems is stronger than the first; if we have the second, the first 


follows by 5.27 and 2.61. 
Again the reader should avoid being confused by the different senses of 


given below. Of course, as soon as conjunction is introduced there is no increased generality in 
assuming a general m. If 5.42 were deduced by the method sketched in 5.6, then it would be suffi- 
cient to assume 3.65 for n=1. 

With this form of 3.65 it is evident that it holds not only for S but also for any system 
obtained from © by adjoining additional axioms (even if they contain additional terms). This 
is also true for 3.61-3.64; for 3.61 and 3.62 are elementary propositions, and 3.63 and 3.64 are 
deducibility properties in the sense of the footnote to 2.42. The same invariance with respect to 
extension also holds for various theorems in the sequel; this is not always explicitly indicated. 
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‘induction,’ ‘recursion’ and the like. These are sometimes used in an intuitive 
sense, sometimes as referring to a formal process related to © (e.g., a use of 
3.64) or the system r of §6. 


Part II. FORMALIZATION OF RECURSIVE ARITHMETIC 


We now turn to the proof of the first of the three major theorems men- 
tioned in §4. Some preliminary lemmas concerning special constants are 
proved in §5. Then in §6 ordinary recursive arithmetic is formulated pre- 
cisely as a formal system r. This leads up to the proof of the final theorems 
in §7. 

5. Some special constants and their properties. In this section we study 
some special functions useful in setting up recursive arithmetic within the 
system. Besides some properties of the elementary constants already postu- 
lated, we study the ordered pair D2 and the recursion combinator R. It is 
necessary to include some generalizations of the deducibility postulates of 3.6. 

5.1. The F sequence. Although functions of several variables can be re- 
garded as special cases of functions of one variable, yet it saves cumbersome 
formulas to introduce an abbreviation for the term, definable in terms of F, 
which plays the same role for functions of m variables that F does for func- 
tions of one variable. This term is defined by induction thus: 


> Fo =I, F, =F, 


It will be seen that for instance + F2ASC@ says that G is on A to FBC, and 
hence is a function on the composite range AB to C. 


5.11. THEOREM. For m=1, n=0, 


Proof. For m=1, this is true by definition. Suppose the theorem is true 
for m=k. Then [3.31] 


(1) +++ ++ = Xe(Fa¥i-- VnZ). 


Therefore [by definition of Fi4:] 
The theorem for m=k+1 now follows by 3.34. 


*5.12. THEOREM. (Generalization of Principle F.) If, for m21, n20, 
(a) F -- - LMG, and 
(b) FRM; (G=1, 2,---, m); 

then 


4 
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Proof. Suppose that for a given k <m we have established 


Then [5.11] FR ( VM) (GM - - - We). Then by 
Principle F and the k+ 1st hypothesis (b) we have (1) for k+1 in the place 
of k. On the other hand (1) is true for k=0 by (a). Hence by induction (1) is 


true for all km, hence for k=m, which gives the theorem. 
5.13. THEOREM. (Generalization of 3.65.) If 
then 
Proof. By induction from 3.65. 


5.14. THEoreEM. Jf (a) - (b) FU,/AT G@=1,--- 


(c) FBB’I; then 
--- 


Proof. The proof follows by 5.13, since from the hypothesis 


(i = 1,2,--- 


we conclude + 8’(@X;, - - - X,) by the hypotheses, 5.12, and 3.41. 
5.2. Properties of the elementary constants I, K,§, Zn. 


5.21. THEOREM. Fy FUUI. 
Proof. By 3.41, 
UX U(IX), 
whence the theorem follows by 3.65. 
5.22. THEOREM. F2U,U2UiK. 
Proof. By 3.43, 


& FU2X2-0, xk U,(KX,X2). 
The theorem follows by 5.13. 


5.23. THEOREM. 
Ky (FF UUs) (FUUs))S. 


Proof. Suppose 
(1) U22Z, 
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(2) 
(3) Fo(FU,U3)U2U1X. 


Then [5.12] 
+ U,(X¥Z). 


Therefore 


U3(¥Y(XYZ)) by [5.12], 
(4) = + U;(§ XYZ) [3.42; 3.2]. 


Thus (1), (2), (3) imply (4). Hence, by 5.13, 
Ky F3(F2(FUiU3) U2U;)(FU\U3) U2U3S. 


By 5.11 this gives the theorem. 
5.231. CoroLtary. ky F(F(FUU)(FUU))(F(FUU)(FUU))S. 
5.24. THEOREM. yF2U,U2U2Zo. 


Proof. Similar to that of 5.22; or from 5.22 (substituting FU2U-2 for the U; 
and U; for the U2 of 5.22) and 5.21 by Principle F. 


5.25. THEOREM. (n=0,1,---~ ). 


Proof. For »=0, this follows from 5.24 (take U,\=FUU, U2=U). Assum- 
ing it for Z,, it follows for Za41 by 5.231, 3.63 (in view of 3.44). Hence the 
theorem follows by intuitive induction. 


5.26. THEOREM. yFN(F(FUU)(FUU))I. 


Proof. Similar to that of 5.25; only we replace the intuitive induction by 
a formal induction using 3.64. 


5.27. THEOREM. + NZ, [3.61, 3.62, 3.63, 3.44]. 
5.3. The ordered pair Dz. The definition of the ordered pair here used, viz., 
Dz = #XYZ.Z(KY)X, 
is due to Bernays(*’). 
5.31. THEOREM. A. 
Proof. By 3.32 
DABZ) = Zo(KB)A 
= [3.45, 3.41]. 


(#7) Oral communication, May 2, 1936. 
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5.32. THEOREM. D,AS(S X) =B. 
Proof. By 3.32 
X) =F X(KB)A 
= KB(X(K¥B)%) [3.42; 3.32], 
=% [3.43]. 


Proof. If we assume UiX,+ U2Y, and + F(FU3U2)(FUiU;)Z, then [5.22; 
5.12] + FUsU2(K Y). Therefore [5.12] 


U,(D.XYZ). 
The theorem follows by 5.13. 
5.34. THEOREM. +} y F;UUNUD32. 


Proof. In 5.33 put U1i=U2=U;=U,=U. The theorem follows by 5.26, 
5.21, and 5.14. 
5.4. Definition of conjunction. 


5.41. DerrnitTion. A=\2X Y. F(F(FII)(FII))I(D2X Y). 
5.42. THEOREM. A & +B. 


Proof. Suppose -AW%%. Then, since by 5.25 + F(FII)(FII)2Zo “and 
+ F(FII)(FII)2;, we have by Principle F 


DABZ, & DAB Z. 


Therefore [5.31, 5.32] 
(1) 
Conversely suppose (1) holds. Then by 3.41 
(2) IM & IB. 
But, by 5.33, 
(3) 
Therefore [(2); (3); 5.12] 
F(F(FII)(FIZ))I(D2AB) = + AUB, 


q.e.d. 
5.43. The more general conjunction A, is definable recursively by 


A, = A, 
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It can then be shown, by intuitive induction, that 


is equivalent to 
&---& 
5.44. THEOREM. (Generalization of mathematical induction.) If 
(a) MZo, 
(b) FNX &F MX — xt X), 


then 
(c) FNX MX. 


Proof. Let IN’ =AX .A(NX)(MX). Then [(a), 3.61] 
(1) M’ Zo. 
Assume 
(2) 
Then [5.42] KNX &+ MX. Therefore [(b)] + M(SX). But [3.02, 3.63] 


tN(SX). Therefore [5.42] + M’(S X). Since this follows from (2), we have 
by 3.65 


FM’M’S . 
Therefore [3.64] 
FNM’. 
From this the theorem follows by 3.63, 3.41, and 5.42. 
5.5. The recursion combinator R. We seek now to find a function ©. which 


satisfies the following “definition” in terms of a given function § and con- 
stant W 


GZ, = 
NX X) = HX(GX). 
This @ is defined by 
= ROU, 
where R is the combinator defined in 5.52. 5.51 is preliminary; 5.52 contains 


the definition; while the theorems are stated in 5.53 and 5.54. The method 


of treatment is due to Bernays(**). 
5.51. In order to find such a @ we consider first that if G satisfied the 


condition 


(**) See note to 5.3. 
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G(S X) = SGX), 
its definition would be very simple; viz., 
= rAX. 
In the more difficult case suppose we had such a G. Then the function 
= AX. D.X(GX) 


satisfies a recursion of the simpler type. For, assuming the above condition 
for G, we obtain 


&(S X) = X)(G(S X)) 
= D,(S X)(©X (GX)) 
= (2X Zo))(G(LX Zo) (LX [5.31, 5.32], 
= K(LX), 


where R=XX . D2(S This enables us to define and 
hence 

These G, 2 and & are functions of § and Y. If we express them as such we 
have the R, R; and Rz of the following definitions. It is convenient to define 
R: in two stages, of which ®; is the first stage. 

5.52. DEFINITIONS. 


Ri = MUXY.DA§ X)(UXY), Re = U(X Zo)(XZ), 
Rs = MUVX.X(R2V)(D2ZV), R= NUVX.RUVX 


5.53. THEOREM. If we define G=RUV; then 
(a) G©Zo=ovV, 
(b) FNX-uvxG(S X) = UX (GX). 


Proof. Let us define 
(1) = RU, 
(2) = RU, 
(3) L = RUV, 
(4) B = 
Then the above definitions give 
(5) Ri = WXY.DA§ X)(UXY), 
(6) Re = AX. Z)(X LX), 
(7) = AX. 
(8) = AX. 
Then [(7)] 
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LZ = ZoK2B 
= % [3.45]. 


Therefore 
(9) LZoZo = Zo [5.31], 
(10) GZ = L2%Z, = V [5.32]. 

This proves the first part of the theorem. To prove the second part— 

&(S X) =S (7)], 
= R2(XR2B) [3.42], 
= [(7)], 
= Z)(GX) [(6), (8)], 
(11) = Zo)(GX)) [(5)]. 


Therefore [5.31] 
X) Zo = (LX Zp). 


This with (9) gives a proof by mathematical induction [5.44 with 
M=AX .O(LXZo)X] that 


NX —x LX Zo XxX. 


If we put this in (11), then 
NX >x G(§ X) = 
= UX(GX) 


q.e.d. 
5.54. THEOREM. + 
Proof. Let G be as in 5.53, and suppose that 
(1) 
(2) F OV. 


Then [5.53 (a) ] + Q(G2Zp). 
Assume 


(3) NX & F Q(GX). 
Then [(1), 5.12] } Q(UX(GX)); that is [5.53 (b)], 
(4) OGS X)). 
Therefore [(3), (4), 5.44, 3.65] 
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FNOG. 
This means that, assuming (1) and (2), it follows that 
FNQ(RUYVD). 


The theorem follows by 5.13. 

5.6. Discussion. Throughout the foregoing repeated use has been made of 
3.65. Some interest attaches to the question of whether these theorems can 
be derived without using 3.65 in its full power, inasmuch as systems with 
weakened forms of 3.65 may conceivably be consistent. This section will be 
closed with some informal discussion of results bearing on this question. 

Suppose we assume the following postulates concerning F: 


Fa(FYZ)(FXY)(FXZ)B, 
F(F2YXZ)(FeXYZ)C, 
F(F2XXY)(FXY)W, 

+ FX(FYX)K, 


where B, C, W are the “primitive combinators” which may be defined, in our 
present notation, as follows: 


B=» XYZ.X(Y2Z), 
C = XYZ.XZY, 
W = 


These postulates may, of course, be expressed as axioms; they are easy con- 
sequences of 3.65. Moreover they are highly plausible assumptions concern- 
ing F (cf. the intuitive discussions in my paper C 396.7). With these postu- 
lates in the place of 3.65 all the above theorems except 5.13 can be derived, 
provided that mathematical induction in the form 5.44, and also 3.61, 3.62, 
and 5.26 be assumed(**). This, however, I have accomplished not for the 
above definition of R, but for R defined in a way more akin to that used by 
Kleene. The sequence of definitions for this purpose is the following: 


(8%) These derivations are contained in papers now in preparation which employed the 
methods of my paper J 1, 65. The essential point is the following lemma: If ¥ isan (Xi, +--+, Xn)- 
term and 4, +--+ , A,, B are constants such that from the assumptions 

WX; (Gj = 1,2,---+,m), 
it follows, by following through the construction of ¥ and applying Principle F only, that 
Bz; 
then 
This lemma can then replace 5.13. Presumably then the inductive assumptions can be derived 
by adjoining appropriate postulates for A, and defining NN as in the second footnote to 3.6. 
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Di = AX. D.X(§ X), De = AX.Di(XZ), 

Ds = AX.XD2(D2ZoZo), V =AX.D3X Zo, 

Ri = = MUVX.X(RU)(KV), 
R = NUVX.R.UVX( VX). 


The VY so defined is the predecessor function; it has the properties 
VZo = Zo, NX V(SX) = X, 


while R has the same properties as in 5.53 and 5.54. The new definitions are 
easier to handle because the ordered pairs involved are homogeneous, whereas 
in 5.52 they are heterogeneous. On the present basis, however, the Bernays 
definition is easier. 

Note, too, that the definition of conjunction in §5.4 is such as not to re- 
quire any use of mathematical induction (even in the above weakened sys- 


tem). If the definition 


were used, then we should require 5.34, and hence 5.26, to establish 5.42. 

Many of the theorems in the later sections can also be derived in the so- 
modified system. How far we can go with it is, as yet, undetermined. 

6. Recursive arithmetic as a formal system. We are now in possession of 
enough formal machinery to show that recursive arithmetic can be incorpo- 
rated in the system ©. In order to make this result explicit, it is desirable to 
formulate recursive arithmetic with all possible precision. In the literature 
recursive arithmetic is usually treated in a semi-intuitive manner. However, 
greater exactness and definiteness are attained by treating it as itself a formal 
system. The present section will be devoted to formulating recursive arith- 
metic in that manner. After some preliminary explanations in 6.1, the formal 
statement of the primitive frame of the system is given in 6.2—6.7; in 6.8 there 
are some general theorems about the system r, and in 6.9 there are stated, 
for future reference, the definitions of some special recursive functions(*°). 

6.1. Preliminary explanations. The system of recursive arithmetic will be 
called the system rt. Its terms will be called expressions to distinguish them 
from the terms of the system ©. These expressions include not only numbers 
and numerical variables, but also functions of every degree of multiplicity. 
Accordingly we consider an infinite series of categories of expressions 
€o, @1, @2,:*+*. The expressions of e) are the numerical variables and ex- 
pressions capable of being substituted for them—we shall call these mumeri- 
cal expressions—those of e, for »>0 are functions of m arguments. It is also 


(*°) See also my paper A formalization of recursive arithmetic, American Journal of Mathe- 
matics, vol. 63 (1941), pp. 263-282. (This paper was written after the presentation.) 
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desirable to make explicit the variables on which a numerical expression de- 
pends or may depend; thus if r is any set of numerical variables ¢o(r) is the 
set of all numerical expressions whose variables, if any, are in r. In this con- 
nection the null set of variables is denoted by o and the set of all variables 
by », so that ¢o is the same as ¢o(»). On the use of letters for expressions see 
2.72. ‘€’ and ‘C’ are used with their ordinary set-theoretic meanings. In the 
statement of the primitive frame parts of the text enclosed in parentheses re- 
fer to the intuitive interpretation or other extraneous consideration; these are 
inserted to increase intelligibility, but are not a part of the formal specifica- 
tions. 

6.2. Primitive expressions. There is an infinite set of these, constituted as 
follows: 

6.21. (A constant numeral) 0. 

6.22. An infinite sequence » of numerical variables: v1, v2, v3, - - - . The let- 
ters ‘x,’ ‘y,’ ‘sz,’ etc., stand for unspecified members of this sequence. 

6.23. (A function) o (this is the successor function, converting any nu- 
merical expression a into a+1). 

6.24. (A function) ko (this is the function having 0 as its constant value; 
cf. 6.62 below). 

6.25. Aset (of functions) kn» where »=1,2,3,--- andm=1,2,3,---,m. 
(Kum picks out the mth argument from a sequence of m; cf. 6.63 below.) 

6.3. Operations. These also form an infinite set, but may be grouped into 
three kinds, as in 6.31-6.33. Operations are denoted by Gothic letters, which 
are prefixed to their arguments; since the multiplicity of each is definite, 
parentheses are unnecessary (as in the logical notation of the Poles). 

6.31. For each n>0, there is an (n+1)-ary operation a,. (This represents 
the application of an m-ary function to m arguments. In accordance with 
custom) let us define 


g(a, Gn) = An, 


when g€e, and ai, a2, - , eo. 

6.32. For each n>0, and m>0 there is an (m+1)-ary operation $,,, (repre- 
senting the substitution of m n-ary functions in an m-ary one, cf. 6.64 below). 

6.33. For each n20 a binary Fr, (representing the recursive definition of 
an (n+1)-ary function by an m-ary one and an (”+2)-ary one, cf. 6.65 below). 

6.4. Rules of formation. We turn now to the rules for the formation of de- 
rived expressions, and for the classification of expressions into the categories 
mentioned in 6.1. 

6.41. O€ eo(r) for any r. 

6.42. rCeo(r). 

6.43. 

6.44. 

6.45. Kam 
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6.46. If gEe, and a;€eo(r) fori=1, 2,---,m, then g(a, , Gn) €eo(r). 

6.47. If and f;€e, fori=1, 2,---, m, then Sanbhi--- 

6.48. If hEe, and then bf 

6.5. Elementary propositions. The only primitive predicate of the system 
is the binary relation of equality between numerical expressions. The ele- 
mentary propositions are those of the form 


a= b, 


where a€ ¢o(v), bE eo(v). 

6.6. Axioms. In stating the axioms we have two alternatives: either we 
may state specific axioms with a substitution rule, or we may state axiom- 
schemes in the sense of von Neumann. The latter course is followed here. It 
is, then, to be understood that a, b, ¢ are any expression of ¢) and g, b, f are 
functions. 

6.61. a=a(*). 

6.62. Ko(a)=0. 

6.63. Kam(@1, * Gn) =Qm. 

6.64. If hEe, and f,---, and g=Snnbhi--- fn, then 


g(a, = b(fi(ai, Qn), En (a1, Qn)). 
6.65. If hEe,(“), PE enya, g=r,5f, then 


g(a, Gn, 0) = Qn), 
g(a, Qn, o(6)) F(a, b, g(a, b)). 


6.7. Rules of procedure. As before a, 6, ¢ are arbitrary expressions of ¢ép. 
6.71. If a=b, then b=a. 

6.72. If a=b, and b=c, then a=c. 

6.73. If gEe,, and if 


a; = b; m); 


then @)=g(bi,---, Ba). 
6.74. (Mathematical induction(“).) If g, Qn€eo(r) are 
such that 
(a) g(a, ny 0) = b(a, 0), 
(b) on the hypothesis that 


(1) g(a, Gn, h(a, Qn, ¥); 


(“) If n=0, then e, is to be understood as meaning ¢o(0). 

(*) This is, of course, redundant. 

(*) If n=0, 5 must be in eo(o). 

(“) It will be noticed that this rule has a metatheoretic premise, and therefore does not 
have the simple character prescribed for the rules of © in 3.14. 
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where y is a variable not in rz, it follows by 6.71-6.73 (and known theorems) 
that 


(2) g(a, , Qn, o(y)) = , an, o(y)); 


then g(a, Qn, dn, 

6.8. Some general theorems. The following theorems are obvious enough 
from the intuitive point of view; but they may be proved to follow formally 
from the above definitions. The proofs are omitted here; it is planned to pub- 
lish them in a separate paper(“). 


6.81. THEOREM. If aC eo(x1,---, Xm) and a’ is obtained from a by sub- 
stituting for x1,+-+, Xm expressions bi,---+, Yn), then 


6.82. THEOREM. If a, bE eo(x1, - ++ , Xn) such that 
a= 5; 


and if a’, b’ are obtained by substituting , for , Xn respec- 
tively in a and b; then 


a’ = 
6.83. THEOREM. If aC eo(x1, , Xn), then there exists a gEe, such that 
a= , Xn). 
This 4 we denote by fz,...2,(a); it is defined by intuitive recursion as follows: 
fe,---2,(%i) = 
fe, ---2,(0) = SinkoKn,, 
where gi=fz,--- 2,(@i). 


6.84. THEOREM. If aGeo(x1,--+, Xn), bE eo(x1,--+, Xn, 2); then there 
exists @ Such that 


g(x, 0) = 4a, g(x, o(y)) = b’, 
where 6’ is the result of substituting g(x1,--+, Xn, y) for 2 in b. 


6.85. THEOREM. (Generalization of mathematical induction.) Jf a, 6 are 
im Xn, such that 


(a) we have 


(“) See the paper cited in the footnote to the beginning of §6. 
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(b) from the assumption 
a=b 


it follows by rules 6.71-6.73 only that 
o(y) | o(y) ] 
a= b; 


a = 


then 


6.86. The formulation above given is sufficient for recursive arithmetic as 
defined by Hilbert and Bernays(“), in the sense that, if 


a=b 


is deducible in the formalism of Hilbert-Bernays, then it is deducible also in 
the system r. 

6.9. Special functions. The object of this section is to give explicitly, pri- 
marily for the purpose of fixing the notation, the definitions of some special 
recursive functions which we need in the sequel. For some of these functions 
we use an operational, rather than a Greek letter notation. The functions are 
defined within the system r by virtue of 6.83 or 6.84. Some of the properties 
of these functions are also listed. On the proofs of the statements made see 6.8 
(especially 6.86). 

For explanation of references to this number in the later portions of the 
paper see 7.6. 

6.91. The sum x+¥ is defined by 


x+0=2, x+(y) =o(x+y), 


and obeys the commutative and associative laws. 
6.92. The product x-y is defined by 


x0 =0, x-o(y) = 


This product is commutative and associative and distributive with respect 


to addition. 
6.93. Functions 6;(x) and x+y, related to subtraction, are defined as fol- 
lows: 


5,(0) = 0, 5i(o(x)) = 2; 


(Intuitively x+y is x—y if x2, otherwise it is 0.) Some of the properties of 
these functions are as follows: 


(*) C 507.1, p. 307. 
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6.931. 5:(a)=a~1. 

6.932. a~a=0-a=0. 

6.933. (a+c)+(b+c)=a~b. 

6.934. (a+b)+b=a. 

6.935. 

6.936. a-(b+c)=(a-b)+(a-c). 

6.937. (a~+b)-(b+a)=0. 

6.938. a+(b+a)=b+(a~ 5B). 

6.94. In terms of subtraction we define the negation function |x| thus: 


|x| = 1+ 2. 


Then we have the following properties: 
6.941. |0| =1; |o(a)| =0. 
6.942. ||0|| =0; ||o(a)|] =1. 
6.943. If |a| -b=0, and a=0, then b=0. 
6.944. a=||al| +61(a). 
6.95. The equality function 5 is defined by 


52(x, y) = (x + y) + (y = 2). 


6.96. General sums and products are defined thus: 
(a) > z-09(y) is the function such that 


5(0) = (0), = B(x) + g(o(x)). 
(b) []%-og(y) is the function f(x) such that 
F(0) = E(@(x)) = F(x) -g(o(x)). 


The first of these functions is 0 if and only if g(y) =0 for every y Sx; the sec- 
ond is 0 if and only if g(y) =0 for some y Sx. It is also convenient to define 


6.97. Given g(x), (ey Sx)g(y) is defined as that function §(x) such that 
= 0, 


b(o(x)) = B(x)- | + o(x)-| g(o(x))| S x)g(y). 


Intuitively (eySx)g(y) is the least z<x such that g(z)=0, if there is any 
such z; otherwise it is 0. Thus we have the following properties: 

6.971. (eySx)g(y)~+x=0. 

6.972. | (aySx)g(y)| -g((eySx)g(y)) =0. 

6.98. Given a, Bo, - - - , bp, cGeo(x1, - + + , Xn), a function g such that 
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bh if 


= if |a+p| =0, 


is given by 


= de(a, &)| + lla + pll-c. 


k=0 


representing as usual the integral part of x/y, may be defined thus: 


6.99. The function 


| = («5 + 


7. The representation of recursive functions. In this section we study a 
method of associating with every expression m, numerical or functional, of 
the system tr, a term called its formalization and denoted by ‘§(m).’ This as- 
sociation is such that if m is a function, or is an ¢o(0), then §(m) is a constant 
in S; while if m contains variables, §(m) contains corresponding indetermi- 
nates. Furthermore, with each elementary proposition of t we associate a 
proposition concerning S which we call the formalization of the former propo- 
sition; if this elementary proposition is a=b, and Xi, X2,---, X, are the 
indeterminates in §(a) and (6), this formalization is 


NX &---& NX, —x F(a) = F(6). 


The object is to show that this formalization is true whenever the original 
proposition of r is true. 

The definition of § is given in 7.1, and some preliminary theorems are 
found in 7.2; in 7.3 it is shown that the formalizations of all the r-axioms are 
true, while in 7.4 we establish the validity of the formalized r-rules as prin- 
ciples of inference between such formalized propositions; this leads to the 
general result and some related general theorems in 7.5. In 7.6 are listed some 
special cases which are useful in what follows. 

7.1. Definition of §. §(m) is defined by recursion on the construction of m 
as follows: 

7.11. =2Zo. 

7.12. §(v;) = V;—that is, to each variable v; of t we associate a particu- 
lar indeterminate V;. When we use ‘x,’ ‘x;,’ ‘y;,’ etc., to stand for unspecified 
variables of t, then it is to be understood that ‘X,’ ‘X;,’ ‘Y;,’ etc., stand for 
the corresponding indeterminates of S. 

7.13. §()=S. 

7.14, (ko) =KZp. 
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7.16. If §(g)=G, and F(a;) =A, then 
, = GAM, -- - 
7.17. If tm, and if §(6)=G, then 
7.18. If b=r,bf, and §(b)=H, F(=RK, then 
$(g) = Xn, 
where 


7.2. Functional character of the formalization of a numerical function. It is 
convenient to introduce N; as an abbreviation for F,N - - - N (where the ‘N’ 
is repeated k+1 times). The precise definition is a recursive one, thus (cf. 5.1): 


No = N, Nin = 

7.21. THEOREM. If and G=F(q), then H-N,G. 

Proof. By induction on the construction of g in 7.211-7.215. 

7.211. The theorem is true for g=o by 7.13, and 3.62. 

7.212. For g=xo the theorem follows by 7.14, 5.22 (with U;=U:=N), 
3.61, and 5.12. 

7.213. The theorem is true for g=Kam, for 

NX &---& xk NXn (m n), 

 [7.15, 3.31, 3.26], 
whence the theorem follows by 5.13. 

7.214. Suppose g=Smabfi, - --, fn,and the theorem is true for fh, - - -, Em- 
Let G=§ (a), H=F(b), R5=F(E;) (G=1, 2, -- - , m). Then by the hypothesis 
of the induction and 5.12 

NX &---& xk Xn) Gj =1,---,m), 
N(O(KiX1 Xn) (RmX1 Xn)) 
[(1), 2.61], 
N@X--- X,) [7.17, 3.31, 3.26]. 
The theorem then follows by 5.13. 
7.215. Suppose g=r,bf, and that the hypothesis of the induction is true 


for h and f. Let H=§(b), R=GF(F), and K* be as in 7.18. Then by the hy- 
pothesis of the induction, 
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(1) Nn, 

and [5.11] 

(2) 

From (2) and 5.12, 5.13 (much as in 7.214) we can then conclude 
(3) Fe 

From (1), (3), 5.54, and 5.12 we have 

(4) 


But, by 7.18, 
@ -- Xz. 


Hence from (4), using first 5.12 then 5.13, we have the theorem for . 
7.22. THEOREM. If aC eo(x1, - , Xm), then 


Proof. We can prove the theorem by induction on the construction of a, 
bearing in mind that if a is primitive then it must be 0 or some »;, and if it 
is not primitive it must be constructed from primitives by 6.46 only. If a=0, 
the result follows by 7711 and 3.61. If a=v;, the theorem to be proved becomes 
ENVi- ENV; (by 7.12) which is a tautology. Suppose a=g(ai, --- , a,) and 
that the theorem is true for a,---, Let A:=F(a:), A=F(a), G=F(Q). 
Then, by the hypothesis of the induction, 


NU; (Gj =1,2,---,m), 
N(G@%,---, [7.21, 5.12], 
NY [7.16], 


q.e.d. 
7.3. Verification of the axioms. We are now in a position to show that if 


a=b is an axiom, and a, bE eo(x,---, xm), then &--- &€& 
—x§ (a) =F (6). 


7.31. In the case of the axiom-schemes 6.61—6.64 we have 


= 


without any hypothesis [by 3.21; 3.43; 3.32; respectively]; hence, what is to 


be proved follows a fortiori. 
7.32. Let us now turn to the axiom-schemes of 6.65. Suppose that 


Qn, bE eo(x1, »Xm)s and let A;=F(a;), B =F (5), G=F(g), H=F(5), 
R =F (f). Then by 7.13, 7.16, what we have to show is that if 


(1) NX: NXn, 
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then 
(2) @%,---A.Zo = HA--- W, 
(3) GY, --- W.(SB) = -- - A, --- WB). 
Let &* be defined as in 7.18, and let G@*=RR*H. Then [7.18, 3.32] 
(4) WY =y -- - An. 
By 5.53, G@*Z)=. From this and (4) we have (2). 
Again, by 5.53, 
(5) NY G*(S VY) = K*Y(G*Y). 
By 7.2, on the hypothesis (1) we have 
NB. 
Therefore [(5), 2.61] 
(6) G*(SB) = K*B(G*B); 
hence 
OY, - - = G*(SB)M--- A, [(4)], 
= K*B(G*B)A - A, [(6)], 
= KY, --- A,B(G*SA%,--- A.) [7.18, 3.32], 
= KU, A, BGR - - - A,B) [(4)]. 


Then (3) follows by 3.23. 
7.4. Verification of the rules. Next we have to show that the rules of pro- 
cedure of r are valid principles of inference between the formalizations of the 


elementary propositions. 
7.41. As a preliminary to this let us make a remark concerning these 


formalizations. The formalization of a=b is defined as 
(1) &---&F NXn—x F(a) = FO), 


where Xi, --- , X» are the indeterminates, if any, corresponding to variables 
appearing in a or b (or both), and hence are all the indeterminates in §(a) or 
#(6) (or both). But this formalization is equivalent to 


provided Yi,---, Y, are any set of indeterminates which include the 
Xi, +++, Xm. For if (1) is true, then (2) is true a fortiori. On the other hand, 
if (2) is true, then for any Y; not occurring in either (a) or {§(b) substitute 
Zo for Y;; the corresponding premise is redundant by 3.61, and the conclusion 
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is unaltered; the premises can then be rearranged (the relation designated by 
‘&’ is intuitive conjunction) to give (1). 

7.42. This established, we may show that the formalized 6.71—6.73 follow 
from the rules of 3.2. Let us take 6.72 as a typical case; the others are proved 
similarly. In accordance with 7.41 what we have to show is that, if 


(1) NXn—x F(a) = F(6), 
(2) &---&F NXn—x F(b) = FO, 


then 
(3) NX &---& NXn—x FQ) = FO), 


where X3,---, Xm is a set of indeterminates including all which occur in 
&(a), §(6), or F(c). Very well, let (1) and (2) be assumed. Then on the as- 
sumption that the hypothesis of (3) holds, we have §(a)= (6) and 


(6) =F(c), hence F(a) =F(c) by 3.23. 
7.43. Let us turn now to the rule of mathematical induction (6.74). Let 


Gg, 5, a1,---+, a, be as in the hypotheses of 6.74, and let G=§(g), H=F(5), 
@=1,2,---, B=F(b). Let Xi, --- , Xm be a sufficiently inclu- 
sive set of indeterminates, and let 


Then the formalization of hypothesis (a), which we assume to hold, is 
which is equivalent [3.41] to 
If, now, we define 
M=AY.FAN--- NI(LY), 
then from (1), 5.13 we have 
(2) + MZo. 
Suppose, now, that 
(3) NY & MY. 
Then [5.12, definition of M, 3.41] 


Therefore, a fortiori, 
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This is the formalization of 6.74 (1). Now the passage 6.74 (1) to 6.74 (2) was 
by rules 6.71-6.73 only; hence, by 7.42 from (4) we can pass(*”) to 


and thence [(3)] to 
NXn—xk US Xn. 


Therefore [5.13] 
(5) 
We have deduced (5) on the hypothesis (3); hence by (2) and 5.44 


MY. 
Therefore [5.12] 


NX: NXn&E NV OER. 


The formalization of the conclusion of 6.74 now follows by substitution of 8 
for Y, which is permissible by 2.61 and 7.22. 

7.5. General theorems. As mentioned above, the following may be estab- 
lished. 


7.51. THEOREM. Jf 
(1) a=b 
is valid in t, and if X1,---, Xz» are all the indeterminates occurring in §(a) or 
(6), then 
(2) NX &---&F NX,—x F(a) = 

Proof. By induction on the proof of (1) in 7.3 and 7.4. 

7.52. THEOREM. If aCGeo(x1, +--+, Xn), and if we define 

= 

where fz, ..-2n(@) 1s defined as in 6.83, then 


(#7) In case known theorems are used in 6.74 we must imagine that we are dealing with a 
particular proof of a theorem in r, and showing that this can be converted into a proof in S 
of the corresponding formalization. If we suppose the theorems in the original proof are num- 
bered consecutively from 1 to 2, then we have to show by induction on k that the formalization 
of the first k steps are theorems in ©. Supposing this done for a given k, we are interested here 
in the case where the k+1st step is by 6.74. Then the known theorems used will be those of 
index Sk. For these the formalizations in S are true by the hypothesis of the induction. The 
argument in 7.42 shows that the formalization of 6.74 (2) is deducible from (4) and these formal- 
izations, and hence, since the latter are true, from (4) only. This deducibility depends, of course, 
on properties of — not explicitly formulated in this paper; but we may suppose, by 7.41, that 
all the formalizations in this subsidiary proof have the same premises, and then the deducibility 
relations hold between the conclusions—as in 7.42—by virtue of the rules of procedure of S 
alone. 
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= AMX Xn. F(A). 


Proof. We proceed by intuitive induction in the construction of a. We 


adopt the abbreviation g=fz, . . -2.(@). 
If a=x;, then §(a)=X;, g=Kknas and the theorem holds by 7.15. If a=0, 


then ¢=SinkokKm, and if we set 
Kum = F(Knm), 
we have [7.17, 7.14] 
= \"X- Xn. Zo [3.34, 3.43], 
= Xn. F(a) [7.11]. 


The theorem is therefore true if a is primitive. 
Suppose a= (a1, - , Gm), and the theorem is true for - , Gm. Then, 


if we let gi, - - - , @m be as in 6.83, and set 
G=F@), A=FG), = 
we have 
G; = Ai. 
Therefore [3.31] 
(1) X, = Ai. 
Again [6.83], g=$mnbgi gm. Therefore 
= + Xn. An [(1), 3.34], 
= "Xi - Xn. F(a) [7.16]. 
This completes the proof by intuitive induction. 
7.53. THEOREM. If a is a numeral(*), then §(a) = Za. 
Proof. Clear by 7.11, 7.13, 3.44. 
7.54. THEOREM. If gGen, and ai, do, +--+, Gn, are numerals such that 
b = Gn), 
then 
Ze = Zags 


where ©=§(qg). 


(**) A numeral is an expression of the form o(o(- - - 


490 
)). 


1941] PARADOX OF KLEENE AND ROSSER — 491 


Proof. Clear by 7.51, 7.53, 7.16. 

7.6. Special functions. The formalizations of the special functions of 6.9 
will be symbolized as explained below. To substantiate statements of proper- 
ties of these functions which follow by 6.9 and 7.5 I shall often refer simply 
to 6.9. In interpreting the operational definitions it is to be understood that 
the definitions hold when Y, %, etc., are respectively the formalizations of a, b, 
etc. 


B= Fa + 5), 
A-B = F(a-b), 
Ai = §(4), 
A+ B= 
= 
A: = (42), 
= > a) (4°). 


k=0 


Certain properties of these functions, useful as lemmas, are given in 7.61—7.63. 
In these &, B stand for terms subject to the hypothesis + NA & KH NB. 


7.61. THEOREM. A+B=2Z A=Z, B=Zp. 
Proof. By 6.932 
B= 
(1) A = Zp 
7.62. THEOREM. A,AS=2Z,- A=B. 
Proof. We have 
AAB = (A + B) + (B+ A) = Z [definition | 
[7.61], 
—A%=A+ (B+ [6.91], 
= $+ (A+ B) [6.938], 
=% [6.91], 


q.e.d. 
*7.63. THEorEM. Jf | %| -@=2Zo, and A=Zp, then B=Zp [6.941, 6.92, 6.91]. 


(**) Note that p and & are here taken in an intuitive sense, and are not formalized. 
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Part III. FORMALIZATION OF THE GODEL REPRESENTATION 


The subject of this part is the second of the major theorems considered 
in §4, the construction of 7. §8 is preliminary; the construction proper is 
given in §9. 

8. Numerical functions associated with the Gédel representation. 

8.1. The functions p(x), u(x), us(x). We seek now primitive recursive 
functions and pe such that if x = then wi(x) = n(X;), ue(x) = n(X2). This 
we may do as follows: 

(1) mi(x) = (ey S x)(32 S u(y, 2)), 


(2) ba(x) = (es S x)bo(x, u(ui(x), 2)). 
Then we have 

(3) ma(u(x, y)) = x, 

(4) He(u(x, y)) = 

If we define further 

(S) us(x) = (Sy S S x)(b2(x, uly, 2))), 
then by the processes of recursive arithmetic we have 
(6) . us(u(x, y)) = 0. 

Also, ys(x) =0 — x =p (u(x), we(x)); in fact, we have 
(7) us(x) = || u(ur(x), 
Likewise we have 

(8) = ys(x)- a(x) = 0. 


8.2. The functions M, M;, M2, M3. These are defined as the formalizations 
of pu, 1, Me, Ms, respectively. Then by 8.1 and the theorems of 7.5 we have the 
following. 

8.21. FNX & Mo(MXY)=Y. 

8.22. ENX & M3X =X. 

8.23. ENX & Y) 

8.3. The function T(*). It is convenient to denote by ‘IZ’ the correspond- 
ence inverse to n, so that 


(1) a= n(A) = 


This defines T uniquely for a number of the form n(%). For other values of x 
we may define 


(8) This discussion of & is for heuristic purposes only. The conclusions of the paper do not 
depend on the properties of T here stated. 
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T(x) 
Such a &T will have, then, the following property. Suppose a=n(%), 
b=n(B), c=n(€C), where C=AV. Then 
c = d), 
€ = = d)), 
AB = T(a)(T(d)). 
Therefore 
T(u(a, b)) = T(a)(T(d)), 
i.e., 
(2) T(u(x, y)) = 


This equation represents a course-of-values recursion(®!) for T. If we now 
define 


T(ex.)(*) = E, 


T(a) =I, if no term is associated with a, 


and define fT recursively by (2) if us(x) =0, then T(x) will be defined for all x 
and will have the property (1). 

9. The function 7. The constant 7, mentioned in §4, is a formalization, 
so to speak, of the T considered in 8.3. Its characteristic properties are the 
following: 


(3) 


a= n(A) TZ, = 
KE NX&t NY-—T(MXY) = TX(TY), 


which are motivated in 8.3. The preliminary analysis leading up to this func- 
tion T is given in 9.1; the formal definition is given in 9.2; 9.3 and 9.4 are 
lemmas; while the final proof that the above two properties hold occupies 
9.5 and 9.6. 

9.1. Preliminary analysis. As pointed out in 8.3 the second property 
amounts to a course-of-values recursion for T, which, together with 


(1) TZ, =I, TZ.,= Ei, 


essentially defines T. In order to take care of this recursion by the methods 
of §5 we must first consider a “course-of-values function,” call it B, such that, 
intuitively, 


(®) This expression is a translation of the German term ‘Wertverlaufsrekursion’ intro- 
duced by Péter (C 466.2). Cf. Hilbert-Bernays C 507.1, p. 326. The translation is used by Péter 
herself in Acta Szeged, vol. 9 (1940), p. 233. 

(®) ex =n(Ex). 
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TZ, if 
I if y>-x. 
If we can define such a % then we can define T as AX. BXX. This B will be 


definable by a simple recursion of the kind considered in §5. 
It is evidently in accordance with (1) to specify that 


(3) BZ = KI = 2, 


(2) = { 


and with (2) to require that 
= if mAn+1, 
while for m=n+1 we set 
= 
where ll; is yet to be defined. These can be combined by setting 
(4) B(S X) = AY. X))(VXV)(A2(S X) 
Let us turn now to lk. If we set 
(5) Ur = AX. D2(UeX)(UsX) (MX), 
then it is evident that 
if ps(x) = 0, 
UsZ. if ps(x) 0. 


UZ, { 


Turning now to Ul, and setting 
Us = AX. 


we have that if us(n)=0 
= 
= 
= Us Zn41 
= 
= [by (2) J. 


Turn now to Us, and define functions ®o, &:, --- , R: by 
Ri = AX. De (i =0,1,--+,#— 1), 
R; = AX. Dr 


Then if we take &, for Ul; our definition of T is complete. 
If we substitute for Uh, Ue, Uy in (4) we have a recursive definition for &. 


This leads to the definition given formally in 9.2. 
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9.2. Definitions. 

9.21. Ri=AY. DoE VY) (A2Z.; Y) (i=0, 1, eee, t—1), and R:=A VY 

9.22. Us=dA2VY. V(MiY)(V(M2Y)). 

9.23. Y) (Ro Y) (MY). 

9.24. G=NXVY.DAUV Y)(V Y)(A2(S X) ¥). 

9.25. B=RGZp. 

9.26. T=AX.BXX. 


*9.3. Lemma. If & ENY, then 
B(X + VY)X = TX. 
Proof. If Y=2Zo, then 
+ V)X = + Z%)X 
= TX [9.26, 6.91]. 
Suppose the lemma true for a given Y(**). Then 
V(X +S V)X = BS (X + VY))X [6.91], 
= G(X + Y)(V(X + Y))X [9.25; 5.53], 
= + ¥)X)(ax(S(X + ¥))X) [9.24], 
where % is a term which does not concern us for the moment. But, by 6.91, 
(X + Y))X = A(X +S Y)X 
[6.95], 
=SY+ 2 [6.934, 6.935, 6.932], 


=SY [6.91]. 
Therefore 


V(X +S V)X = VBX+ Y)X [5.32], 
= TX (by hypothesis of induction). 

The lemma follows by 5.44. 
*9.4. Lemma. If NX, then T(S X) = Do(Ue(BVX)(S X))(Ko(S X)) (MS X)). 

Proof. We have 

T(S X) = BS X)S X) [9.26], 
= @X(VX)(§ X) [9.25; 5.53], 
(1) = D,(U,(BX)(S X))WAx(S X)(S X)) [9.24], 


(53) L.e., suppose NY & MY, where 
M = rAV.Q(V(X + Y)X)(TX). 
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where is a term which does not concern us. By 6.95, A2(S X)(S X) =2Zo. 
Therefore [(1); 5.31] 


T(S X) = X). 
The lemma follows by 9.23. 
*9.5. THEOREM. If -NX & ENY, then T(MXY)=TX(TY). 


Proof. By 3.522, |u(x, y)| =0. Therefore [6.944] u(x, y) = o(6:(u(x, y))). 
Therefore [7.51, hypothesis | 
(1) MXY =SU4%, 
where %=A;(MX Y). Therefore 
T(MXY) = T(S%) 
D2(Us(VA) (S M))(Ro(S W)) (Ms(S W) [9.4], 
= U2(BA)(S A) [(1), 8.23, 5.31], 
= BA(Mi(S A))(VA(Ma(S [9.22], 
(2) = VAX (VAY) [(1), 8.21]. 
But, by 3.522, u(x, y) >x & u(x, y) >y. Therefore 
5:(u(x, y)) 2 x. 
Hence 
bi(u(x, y)) = x + y)) + 2). 
It follows [7.51] that A= X+(A+X). Similarly A= Y+(A+ Y). Hence, by 
9.3 
VAX = TX, VAY = TY. 
Substituting these in (2) we have the theorem. 
9.6. THEOREM. Jf a= n(W), then A=TZ,. 


Proof. We proceed by induction on the construction of Y. In 9.61 we take 
the case where Y is a primitive term, in 9.62 the induction from $ and € to 


A=SC. 
9.61. Suppose then a= =e, >0. Let 


b=e-1. 
Then 

a=b6+1. 
Therefore [3.44] 


‘ 
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(1) Le Zo; 

hence [9.4] 

(2) TZ, = 


where % is a term which does not concern us. By 8.1, 3.524, us(a) >0. Hence 
there is a number c such that ps3(a)=c+1. Hence [7.54, 3.44] M3Z.=S Z.. 
Therefore [(2); 5.32] 


(3) TZ, = RoZa. 
Now for i<k, 52(e;, a2) >0. Therefore [7.6] 
= § 
Thus [9.21; 5.32] 
(4) RiZa = Za. 
But since = Zo, we have [5.31] 
(S) = Ex. 


By (3), (4), (5) we have TZ,=%. 
9.62. Suppose now % =, and that the theorem is true for 8 and G. Let 


b=n(G) and c=n(G); then [3.521] a=yu(d, c). Hence [7.54] 


Za = M2ZZ.. 


Therefore 
TZ, T(M 2,2.) 
= T2,(TZ.) [9.5], 
= BC [hypothesis of induction], 
= ¥, 
q.e.d. 
Part IV. FORMAL ENUMERATION OF THEOREMS 


The object of this part is to define a term @ which gives a formal enumera- 
tion of the theorems of the system, in the sense that every term of the form 
T(@Z,,) is assertible, and vice versa. © has then the property that 


NX T@X). 
@ is the formalization of a primitive recursive function 6(x); this @(x) and 
some numerical functions related to it are defined in §10. The remaining sec- 
tions concern the formalizations of these various functions. The final result 


is established in §14. 
10. The function @ and related functions. 
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10.1. Enumeration of the axioms. We define first a function a(x) which 
enumerates the numbers of the axioms. By hypothesis there are only a finite 
number of axioms; let these be Ao, A1, - + - , A., and let do, a1, - - - , @, respec- 
tively be their associated numbers. Then let 


(1) a(x) = >| 5o(x, - ax. 


We can easily define a function B(x) whose value for every x is one of the ai, 
and which takes each of the a; at least once; for instance let B(x) be a primi- 
tive recursive function which takes on only the values 0, 1, ---, s (e.g., 


x oe -(s 3 


Then set 
a(x) = a(x) + ||x 


(2) = a(x, + ~ sl] 


10.2. Functions connected with the rules. Suppose we have a rule of the form 


where the ¥; are combinations of constants and the indeterminates X 1,° Xm 
We must furthemore assume that any indeterminate which actually occurs in 
%,41 actually occurs in some ¥; for 7<m. We seek to find a recursive function 
p(x1, +, Xn), such that if are terms obtained by substituting 
constants %1,---, Wm for Xm in respectively, and if 
b;=n(%¥*), then p(hi, 6.) =5n41; furthermore p is to have the property 
that if c:, - - - , ¢, are numbers associated with theorems (whether obtained by 
substitution from the ¥; or not) then p(c:, - - « , Cn) is also. In order to obtain 
such a p we must first define functions $(%;; x1, - « - , Xm) expressing the above 
b; in terms of n(%:), -- +, n(Mn) (this is done in 10.21), and then (in 10.22) 
functions allowing, so to speak, the inversion of the ¢’s. The definition of p 
is then given in 10.23. 

10.21. Let ¥ be any combination of constants and the indeterminates 
Xi, - +--+, Xm. With each such ¥ we associate a function (%; x1, -- +, Xm) as 
specified, by intuitive recursion on the construction of %, in 10.211-10.213. 
The properties 10.214 and 10.215 then follow by induction. 

10.211. If € is a constant(™), then 


o(G; m1, , tm) = n(G). 


(™) It is sufficient to make this definition for € a primitive constant; it then follows by 
10.213 for any constant. 


k=0 
k=0 
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10.212. Fori=1, 2,---,m, 
Xm) = Xi. 


10.214. If %, ---, %,, are any constants and if a;=n(U;), then 


%, Am 
=n ). 
10.215. If X;,, X;,, --- , Xj, are the indeterminates actually occurring in 
X, then, if 


we have 
a;, = & a;, = 
furthermore $(%; ai,--+, @m) is not the number of any constant unless 


aj, °***,@;, are also [3.52]. The first statement may, moreover, be formally 
established in the form 


| Xm), o(%; ym)) | 
=| Vir) + 52(x;,, ¥i»)| 


10.22. Consider now a rule of the form stated in the introduction to 10.2. 
We shall suppose that the Xi, --- , X» are all the indeterminates which ac- 
tually occur in the %:, ---, ¥,; the rule is then such that these include all 
which actually occur in %,4: also. We define now functions y;, such that, if 
b;, -- +, 56, are the numbers of terms arising by substitution of %1,---, Um 
for X1,---, Xm in the ¥;, then --- , b,) =n(A;). 

In making these definitions it is convenient to abbreviate as follows: 


(1) 


+ Ye 


j=l 
Then the definitions are 


vo = (Sn Ly)(Sm Dy) --- (Bam 
(1) 


Vi = (ex; S S Dy) (Bam S 
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From these definitions it follows that if Po(y1, - - -, yn) =0, then - - -, Wa") 
=¥j;; i.e., 


10.23. In terms of the function defined in 10.21 and 10.22 the definition 
of p is the following: 


This p then has the properties stated in the introduction to 10.2. 

10.3 Definition of 8. The definition of 6(x), which enumerates with repeti- 
tions the numbers associated with the theorems, is essentially due to Kleene(*). 
The idea of this enumeration is as follows: First we divide the theorems into 
stages. In the Oth stage we put only the axiom Apo; and in the (k+1)st stage 
we put the axiom A, (i.e., T(a(k))) together with the theorems obtained by 
applying the rules in all possible ways to the theorems in all the preceding 
stages. We may suppose that all the rules have the same number of premises; 
for if any rule has less than the maximum number, we increase the number by 
repeating premises. Then within each stage we can arrange the theorems, 
first according to the rule used, then according to the first premise, then ac- 
cording to the second premise, etc. In such a scheme every theorem will have 
at least one number, and this number can be effectively ascertained when once 
a proof of the theorem is known. 

This numbering of the theorems is determined by a set of recursive func- 
tions as follows(®*): 

¢(R) is the number of theorems in the stages preceding the kth. 

(x) =the stage of the theorem numbered x. 

v(x) =the number of theorem x in its stage. 

ao(x) =the number of the rule used (°"). 

(x) =the number of the kth premise (k=1, 2,---, m). 

£,(x) =the number of the theorem in the group in the same stage having 
the same rule and (for k>0O) the same & first premises. 

Let us suppose there are r rules of m premises each. Let the rules be num- 
bered 0, 1, 2,---+,27-—1; and let p, be the function associated with the kth 
rule as in 10.2. Then the above functions have the following recursive defini- 
tions: 


= 0, 


1 


(®) C 497.2. 

(*) In the enumeration defined below these theorems are placed first and A, last, and the 
numbering in each of the substages begins with 0. 

(87) If the mth theorem is an axiom, ro(”) =r, where r (as below) is the number of rules. 
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= (es + x) + ((@ + 1) + + 1))). 
= x + $(r(x)), 
| 
Eo(x) = v(x) + mo(x)- 
(x) ] 
L (¢(y(a)))- 
(7) = Ex(x) + 


= 


Then the recursive equations for 6(x) are 
(8) = 
and, for x>0, 


(9) 
+ ||ro(x) + (r — 1)]|-a(y(z)). 


Since for x >0, 
(10) a(x) S v(x) < x, 


this is a course-of-values recursion in the sense of R. Péter(®*) for 0. According 
to her work it can be replaced by a primitive recursion; i.e., there exists a 
primitive recursive function having the properties (8) and (9). 

11. Proof by cases. In the foregoing we have frequently had to deal with 
functions of the form of 6.98. In proving theorems concerning the formaliza- 
tions of such functions we shall need a technique for obtaining proofs by 
cases—i.e., proof of a theorem by considering separately the case where some 
numerical term is Zo or is not, etc. The necessary theorems in this connection 


are developed in the present section. 
11.1. THEoreEmM. Jf A,B, M are any terms such that 
(a) FM ENA, 
(b) FM &A=Z B, 
(c) FM &|A| =Z. > +B, 
then 


Mt B. 
Proof. Let 2=AX .AM(QUX). Then [5.42] 


(58) See second footnote to 8.3. 
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(1) FLY = PV. 


Therefore 
= 


Hence [3.43] 
K(22Zo)X KB(IX). 


Thus [3.65] 
(2) + F(K(22Z))(KB)I. 
Again, by (1), 
ENVY MEA=SV Kt NV 
M&|A| = Z% [6.941], 
[(c)]. 
Hence [3.43, 3.41] 
NY K(R(SY))X KBIX). 


Therefore [3.65] 

(3) NY F(KRGS (KB). 

Then the following can be successively deduced: 
F(K(2Y))(KS)I [(2), (3), 5.44], 
NY & K(RY)X KB(IX) - [3.63], 
NY B [3.43], 
NVY&EMEA= B [(1)], 
[3.2]. 

The hypothesis + N& is superfluous by (a), and the theorem is proved. 


11.2. THEorREM. Jf A,B, M are terms such that 
(a) NYA, 

and if fork=0,1,2,---, p we have 
(b) FM & +B, 

then 


Bz. 


Proof. For =0 the conclusion is the same as the hypothesis [by 6.93]. 
Suppose the theorem true for =q; I shall show that it then follows for 


p= 
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Suppose then p=q+1 and the theorem holds for q. Then the first g+1 
hypotheses (b) (viz., for k=0, 1,---, q) imply that 
(1) 2,= 2% B. 
Let Then [5.42] 
(2) EA + Z, = ZW. 
Hence 
(3) EM&A+ + = ZW 
On the other hand, by 6.86, the equation 
| «+ o(y)] - ||x + o(y)) = 0 
is valid in tr; hence, by 7.51, we know that 


NX&bt X+SY|-||X + Y||-42X(S VY) = Z. 


In this we can substitute [2.61] %& for X and Z, for Y; the result, by (a), 5.27, 
3.44, shows that 


| + = Zo. 
Therefore [(2), 7.63] 
Mi — + = Zo. 


Hence 


& | Z| = AMZ, = Zo [7.63], 
Z, [7.62]. 


(4) 


Thus 
(5) EM A+ Z| [(2), (4)], 
[(b)], 
and thus [(3), (5), 11.1] 
&. 
The conclusion of the theorem follows by (2). 


11.3. THEorem. If A,B, M, are terms such that 
(a) FM ENA, 
(b) fork=0,1,---,p,- M&A=Z, +B, 
(c) FM & |M+Z,| =Z +B, 

then 
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B. 
Proof. This follows by 11.2 and 11.1. 


11.4. THEoremM. Jf U,Bo, - - - , Bp, €, M are (Xi, -- - , Xm)-terms, of which 
WA, Bo, ---,B,, € are formalizations of numerical expressions, and Q is a con- 
stant such that 

(b) FM & A=2Z, OB, (R=0, 1, 2,---, p), 

(c) FM& |A+Z,| FOG; 
and if © is defined by 


= Xn. Dd | AM Z| - Be + = 2-6 


k=0 


then 


O(GX--- Xn). 


Proof(**). Since @ is the formalization of the g of 6.98 [by 7.52], we have 
[by 7.51, 7.22] 
& & NXm— | - - - Xm)Bi = Zo. 


Therefore [(a); 7.62; 7.63] 


(1) = GXi--- Xn = Bi. 
Similarly, 
NXn—||/M + - -- Xn)C = Zo. 

Hence [(a); 7.63] 
(2) EM&| A+ = 2 Xn =C. 
The theorem now follows by 11.3, 7.22. 

12. Formalization of the axiom enumeration. 

THEOREM. If A=§F(a), then +NX—xT(AX). 

Proof. Let -4;:=(a1). Then, since for k=0,1,---,s, 

TAZ) = [7.54], 


(5°) The referee has pointed out that the proof as given is not valid for the case that 
HW, Bo,--- , Bp, € are unrestricted (Xi, +--+, Xm)-terms such that 


NX NB &r NG; 
but that the theorem may easily be extended to cover that case—in fact, the theorem may 


first be established for the case that U,Bo, --- , Bp, € are indeterminates and the general case 
derived by substitution. However, this more general theorem is not needed in this paper. 
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T(Za,e)) = T(or(k)) [9.6], 
= A, [definition of a], 
we have 
(1) TAZ) 
Therefore [11.2] 
(2) bt NX&X+ THX). 


Next, letS =%(8). Then, since B(x) +s =0,we have [7.51] +} +2Z,=2Zo; 
also [7.21, 3.63] L-NX—- N(@X). Hence by substitution in (2) we have 


(3) NX T@Ai(BX)). 
Now by (2) of 10.1 and 7.52, 


A = rX. AZ + ||X + Z,|| 
k=0 


Hence the theorem follows by 11.4 from (1) and (3). 

Remark. This theorem is the only place in the paper where the finiteness 
of the axiom system plays an essential role. 

13. Formalization of p and related functions. Let # be the formalization 
of the p defined in 10.2. We are concerned in this section with the proof that 


ENVY NYA&E TY &---&ETY,>F Yn), 


under the hypothesis that the rule with which p is associated in 10.2 is one 
of the ruJes of procedure. 
In this section the formalizations of the various functions considered in 


10.2 are symbolized as follows: 
= Xm. (O(¥; Xm)), 
= §(¢;) ] 
Vv; = 
Let us also define 


M = Aon(NVi) -- + (NV.)(TY:) (TY;), 
Y= WiYi---Y, (i = 0, 1, 2,--+, m). 


The course of the proof is as follows: In 13.1 a lemma concerning ®(%) 
is established. Then in 13.2 it is shown that 


& Do = Y,), 


while in 13.3 we shall see that 


= 1,2,---,m), 

0, 1, 2,--+, m). 

i 
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The theorem concerning ® then follows by 11.1 and 5.43. 
*13.1. LEMMA. On the assumption that 
NUL &---&F Nun, 
it follows that 


T((¥)Ui -- Un) = | 


Proof. Let 
x’ = Un, 
TU, 
Then, by 3.32, it follows that 


To prove the lemma we proceed by intuitive induction on the construc- 


tion of %. 
1. Suppose ¥=C, c=n(C), where € is a constant. Then [(1), 10.211, 7.53] 


= Z.. 
Therefore [9.6] 
TX’ = € 
= 
2. Suppose X¥=X;,. Then [(1), 10.212, 7.12] 
x’ = Ui. 
Therefore [2.6] 
TR = TU; = 
3. Suppose, finally, that ¥ =%,%, and that the theorem holds for %; and %:. 
Then [(1), 7.52, 10.213] 
(2) x’ = MEX. 
But [(1), 7.22, hypothesis ] 
(3) NE & NX. 
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Therefore 
THi (TX: ) [(2), (3), 9.5], 
[hypothesis of induction], 
[2.6], 


q.e.d. 
*13.2. Lemma. If (a) Mt, and (b) Yo=2Zo; then 
T(RVi--- 
Proof. By (a) and 5.43 it follows that 
(1) &---&E NYV,; 
hence, by 10.22 (2), 7.51, we can conclude (for 7=1, 2, ---, ) that 
| Do] -Ae¥i( Ym) = Zo. 


Therefore [(b), 7.63] 
AsV --- Ym) = Zo. 

Hence [7.62] 
(2) VY; = O91 Dm. 
Thus 

= T( SQ: - Dm) [3.2], 
(3) tie %; [13.1, 7.22](69), 

But [(a), 5.43] H TY;. Therefore [(3), 3.2] 
for j7=1, 2, ---,m. But by the hypothesis of this section the rule 


is a valid rule of procedure; hence by application of this rule to (4), it follows 
that 


(*) The hypothesis of 13.1, which in this case is 


is true by 7.22. 
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On the other hand, by the definition of p (in 10.23) and 7.52, 
Va =| Dol - Ym) + ||Doll - Zo, 
where a=n(Ao). However, by (b) it follows [6.941] that 
| Do] = & = 205 
and hence [6.91, 6.92] that 


Therefore 


% 


From this and (5) the lemma follows by 3.2. 
*13.3. Lemma. If (a) M, and (b) | Yo| =2Zo, then 
T(RVi--- 


Proof. From the definition of R and (b) it follows by 6.94, 6.92, 6.91 (cf. 
derivation of 13.2 (6))-that 


-Y, = Z,, 
where a=n(Ao). Therefore [9.6] 
T(RYi- Yn) = Ao. 


The lemma follows from 
Ao, 


which holds by definition of Ao. 


13.4. THEOREM. If R=(e) where p is defined as in 10.2 from the valid 
rule of procedure 


then 


Proof. See the introduction to the section. 
14. Formalization of 6; the function ©. We turn now to the study of the 


constant © defined by 
= §(@). 
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The principal theorem to be established is that 
NX T@X), 


which is proved in 14.6. 

Since @ satisfies a course-of-values recursion, it is natural to approach our 
theorems by way of a “course-of-values function” IM, such that +} MX means 
intuitively “for all YS X,+7(@X).” Such an M can be formally defined by 
means of an auxiliary term %, thus: 

= WXY.A(NV)(Q(Y X)2), 
M = rAX.F(LX)TO. 
Other functions used in this section are symbolized thus: 
Bi = 
RK. = (ox) 
where p; is the recursive function associated with the kth rule as in 10.3, and 
r = §(7). 


The development of the proof is as follows. The idea is to prove by induc- 
tion that 


NX >xk MX. 


The two parts of this induction are in 14.1 and 14.5. The second part splits 
into two cases of which the first splits again into two subcases; these cases 
are taken care of in 14.2-14.3. : 

An additional, but obvious, property of 9 is proved in 14.7. 


14.1. LEMMA. 
Proof. Suppose that 
(1) 
Then [5.42] KLNY, and Y+2Z)=2Zp. Therefore [6.93] 
(2) Y = 2. 
On the other hand, by 10.3 (8) and 7.54 
= Z, 


where a=n(Ao). Therefore [9.6] T(@Zo)=Ao. Hence [definition of Ao, 3.2] 
q.e.d. 


T@2)), 
and therefore [(2)] 
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(3) T@Y). 
Since (3) has been deduced from the assumption (1), it follows by 3.65 that 


=+ MZ [definition], 
q.e.d. 


*14.2. Lemma. If (a) (b) EDX, (c) Bo(SX)=Za (OSh<r); then 
X)). 
Proof. Let J) =S X. Then, by 10.3 (9) and 7.51 we have 
r—1 
a OY = Aa(BoY) Ze| - - - - OB.Y)) 
k=0 
+ + 
To this now apply (c), using the fact that [6.95] 
| = Zo for h ¥ k, 
| Ae = Zi, 
and [6.93] 


|| Zs + = Zo. 


Then [6.91, 6.92] 
(2) OY = RO(PY)) - -- 
Now by 10.3 (10) and 7.51 it follows that 
BY + X = G =1,2,---,m), 
also [7.22, (a), 3.62, 3.63] KE N(®,Y). Therefore [5.42, definition of 2] 
Hence [(b), 3.63] 
(3) 
But [7.22, (a), 3.62, 3.63] 
(4) NO(BY)). 
Therefore [ (2), (3), (4), 13.4] 


+ T@Y), 
q.e.d. 
*14.3. Lemma. If (a) (b) MX, (c) =Zo, then 
+ T(@(S X)). 
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Proof. As in 14.2 we conclude from 10.3 (10) and (c), using theorems of 
6.9, 7.5 and 7.6, that 


@(S X) = A(T(S X)). 
By (a), 3.62, 3.63, 7.22 it follows that 
X)). 
Therefore [§12] 
TA(T(S X))). 
The lemma follows by 3.2. 
*14.4. Lemma. Jf (a) FNX, (b) then 
X)). 
Proof. [14.2, 14.3, 7.22, 11.3]. 
*14.5. Lemma. If (a) and (b) MX, thent+ M(S X). 
Proof. Suppose that 
(1) &(§ X)Y. 
Then [5.42] 
(2) NY, 


(3) Y+SX = %Z. 
Now in 11.2 it has been shown that from (a) and (2) it follows that 
| ¥+§X|-||v + X|]-a:¥(S X) = Zo. 
Therefore [(3), 7.63] 
(4) + X||-a2¥(S X) = 2. 
Suppose then that 
(5) Y+X=%. 
Then [(2), 5.42] + 2X Y. Therefore [(b), 3.63] 
(6) + TOY), 
on the assumption that (1) and (5) hold. On the other hand, suppose that 
(7) | X| = 2. 
Then [(4), 7.63, 7.62] Y=SX. Therefore [14.4] 
T@Y). 
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This has been shown to follow from (1) and (5) and also from (1) and (7). 
Hence, by 11.1, it follows from (1) only. The lemma now follows by definition 


of M and 3.65. 
14.6. THEOREM. NX—xt+ T(OX). 
Proof. From 14.1, 14.5 it follows by 5.44 that 
NX MX. 
Therefore [3.63, 5.42] & ENY & Y+X =2Z.—xy+ T(OY). In this sub- 
stitute X for Y and we have the theorem. 
14.7. THEOREM. Jf} Y, then there exists an n such that U=T(OZ,). 


Proof. Let a=n(%). From 10.3 it is evident that if a proof of + Y is at hand 
we can find an m such that a=6@(n). Then [7.54] Za =@Z,. Therefore [9.6] 


Y= TZ, = T@OZ,). 


Part V. FINAL DEDUCTION 


15. Proof of inconsistency. We are now in a position to set up the Richard 
paradox within the system. The following explanations may help in the un- 
derstanding of the derivation. The term §, which in the first two lemmas is 
taken as unspecified, is defined to be FNN in 15.3; so that § represents the 


property of being a numerical function. Then the function w(x) introduced 
in 15.1 is a recursive enumeration (with repetitions, of course) of the numbers 
associated with all the numerical functions. On the other hand U, introduced 
in 15.2, is an enumeration within the system of the numerical functions them- 
selves; thus ll represents the sequence ¢:(x), ¢e(x), --- of §1. The diagonal 
function, f(x) in §1, is the © of §15.3; and the number of © in the enumera- 


tion U is Z,. 


15.1. Lemma. Jf $, WU are terms such that 
(1) 


then there exist recursive functions w(x), o'(x) such that: 
(i) if ¥ is any term such that we have a proof that 


(2) 
then we can find an integer n such that 
n(¥) = w(n); 
(ii) we have further 
(3) u(n(D), w(x)) = O(0'(x)). 


B 
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Remark. Property (ii) is a kind of converse of (i); for if n(¥) =w(m),then 
by (ii) and 3.521, n($X)=0@(e'(n)), and so, by the construction of @ [10.3], 
+ §X. Thus w enumerates all and only those integers which are numbers of 
terms ¥ for which (2) holds. 

Proof. Let h=n($), 


(4) a= n(%), 


and let b be the number, obtained from a proof of (1) as in 10.3, such that 
[3.521] 


(S) n(OA) = u(h, a) = 0(6). 
Let o’(x) be the recursive function such that(®') 


if m(0(x)) = 4, 
and then let 
(7) w(x) = p2(0(o'(x))). 
Now suppose that (2) holds and let 
m = (%). 
Let » be such that 
(8) n(OX) = u(h, m) = O(n). 
Then [8.1 (3)] u:(0(”)) =h. Therefore [(6) ] 
(9) o’(n) = n. 
Therefore 
w(n) = u2(0(m)) [(7)], 
=m [(8), 8.1, (4)], 


which proves (i). 
To prove (ii), we first show that 


(10) = h. 


If 41(8(x)) =h, this follows at once by (6); if not, then it follows from (6) and 
(5) by 8.1 (3). By 6.86 this establishes (10) as a theorem in r. But since [(4), 
3.5] h>0, it then follows that [8.1, (8) ] 


(*) An explicit definition of o’ is 


where a= de(h, (0(x))). 
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us(0(o’(x))) = 0. 

Therefore [8.1, (7) ] 
= u(h, w(x), 
q.e.d. 
15.2. Lemma. If , U, 0’, w are as in 15.1, and if 

(1) 2 = Fe), 
(2) U = rAX.T(2X); 


then 
(i) if ¥ is any term such that 


(3) $%, 
then from a proof of (3) we can find an n such that 
% = UZ,; 
(ii) FN GU. 


Remark. Here again (ii) implies the converse of (i) [3.63, 5.27]. U gives a 
formal enumeration, not of numbers of the terms satisfying (3), but of the 
terms themselves. 


Proof. Suppose that (3) holds and set 
m = n(%). 


Then by 15.1 we can find an such that 


m = w(n). 


Therefore [7.53] 


Hence 

= TZ, = T(27Z,) 

= UZ, 
This proves (i). 

Let us turn to (ii). As in 15.1 let 
h=n(H), 2= 
Then by 15.1 (ii) and 7.51 
NX = MZ,(2X). 


Therefore 


[9.6], 
[(2)]. 
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NX >x T@(ZX)) = T(MZ,(2X)) 
= TZ,(T(QX)) [9.5, 5.27, 7.22], 
= $(UX) [9.6, (2)]. 
But 
NX N(ZX) [7.22], 
(5) —xt T(@(zX)) [14.6]. 
Therefore [(4), (5)] 
NX §$(UX). 
(ii) now follows by 3.65. 
15.3. LemMA. Let U be defined as in 15.2 with 


GH=FNN, ASS, 


and let © =X .§ (UXX); then we may find an integer g such that 
(i) G=UZ,, and 
(ii) UZ,Z, =S (UZ,Z,). 


Proof. The only hypothesis on § and W in 15.1 and 15.2 was 15.1 (1); and 
this is fulfilled for the present specialized § and & by 3.62. Hence, by 15.2 (ii), 


FN(FNN)U. 


Therefore 


NX FNN(UX) [3.63], 

(1) xk N(UXX) [3.63], 
—xk N(S (UXX)) [3.62, 3.63], 

N(@X) [definition of @]. 


Therefore [3.65] 
FNNG. 


From this and 15.2 (i) it follows that there exists an integer g such that (i) 
holds. From (i) we obtain (ii) by applying both sides of (i) to Z, and using the 
definition of G in connection with 3.22. 


15.4. THEOREM. Zo = 
Proof. Let ll, G and g be as in 15.3 and let 
= uZ,2Z,. 
Then [15.3 (ii) ] =S%. Therefore 


H. B. CURRY 
(1) 
But [15.3 (1)] HN®. Therefore [6.93] 
B+ B= ZH, 
$B + B= Z,. 
The theorem now follows by (1). 
15.5. THEOREM. If is a term, then 
Proof. By 15.4 2) =2Z,. Therefore [3.2] 
= DeAA Zs. 


Therefore [5.31, 5.32] 


But [3.14] + Ao, hence [3:2] 


q.e.d. 
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A REFINEMENT OF AN INEQUALITY OF THE 
BROTHERS MARKOFF 


BY 
R. J. DUFFIN AND A. C. SCHAEFFER 


INTRODUCTION 


Suppose that f(x) is a polynomial of degree m such that | f(x)| <1 in the 
interval (—1, 1). Then according to a theorem(') of A. Markoff |f’(x)| <n? 
in the same interval. This bound is actually attained by the Tchebychef poly- 
nomial 7,,(x)=cos (m cos~! x). A later theorem(*?) of W. Markoff gives the 
best possible bounds for the higher derivatives of f(x) 


— 19) - (p — 1) 
1-3-5--- (2p — 1) 


| | < 


We show in this paper that the condition | f(x)| <1 in the whole interval 
is unnecessarily restrictive. Instead it is only necessary to assume that 
|f(x)| S1at the +1 points x=cos (kr/n);k=0, 1,2, - - - , m, and the conclu- 
sions of Markoffs’ theorem are unchanged. These are exactly the points at 
which 7,,(x) attains its maximum in the interval (—1, 1). 

In a previous paper(*) we showed that under the assumptions of Markoffs’ 
theorem all derivatives of f(x) must satisfy 


in arc cos z 
é 


(1) < | 
| ax ~ | dx? 


For p=1 this reduces to an inequality of S. Bernstein 
| f(x) | S — 


Using (1) it is possible to deduce W. Markoff’s result. However the proof 
which is given here is simpler. Actually (1) is not true under the weaker con- 
ditions which are assumed in the present paper. The W. Markoff inequalities 
are obtained here as a consequence of a more general inequality concerning 
Lagrange interpolation. 


Presented to the Society, September 8, 1939, received by the editors September 10, 1940. 

(*) A. Markoff, Sur une question posée par Mendeleieff, Bulletin of the Academy of Sciences 
of St. Petersburg, vol. 62 (1889), pp. 1-24. 

(?) W. Markoff, Uber Polynome, die in einen gegebenen Intervalle miglichst wenig von Null 
abweichen, Mathematische Annalen, vol. 77 (1916), pp. 213-258. The original appeared in 
Russian in 1892. 

(*) R. J. Duffin and A. C. Schaeffer, On some inequalities of S. Bernstein and W. Markoff 
for derivatives of polynomials, Bulletin of The American Mathematical Society, vol. 44 (1938), 
pp. 289-297. 
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I. AN INEQUALITY OF INTERPOLATION 


Suppose g(z) is a polynomial of degree m with n distinct real zeros lying 
in the interval (a, 5) of the real axis, 


g(z) = (z — c #0; 


We seek some way of determining the maximum of the non-analytic function 


M(x) = > g(x) 


vn | % — A, 


when «x lies in the interval (a, }). By making a certain hypothesis concerning 
the behavior of g(z) in the strip a S$ R(z) Sd (inequality (4) of Theorem I) we 
obtain the elegant solution 


M(x) S M(b) =| g’(6)|, 
This result is equivalent to the following statement: suppose that f(z) is 


any polynomial of degree » whose derivative satisfies the condition | f' (x)| 
s | g’ (x)| at the zeros of g(x); then (with the same restrictions as before re- 


garding g(z)) 
asxsb. 


The equivalence is an immediate consequence of the Lagrange interpolation 
formula; we have 


g(z) 
= ° 

Hence, under the conditions of the last statement, if x is any point in (a, bd) 

. 
max | f’(x)| = 

|X — » 
We shall also be concerned with finding bounds for the higher derivatives 
of the polynomial f(z), and to accomplish this we need the following lemma. 


Lemna I. Jf g(z)=c[][%_1(e—2,), c¥0, is a polynomial of degree n with n 
distinct real zeros and if f(z) is a polynomial of degree n such that 


|’) < | g(a) ; v= 1, 
then for p=1, 2, 3, - - - , m we must have at the zeros of g°°-"(z) 


(2) | | |. 
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Proof. For p=1 inequality (2) is simply a restatement of the conditions 
of the lemma; so consider the case = 2. The Lagrange interpolation formula 
gives 


1 


(3) 


where by the hypotheses of the lemma, | 5,| <1. There is a similar expression 
for g’(z) in which each 6, is equal to 1. Differentiating (3) we obtain 


n 6, 
{f"(z)g(2) — = — ———- 
vel (z 


Thus at the points where g’(z) =0 we have 


= ——————— | < = 
and it follows that Lemma I is true for p=2. 
The proof for p>2 is by induction. Let lf (x)| < | g(x) | at the zeros 
of g?~!(x) (they are real and distinct). By applying the previous argument to 
f(x) and g®(x) instead of f’(x) and g’(x) we obtain 


| | S| g(x) | 


at the zeros of g‘”’(x). This completes the induction. 


THEOREM I. Let g(z) be a polynomial of degree n with n distinct real zeros 
to the left of the point b on the real axis, and suppose that in a strip of the complex 
plane it satisfies the inequality 


(4) | + éy)| S| éy)| ; 
Then if f(z) is a polynomial of degree n with real coefficients such that 

(5) | S| wherever g(x) = 0 

the derivatives of f(z) and g(z) must satisfy 


6) | + iy) | S| + iy) | ; 
asxsb, <y<o,p=1,2,3,---,m. 


Proof. To prove Theorem I we shall first show that at a fired point x: +7); 
in the strip 


(7) | + | S| + |. 


Let g(z) =c] |,.1(¢—X,), c¥0, where without loss of generality we suppose 
that c is real. 
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Let h(z) be a new polynomial with the same leading coefficient as g(z), and 
whose roots are obtained by reflecting about x, those roots of g(z) which lie 


to the right of x,;. Thus 


h(s) = — 


where 
2x,—r if rA> 
B, = 


Then on the line z=xi+iy, — © <y< ©, we must have |z—8,| =|z—),| so 
(8) | + iy) | =| + éy)|. 

We now show that at the point x,+/7y, the derivative of h(z) is at least as 
large as the derivative of f(z). Whether or not the roots of A(z) are distinct 
we may write 

h'(z) 1 
(9) - 
h(z) 2 — B, 


and f’(z) is given by the interpolation formula (3), where now the numbers 4, 
satisfy —156,51. Comparing the right-hand sides of (3) and (9) we have 


+ 191 — 2, dy)? + y? Av)? + y? 
% 

B,)? + yr B,)? + yr 

— B, + iy, | 
since by construction |xi—A, =x,—6,. Since g(z) and h(z) have the same ab- 


solute magnitude at x,+7y; it follows that | h' (x1 | => | (x1 +iy1) | 
Let a, |a| <1, be any complex constant and let 


o(z) = g(z) — ah(z + — 


Let I’ be the simple closed curve consisting of a segment of the line z=b+iy 
and the portion of a circle with center at b and radius p which lies to the right 
of this line. Relations (4) and (8) show that on the straight line segment of T 


| g(z)| >| ah(s + x — d)|. 


If p is sufficiently large the same inequality is true for the circular portion 
of T since g(z) and h(z) have the same leading coefficient. Thus Rouché’s 
theorem states that #(z) and g(z) have the same number of zeros inside I. 
We conclude that ¢(z) has no zeros on or to the right of the line b+iy. The 
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last statement, according to a theorem of Gauss, implies that $’(z) has no 
zeros on the line b+iy. Thus for |a| <1 


g'(b + iyi) — + iyi) 0. 


It follows immediately that 
| + | =| + inn) | =| + iy) |. 
This proves the theorem for p=1. We turn now to the case p>1. 

Applying Theorem I for p=1 when f(z) is the function g(z) itself inequal- 

ity (6) shows that 
| + iy)| S| + éy)| ; 

Thus g’(z) satisfies all the requi-ements which in Theorem I are imposed on 
the interpolating polynomial g(z) (with m replaced by n—1), and by Lemma I, 
|f’"(x)| < | g’’(x)| at the »—1 zeros of g’(x). Applying Theorem I to f’(x) in- 
stead of f(x) in the case p=1, for which it has already been proved true, we 
have 

| "(x + iy)| S| + iy) | ; 
which proves that inequality (6) is true for p=2. Repetition of this argument 
completes the proof for larger values of p. 

REMARK TO THEOREM I. I[f f(z) and g(z) satisfy the same conditions as 
in Theorem 1 except the condition that f(x) has real coefficients, then for 
p=1,2,3,---,m 

| | 8O)|, 


Proof. After differentiating (3) p—1 times we obtain 


f(x) = > ( ) 


where | 5,| =|f’(A,)/g’(A,)| $1. It is evident that if x is any point in the in- 
terval (a, b), f(x) attains its maximum when 6,= +1. The Remark then 


follows from Theorem I. 


II. A PROPERTY OF TCHEBYCHEF POLYNOMIALS 
The Tchebychef polynomials T,(x) which are defined by 
T,(x) = cos 6, x = cos 8, 
are polynomials in x of degree m and have » real distinct roots in the interval 


(—1, 1). They may be written 
(10) T,(2) = c]] (2 — cos @,) 
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where 0,=(v—4)x/n;v=1,2,---,nandc=2*-', and they satisfy the differ- 
ential equation 
(11) (1 — (zs) — (2) + n*T,(z) = 0. 


It will be shown that 7,(z) satisfies the conditions which in Theorem I are 
imposed on the interpolating polynomial g(z) where we take a= —1, b=1. 
The proof depends on the following lemma. 


Lemma II. Let {a;} be a sequence of 2n non-negative numbers and let { a; } 
be a rearrangement of this sequence according to magnitude, 


2 am 2 0. 
Then if t=0 
is not greater than 
Proof. If a; and ag are as large as any of the a’s then 
+ + — + + = — — ae) 2 


This shows that the a’s in (12) can be rearranged so that the two largest occur 
in the same factor without decreasing (12). Then the two largest of the re- 
maining a’s may be brought into the same factor without decreasing (12). 


And so on. 
Lemma III. The Tchebychef polynomials satisfy the inequality 
| T.(x + iy)| S| + iy) |; <y<o, 


Proof. First, 
| T,(x + iy) |2 = e]] { (x — cos 6,)? + y?}. 
v= l 


If —1Sx31 we may write x=cos @, 0 real. Then we obtain 


(13) | Taw + ay) |? = ATT + 


Geometrically, e***, y=1, 2, 3,--+, m, represent 2” points equally distrib- 
uted about the unit circle. Connect these points by chords to the point e*. 
Then the lengths of these 2m chords are given by | e**—e**| . If @ is increased 
or decreased by any multiple of +/n we obtain a new set of chords but the 
aggregate of their lengths is unchanged. 
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Choose ¢@ such that 
= O(mod x/n), — x/(2n) S S w/(2n). 


If x*=cos ¢ then 


(14) + iy) = {4| — e-%|?| — |2 + y?} 
vel 


where the numbers | e‘*—e+**|? are simply a rearrangement of the numbers 
| — e+ 2 appearing in (13). 

We observe that Lemma I] is directly applicable to the products (14) and 
(13). Since, as seen geometrically, the pairing of the numbers | et —eti%!? in 
(14) is by magnitude, we have 


| Ta(x + iy) |? S| Tr(x* + iy) |?. 


By construction x*+7y lies in the strip cos 6; Sx <1 where cos is the right 
most zero of 7T,(x). Thus the distance from any roots to x*++7y is no greater 
than the distance from the same root to 1+-7y, so (10) gives 


| T.(x* + iy) | + iy) |. 


This completes the proof of Lemma III. 
Pélya and Szegé prove(‘) that if P(x) is a polynomial of degree »—1 such 
that 


(15) (1 — P(x)| < 1, 


then 

(16) | P(x)| <n, 
We show that if (15) is satisfied at the m points x=cos (r(v—4)/n); 
v=1, 2,---, m then (16) is still true. We use Theorem I with g(x) =7,(x). 
When 7,,(x) =0, T,! (x) =n(1 —x*)—!/* so we may write f’(x) =”P(x). Thus for 


| mP(x)| (1) = 


III. MARKOFFS’ INEQUALITIES 


Lemma IV. Let f(x) be a polynomial of degree n satisfying | f(x)| S1 at 
x=cos (vr/n); v=0, 1, 2, 3,---,m. Then 


| f'(x)| n(1 — at x =cos(x(v—4)/m); 1,2,3,---,m. 
The equality can occur only if f(x) =yT,(x) for some constant vy, | -y| =1, 


(*) G. Pélya and G. Szegé, Aufgaben und Lehrsdtze aus der Analysis, vol. 2, p. 90, Problem 
80. 
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Proof. Let 
v(x) = (1 — (x) = a]] (x — cos (ve /n)). 


v= 0 
Then by (11) p’(x) = —xT,! (x) —n*T,,(x). Differentiating the Lagrange inter- 
polation formula for f(x) gives, if \,=cos (vyr/n), 


= (x — »)? 


At the zeros of T,,(x) this reduces to 


1— 2 


(17) f(*) = V0.) 


since at these points 
(x — — (x) = — x(x — — (1 — 2?) TY (x) 
— (1 — (x). 


In the same way, we obtain at the zeros of T,(x), 


phy =-—T, 
{x) (2) 


and since 7,,(A,) and W’(A,) are of opposite sign this gives 
1 1— xr, 


(18) Tx (x) = Ty (2) 


Now lf.) <1, so comparing (17) and (18) we obtain 
| f'(x)| (x)| wherever T,(x) = 0. 
The equality occurs only if 
= 
where ¥ is a constant, |y| =1. This proves the lemma. 
THEOREM II. Jf f(z) is a polynomial of degree n with real coefficients and if 
| f(cos (vm/n)) | <1, y= 
then for p=1,2,3,---,m 
(p) 


[fat 


The equality occurs only if f(z2)=+T,(2). 
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Proof. Suppose f(z) is not identically +7,(z). Then by Lemma IV there 
is a constant c, c>1, such that | of’ (x) | s | a (x)| at the zeros of T,(x). Ap- 
plying Theorem I to cf(x) we find 


(p) 


1 
(«+ iy)| s—| T.” (1 + iy) |. 


lf 


The case f(x) = +T7,(x) is also easily discussed. 

In the above theorem in which an estimate of f(z) was obtained through- 
out a strip of the complex plane the restriction that f(z) have real coefficients 
was essential. However for points on the real axis the same bound for | f(z) | 
holds even if f(z) is allowed to have complex coefficients. 


THEOREM III. Let f(z) be a polynomial of degree n satisfying | f(cos (vr/n))| 
S1;v=0,1,2,---,m. Then for p=1, 2,3,---,n, 


n*(n* — 1)(n® — 2%) — (p 
1-3-5 -++ (2p — 1) 


(19) | | 


The equality occurs only if f(z) =~yT,(z), | | =1. 


Proof. If f(z) #7T,(z) then by Lemma IV there is a constant c, c>1, such 
that | cf’(z)| <| 7. (x)| at the zeros of T,(x). From the Remark to Theorem I 
it follows that 

| of S251, 
for p=1, 2, 3,---, m. To complete the proof of Theorem III we need only 
calculate T{”)(1). 

Differentiating (11) p times we obtain 
(1 — — (2p + (2) + (w — = 0 
from which 
( 
(2p + (1) = (1) 

follows. Now T,(1)=1 so, using induction, we find that 7{”'(1) is equal to 
the right-hand side of (19). 

In Theorem III we have proved that the conclusions of Markoffs’ theorem 
are true under the lighter hypothesis that f(x) is bounded by 1 only at the 
n-+1 points x=cos (vr/n);v=0, 1, 2, - - - , m. This raises the question if there 
are n+1 other points in the interval (—1, 1) with the same property. The 
answer is in the negative, however, for if E is any closed set of points in (—1, 1) 
which does not include all the points x=cos (vr/n) then there is a polynomial 
of degree n which is bounded by 1 in E, whose derivatives do not satisfy (19). 
To show this suppose that E does not include the point x=cos (Am/n). If 
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\=0 or n the set E is contained in an interval of length less than 2, so an ex- 
ample is easily constructed. Suppose \ #0, m and let 
(x? — (x) 


f(x) = T,(x) + aP(x), a> 0. 
x — cos An/n 


P(x) = 


If € is a small positive number the set E is contained in.the two intervals 
(—1, cos A\r/n—e) and (cos Aw/n+e, 1). Call this the set EZ’. It is clear that 
if a is sufficiently small we shall have |f(x)| <1 in a neighborhood of the end 
points of the two intervals of Z’. Then the maximum of |f(x)| for x<GE’ (and 
this maximum is greater than 1) must occur in a small neighborhood of some 
point cos kr/n where k0, X, n. At this maximum, say x, we have 


f'(%1) = (x1) + aP’ (x1) = (. 


But 
| P'(x) | A, 


and in a neighborhood of cos (kr/n) 
| (x) | — cos (kx/n) |. 
Then 


— cos (kw/n)| S| (x1)| = a| P’(x)| S 


Thus the maximum of f(x) occurs within a distance aA;/A:=A;3a of some 
point cos (kr/n) where k¥0, X, m and A;>0 is independent of a. Hence we 
have by the mean value theorem 


T,(%1) = T,(cos (kw/n)) + — cos (x2), 
P(x1) = (x: — cos (ka/n))P’ (x3) 
where | x2 < | x1 —cos (kx /n)|, | < | x1 —cos (k/n)|. Then if 
| Tx’ (x)| S Aa -1sx51, 
we have 
f(s) | S14 + = 14+ Awe. 
Thus for all small a the polynomial 
F(x) = f(x)(1 — a*/) 
satisfies 
| F(x) | < (1 + Asa*)(1 — <1, EB, 


(p) 


(1) | = + — > 701), = 1,253, 


AN INEQUALITY OF THE BROTHERS MARKOFF 


IV. APPLICATION TO ENTIRE FUNCTIONS 


Professor Szegé has pointed out to us that by a limiting process the previ- 
ous results may be applied to entire functions. 


THEOREM IV. Let f(z) be an entire function, real for real z, which satisfies 
(a) |f(2)| =0(|2| exp | z| as |z| 
(b) |f(n?)| <1, 1, 2, 3, 

Then for p=1, 2, 3,--- and x20 


d? 
| f(x + iy)| cos w(iy)'/?). 
dy? 


Proof. It is evident that f(z?) is an entire function of exponential type and 
is o(|z|e*!*!) as |z| +0. According to a result of Valiron we may write(°) 


f(z?) = sin + 


1) y2 
f(z) = sin ) ( *f( 


z—v 


= 2(2 — (1 — 2) = — 
y= 0 


where and c#¥0. By Theorem II, if and 0Sx 32, 
d 5,6n(2) 
dz? on (ry, n)(z al 


Here k is any integer less than or equal to . By a change of variable we ob- 


dP 
dz? md — Ayn) 


Keeping , z, and » fixed we allow to increase and obtain 


da? 
ra - 
dy? 


| 


lim T,,(1 — $42n-*z) = cos x(z)*/?, 


lim = w(z)!/2 sin w(z)!/2, lim = v?. 


(®) G. Valiron, Sur la formule d’interpolation de Lagrange, Bulletin des Sciences Mathé- 
matiques, vol. 49 (1925), pp. 203-224. Compare G. Pélya and G. Szegi, loc. cit., vol. 1, p. 117, 
Problem 165. 
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if »=QO, 


if O<v <n. 


Thus we obtain 


d? (z)*/2 sin + 2> | < cos m(iy)!/? 
dy? 


for all 5, which satisfy —1<56,<1. Now is an arbitrary positive integer, 
so the theorem follows. 

We might say that Theorem IV is imperfect because in the passage to the 
limit from polynomials to entire functions we have lost touch with the condi- 
tions of equality. These could be discussed by reformulating Theorem I to 
make it apply to entire functions. A similar limiting process yields an analogue 


of Theorem ITI. 
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ON DIFFERENTIAL GEOMETRY INTRINSICALLY 
CONNECTED WITH A SURFACE ELEMENT 
OF PROJECTIVE ARC LENGTH 


BY 
P. O. BELL 


1. Introduction. Grove [1] has proved the existence of a remarkable class 
of congruences covariantly related to a surface, each congruence of which is 
a suitable projective substitute for the normal congruence. He has also shown 
that there is uniquely associated with a general one of these congruences a 
canonical form for the differential equations of the surface. The line of a gen- 
eral one of these congruences which passes through a point of the surface he 
has called the R-conjugate line at the point. The projective normal of Fubini 
is a special case of the R-conjugate line, and the associated canonical form is 
Fubini’s canonical form. 

The author [1] has presented two geometric characterizations for the 
R-conjugate line at a point of the surface, one of which exhibits this line as 
the cusp axis of the point with respect to the extremal curves of the integral 
invariant [= {(2Rv’)"*du. These extremal curves were characterized geo- 
metrically, but a geometric interpretation was not obtained for the intrinsic 
relation which was known to exist between the integral invariant J and the arc 
along which it is extended. The element defined by ds =(2Rv’)/*du is a gen- 
eralization of Fubini’s element of projective arc length. In the present paper a 
geometric interpretation of this general element is developed and used as a 
basis for the formulation of such an interpretation of its integral J. These 
interpretations form a geometric foundation for a detailed investigation of the 
properties of the surface which are intrinsically connected with a generalized 
element of projective arc length. Such an investigation is initiated in this paper. 

The method employed here makes extensive use of intrinsic differentia- 
tion, differentiation along a curve with respect to projective arc length of 
the curve. This method consists of: first, the use of intrinsic differentiation to 
obtain expressions for geometric concepts, and secondly, the application of a 
canonical system of differential equations to reinterpret these expressions. 

A euclidean geometric characterization has been obtained by Abramescu 
[1] for the tangents of Darboux at a point of a surface. In the present paper a 
projective generalization of an extension of this characterization is obtained. 
This results from the removal of certain hypothetical restrictions which have 


Presented to the Society, December 30, 1940; §6 and §7 contain generalizations of results 
presented September 7, 1939, under the title Projective invariants of a curve on a surface; received 
by the editors October 4, 1940. 
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been placed on the base curves of the characterization and the replacement of 
the euclidean element of arc length by the generalized element of projective 
arc length. 

In §5 the associate conjugate net is defined and a characteristic geometric 

property is derived for it. Similar characteristic properties are obtained for 
conjugate tangents of a surface, the tangents of Darboux, and the tangents of 
Segre. 
An important sequence of covariant points is geometrically determined in 
§6. The first three points of this sequence are used in §7 to obtain geometric 
characterizations for the following differential invariants of a general curve 
of an arbitrary family on a surface: a generalization of Fubini’s asymptotic 
curvature, a generalization of Bompiani’s projective curvature, and a projective 
torsion which is introduced in this paper. 

In the last section applications are made to three important special R-con- 
jugate lines. A unique “metric” invariant integral and a corresponding canoni- 
cal form for the differential equations of the surface are found to be associated 
with the normal. The normal to the surface at a point is, finally, characterized 
as the cusp axis of the point with respect to the extremal curves of the associated 
integral. 

2. The fundamental canonical form. If the asymptotic net on a surface S 
in ordinary space is chosen as parametric, the four homogeneous coordinates 
y®, (i=1, 2, 3, 4), of a general point y of S may be taken to be solutions of 
differential equations in Wilczynski’s (so-called) canonical form 


(2.1) Yuu + 2by, + fy = 0, You + 2a’yu + gy = 0. 


Consider the parametric vector equations 
y = y(u, 2), p = vu — By, o = Vo — ay, 


(2.2) 
Yur — — Bye + aBy 


where a@ and 8 are arbitrary analytic functions of u and v. Equations (2.2) 
define general homogeneous coordinates of four points which we denote by 
y, p, ¢ and r when no confusion can arise. The line / joining the points p, ¢ is, 
according to Wilczynski’s classification('), an arbitrary line of the first kind 
and generates a congruence of the first kind as y moves over S. The reciprocal 
with respect to S at y of the line / is the line /’ which joins the points y, r. 
The line J’ and congruence generated by /’ as y moves over S are said to be 
of the second kind. If the functions a, 8 are suitably chosen, the points y, p, ¢ 
and r become covariant points and the congruences generated by / and /’ be- 


come covariant congruences. 
The most general transformation of independent variables u, v which 


(*) See Wilczynski [2, p. 95]. Green [i, p. 114] used this means of classifying his canonical 
edges of the first and second kinds. 
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transforms u-curves into #-curves and v-curves into é-curves is 
(2.3) a = i(u), = 


If (2.3) is performed on system (2.1), a new system is obtained whose coeffi- 
cients are 


i= fun / b = / they f 


a’ = = z= g/t», 


(2.4) 


wherein 24 is the coefficient of yz in the first equation and 20’ is the coefficient 
of y; in the second equation of the system. 
The transformation 


(2.5) y 


where y is an analytic function of u, v, leaves the surface undisturbed and 
maintains the parametric character of the asymptotic net. 

Consider with Grove [1, p. 583] an invariant R of the surface—in our 
notation a function of the coefficients of (2.1) which is an invariant of (2.5)— 
with the following properties: (a) R¥0, (b) the transform R of R by (2.3) is 
R=R/i,i,. The transform of dudv by (2.3) is given by dadi =a, ,dudv. Hence 
the quadratic form : 


(2.6) (ds)? = 2Rdudv 
is absolutely invariant under (2.3) and (2.5). 
The most general transformation which preserves the parametric char- 


acter of the asymptotic net and at the same time maintains Wilczynski’s 
canonical form (2.1) is(?) 


(2.7) y = (tor) a = ii(u), = = const. 


Consider the points x., x,» where x is defined by x= R"y, h=const. From 
property (b) and equations (2.7) we obtain 


(2.8) (Ry)u = (Ry)» = 


These relations show clearly that x,, x, are covariant points if and only if 
h=1/2. The transformation y=x/R'/? transforms system (2.1) into the gen- 
eral canonical form of Grove: 


Suu = px + + Bx», 
Xov = + + 
wherein @=log R, B=—2b, y=-—2a’, and 


(2.9) 


(?) See Wilczynski [1, p. 256]. 
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q= —g+a'd..+0,./2—#/4. The points xu, x», Xu» are covariant points. The 
points x,, x, are the intersections of the R-harmonic line with the asymptotic 
u- and v-tangents to S at x, and the point x,, lies on the R-conjugate line and 
is characterized geometrically in an obvious manner. The R-conjugate and 
R-harmonic lines are not only reciprocals with respect to S at x but as x 
varies over S they generate congruences which are respectively conjugate and 
harmonic to S. 

The forms (2.6) and (2.9) are generalizations of Fubini’s normal forra and 
canonical forms respectively, and the R-conjugate line is a generalization of 
Fubini’s projective normal. Each of these forms of Fubini corresponds, as 
does also the projective normal, to the selection R=6y. Because of its unique 
association with the R-conjugate line, it seems appropriate to call the form 
(2.9) the R-canonical form. 

3. The geometric characterization of the integral invariant. Consider any 
two covariant (geometrically determined) points w; and w: which are collinear 
with x but do not lie in the tangent plane to S at x. The general coordinates 
for w; and we are given by @ = Xu» —dx,+17x, where c, d, r 
and R are functions of u, v whose values depend on the selection of w, ws. 
Referred to a local tetrahedron whose vertices are the points 


p=%,—dx, ¢=%,— Cx, 1, 


the equation for a general quadric of Darboux may be easily found to be 


(3.1) — + has = 0, 


where & is an arbitrary function of u, v. The unique quadric which passes 
through the point we: has the equation 


(3.2) 2(xex%3 — — Rx = 0. 
Putting x,;=0, we obtain the equation 


(3.3) — Rae = 0 


for the cone whose vertex is the point x and which passes through the conic 
of intersection of the plane x,;=0 with the quadric (3.2). An arbitrary genera- 
tor J; of this cone joins the points x, 2(a,4+Rp)+h’o, h=arbitrary const. 
The reciprocal of 1, which we denote by i, joins the points p+hx/2, 
o+Rx/h. The equations for J, are therefore 


(3.4) h? x 2Rx3 = 0, 0. 


As h is varied while u, v are held constant the line]; generates the cone (3.3), 
and the line /, envelops a conic @ whose equation, when referred to the tri- 
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angle of reference whose vertices are the points x, p=x,—dx, ¢=x,—cx may 
easily be found to be 


(3.5) — 2Rxex3 = 0. 


This conic touches the asymptotic u- and v-tangents to Sat x inthe points p and a, 
in which the reciprocal of the line joining w,, we intersects these tangents. This 
important conic plays a basic role in the geometric determinations of the pres- 
ent paper. 

An arbitrary one-parameter family of curves on S is defined by the curvi- 
linear equation 


(3.6) dv — X(u, v)du = 0, 


where 2 is an arbitrary function of u, v. We shall denote by F, the family 
defined by (3.6) and by C, the curve of the family which passes through the 


point x. 
The differential form 


(3.7) ds = 


which corresponds to an arbitrary selection of covariant points @, we, is an 
absolute invariant under the most general transformation of independent and 
' dependent variables maintaining the asymptotic net as parametric. 

To provide a geometric interpretation for ds let Y denote a point on the 
tangent to C, at x and let N and W denote the points in which this tangent 
intersects the conic (. We define the non-euclidean distance from x to Y to be 


(3.8) D.y = (x, N, Y, N)/2. 


The general coordinates of N and W are given by N=p+do+(2RA)!/2x, 
N=p+)o—(2Rd)"/2x. Let X denote a point near to x on the curve Cy, where 
the curvilinear coordinates of x and X are (u, v) and (u+6u, v+6v), respec- 
tively. Since X = x(u+ du, v+6v) and the limit of 5v/5u as du tends to zero 
is A(u, v), for sufficiently small values of 5u the general coordinates of X 
may be given by the expansion 


X = x+ (x, + rAx,)du + terms of order du? at least, 
wherein x=x(u, v). Hence coordinates of X differ only by terms of order 


6u? from those of the point X; on the tangent to C, at x given by Xi1=x 
+(x,.+Ax,)5u. Therefore the principal parts of the infinitesimal cross ratios 


(x, Xx, N), (x, Xi, N) 


are identical. It may be easily shown that this principal part is the absoiute 


differential invariant (3.7). 
To interpret geometrically the integral of the form (3.7) extended over a 
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finite arc of C, let A and B denote the end points of the arc, and let (uo, v9) 
and (u, v) denote the curvilinear coordinates of A and B, respectively. Let ¢ 
be a positive number, and divide the arc AB by means of intermediate points 
X;, (¢=1, 2,--+,m—1), into m smaller arcs. Let the curvilinear coordinates 
of X; be (ux, vx), where u, =u and v, =v, and where 


— + (ve — ve-1)?]"? Se, k=1,2,---,m, 


with € tending to zero as m increases without limit. Then if we put u,—uz4 
= du, and v;,—v,_, = we have 


I= ds = lim Dx, ,x,- 


AB k=l 
We have therefore 


THEOREM 1. The integral of the form (3.7) extended over an arc AB is the 
limit of the sum of infinitesimal non-euclidean distances, each of which is defined 
at a separate point X,_1 of the arc as one-half of the principal part of the corre- 
sponding cross ratio (Xx-1, N, Xx, N) which is geometrically determined at X y-1. 


We shall call the integral J extended over an arc of S projective arc length 


with respect to the form (3.7). 
It may be observed that Fubini’s element of projective arc length 


(3.9) ds = (2Byd)"2du 


is a special case of (3.7). 

4. The tangents of Darboux. Let C be a curve of normal section of a sur- 
face S (in euclidean space) through a point x on S. Let Mi, M2 be points at 
distances s and —s from x measured along C. The line M,M; intersects the 
tangent to C at x in a point T,. Abramescu [1] has recently obtained the fol- 
lowing results: The limit of T, as s tends to zero is a point T distinct from x. 
The locus of T as C varies through the set of normal sections is a rational cubic 
curve. The lines joining the point x to the points of inflection of this cubic curve 
are the tangents of Darboux. 

These results may be extended as follows. Let the curve of normal section 
of S be replaced by an arbitrary curve C, of S. Let X1, Xz denote the points 
at distances s and —s measured from x along C,. Let T, denote the point in 
which the tangent plane to S at x intersects the line joining X,, Xe. It may be 
easily shown that if the curves C and C, have at x a common osculating plane, 
the limit points of T, and T, as s tends to zero coincide in the point T. Thus the 
normal sections of S may be replaced in the characterization by less restricted 
curves. 

These results are capable of projective generalization as follows. Let pro- 
jective arc lengths s, —s be measured with respect to the form (3.7) from the 
point x along the curve C,. Let the end points of this arc be denoted by x(s), 
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x(—s). The line joining x(s), x(—s) intersects the tangent plane to Sat x ina 
point which will be denoted by P,. 

THEOREM 4.1. The limit of the point P, as s tends to zero is a point Po, dis- 
tinct from x, which lies on the tangent to C) at x. The locus of Py as the direction 
of Cy ts varied at x is a rational cubic curve. The lines joining the point x to the 
points of inflection of this cubic are the tangents of Darboux. The line joining the 
three points of inflection is the R-harmonic line (the reciprocal of the R-conjugate 
line). 

To prove this theorem we shall need the expressions for the first, second 
and third derivatives of x with respect to s, where ds is defined by (3.7). By 
making use of the fundamental differential equations in the R-canonical form 
(2.4) of Grove we obtain 


(4.1) dx/ds = + Ax,)/(2Rd)"/2, 
(4.2) d?x/ds* = — —dx, + nx)/R 

wherein c, d and m are defined by 

c = — d =— +28 — OA + 
n = (p + gd*)/2A, = 

(4.4) d'x/ds* = (Axu, + Buy + Cx, + Dx)/R(2Rd)'/2 


(4.3) 


wherein 
A = (yd? + B)/22, 


B = + BY + AX — Cu — CoA — KYA + 1+ 

C = + By + — du — ded — cB + mr + 

D = + Bq + tu — cp — + Qu + YP + — dq — 
x=qtrv.+7, O0=logR. 


If we take s as the independent variable, for sufficiently small values of s 
the general coordinates of x(s) and x(—s) are given by the expansions 


(4.5) = x + (dx/ds)s + (d*x/ds*)s?/2 + (d*x/ds*)s*/6+---, 
(4.6) x«(—s) = x — (dx/ds)s + (d*x/ds*)s?/2 — (d*x/ds*)s*/6+.---. 


The general coordinates of the point P, may be found by forming a linear 
combination of x(s) and x(—s) which is free from terms involving xu». By 
making use of the equations (4.1), (4.2), (4.3) and (4.4) we find that the coeffi- 
cient of x,, in x(s) is given by s?/2R+Ads*/3(2RdA)*/2+terms of order s*. Since 
the expansion for x(—s) differs from that of x(s) only in the signs of its terms 
of odd degree in s, the coefficient of x. in x(—s) must be given by 
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s?/2R—Ahds*/3(2RA)*/2+terms of order s*. Hence the point P,, except for 
terms of order s*, is represented by the linear combination 


[1/2R + Ads/3(2Rd)*/2]x(— s) — [1/2R — Ads/3(2Rd)*/?]x(s). 


Performing the operations indicated by this combination and omitting an un- 
essential factor s, we find the general homogeneous coordinates of P, to be 
defined by 
! — + — /6R]s? 
(4.7) 
+ terms of order s? at least. 


The limit of the point P, as s tends to zero is the point Po, distinct from x, 
which lies on the tangent to C, at x and whose general homogeneous coordi- 
nates (except for a non-essential factor) are given by 


(4.8) (yr? + B)x — Oday — 
As the direction X is varied while u, v are held constant, the point P, describes 
the rational cubic curve whose equation is 
3 3 
(4.9) + + = 0, 


when referred to the triangle whose vertices are the points x, x, and x,. The 
three points of inflection lie on the line whose equation is x,=0. Since the 
points x,, x, also lie on this line, it is the R-harmonic line. The equation 


(4.10) + Bx, = 0 


represents the three lines which join the point x to the different points of in- 
flection. The form of equation (4.10) identifies these lines as the tangents of 
Darboux. This completes the proof of the results stated in the opening para- 
graph of this section. 

If \ satisfies the equation yA’+6=0 it is a direction of Darboux. There- 


fore, 


THEOREM 4.2. The point Py which corresponds to a direction d lies on the 
R-harmonic line if and only if \ is a direction of Darboux. 


Since the coefficient of x, in the form (4.4) for the coordinates of the point 
d*x/ds* is (yA? +8) /(2RA)*/2, we have 


THEOREM 4.3. The point d*x/ds*, where ds =(2Rd)'/*du, XX ©, and Ris an 
arbitrary function of (u, v), lies in the tangent plane to S at x if and only if the 
direction d is a direction of Darboux. 


5. Theorems on nets. The curvilinear differential equation of an arbitrary 
net N,,,, on the surface S can be written in the form 
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(5.1) (dv — dAdu)(dv — Adu) = 0, 


where X, A; are arbitrary functions of u, v. There exists on S a conjugate net 
uniquely determined by the net Nj,,,, such that at each point of S its tan- 
gents separate the tangents of the net N,,,, harmonically. This net will be 
called the associate conjugate net of the net Ny,,, (Green [2, p. 213]). Its differ- 
ential equation is found to be 


(5.2) dv? — ddA,du? = 0. 


A remarkable characteristic property of this net may be obtained as fol- 
lows. Let projective arc lengths s, —s be measured with respect to the form 
ds =(2Rv’)'/*du from the point x along the curves Cy, C,,. Let the end points 
of these arcs be denoted by x(s), x(—s) and x;(s), x1(—s), respectively. The 
line joining the points x(s), x:(s) and the line joining the points x(s), x1(—s) 
intersect the tangent plane to S at x in points which we denote by Q, and Q,, 
respectively. 


THEOREM 5.1. The points Q, and Q, approach limit points Qo and Qo, re- 
spectively, as s tends to zero. The tangents to S at x joining x to the separate 
points Qo and Qo are the tangents at x of the associate conjugate net of the net Nj,,,. 


To prove this theorem consider the general coordinates of the points 
x(s), x1(s), x1(—s). The coordinates of x(s) for small values of s are given by 
the expansion (4.5), wherein the derivatives are defined by (4.1), (4.2) and 
(4.4). The coordinates of x;(s) are obtained from those of x(s) by replacing X 
by Ax. The coordinates of x;(—s) may be obtained from those of x:(s) by 
changing the signs of the terms containing odd exponents of s. The coefficient 
of xu» in x(s) is given by s?/2R+(yA?+6)s*/6(2RA)*/2+terms of order s* at 
least. The coefficients of x,» in x:(s) and x;(—s) are (except for terms of order 
s*) given by and 
respectively. Therefore, except for terms of order s* at least, the points Q,, 0, 
are given by 


(1/2R + + — (1/2R + + x(s), 
(1/2R + [yr? + B]s/6[2RA] )ai(— s) — (1/2R — [vai + 


respectively. The developments for x(s), x1(s), x1(—s) which are needed are 
(except for terms of order s? at least) 


= + (te + + 
wi(s) = + + 
s) = — (xu + + 


Performing the operations indicated in the expressions for Q,, 0, and neglect- 
ing unessential factors, we obtain the following forms: 
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(5.3) — + Ar + + — 
(5.4) + B/Ma)(A++ — — — = (AA), 


for the general coordinates of Qo and Qo, respectively. Since the directions of 
the lines joining x to the points Qo and Qp are, respectively, —(AA1)"/? and 
(AA;)'/2, the proof of the theorem is complete. 

Consider, as a special case of the net N,,,, the conjugate net N,. If we 
replace \; by —\ in (5.3) and (5.4), we obtain the forms 


(5.5) (tyr + B/d*) + — 

(5.6) — B/d*)iAK + + i = (— 

for the coordinates of the associated points Qo and Qo, respectively. If, how- 
ever, we replace A by —Ax, the forms (5.5) and (5.6) are interchanged. The rea- 


son for this rather surprising fact becomes clear if we notice the effect of these 
replacements in the equation 


(5.7) ds = (2Rd)/*du = 
which determines at x the sense of direction of x along C,, which corresponds 


to a given sense of direction of x along Cy. If we put —A for A; in (5.7), we 
have at x 


(5.8) du = iduy. 


If, however, we put —A, for A in (5.7), we have at x 
(5.9) du = — iduy. 
The senses of direction defined for x along C,, by (5.8) and (5.9) are, clearly, 


opposed to one another. Hence, the order of the determination of the points 
Qo, Oo which corresponds to (5.9) is the reverse of that which corresponds to 


er line joining the points Qo, Qo has the equation 

(5.10) xy + yA2x_ + Bxs/d? = 0. 

It will be called the N,-associate of the R-harmonic line. This line intersects 
the R-harmonic line in a point of the tangent to S at x whose equation is 
(5.11) yd2x_ + Bxs/d? = 0. 


This tangent will be called the N-correspondent of the tangent to C at x. 
The following theorems are immediate consequences of the form of equa- 


tion (5.11): 


THEOREM 5.2. The N,-correspondent of the tangent to a non-asymptotic curve 
C) at x coincides with this tangent if and only if it is a tangent of Darboux. 


| 


1941] SURFACE ELEMENT OF PROJECTIVE ARC LENGTH 539 
THEOREM 5.3. The tangent to a non-asymptotic curve C, at x and its N)-cor- 


respondent are conjugate tangents tf and only if d is a direction of Segre. 


If \; is made to approach X, the point Qo tends to a limit point Q whose 
general homogeneous coordinates are found, by replacing \,; by A in (5.3), to 
be given by 


(5.12) 3(yA? — B)x + — 


Since the ratio of the coefficient of x, to that of x, in (5.12) is equal to —X, 
we have 


THEOREM 5.4. The line joining the points x and Q and the tangent to C) at x 
are conjugate tangents. 


The equation obtained by equating to zero the coefficient of x in (5.12) 
is satisfied by the three directions of Segre. Hence we have 


THEOREM 5.5. The tangent to C) at x is a tangent of Segre if and only tf the 
associated point Q is the intersection of the R-harmonic line with the conjugate 
of the tangent to C) at x. 


As } is varied while u, v are held constant, the point Q describes a rational 
cubic curve whose equation, referred to the triangle whose vertices are x, xu, 
X», is easily found to be 


(5.13) + — = 0. 


This cubic has geometric properties similar to those of the cubic (4.9). 

6. A sequence of covariant points. The points of the sequence x‘? =dix/ds/, 
(j=1, 2, ---), where ds =(2RA)*/*du, are covariant. A general one of them is 
intrinsically and projectively related to the curve C, at x. A geometric inter- 
pretation of this relation will be presented in this section. The points 
x —xG-Y and x +x4-» will play basic roles in this interpretation. 

Let C(j, —), C(j, +), and C(j) denote, respectively, the curves described 
by the points and as x moves along C). 

The point x’ =(xu+Ax,)/(2RA)"? is, clearly, the intersection of the tan- 
gent to Cy at x with the R-harmonic line. If the fundamental points w:, we, 
@ —w. = Rx/2, are selected on the R-conjugate line, the associated conic (, 
referred to the triangle whose vertices are x, Xu, x», has the equation (3.5). 
This conic intersects the tangent to C,'‘at x in the points x’+x and x’—x. 
The tangents at these points to the curves C(1, —), C(1, +) intersect the 
tangent at x’ to the curve C(1) in the points x’’+x’ and x’’—<x’. The point x"’ 
ts clearly the harmonic conjugate of the point x' with respect to the points x''+-x' 
and x’’ —x'. Similarly the tangents at x’’ +x’ to the curves C(2, +) intersect 
the tangent at x’’ to the curve C(2) in the points x’’’+-x’’ and x’’’—x’’. The 
point x'’’ is the harmonic conjugate of x'' with respect to the points x'"’ +x’. It 
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is quite clear that the entire sequence x +x%-, (j=1, 2,---), is deter- 
mined in this way, such that x is the harmonic conjugate of x‘*- with respect 
to the points x +x-» and x —x‘*- for an arbitrary integer j =k. 

The geometric locations of the points x’’ and x’’’ will help to form geo- 
metric interpretations for the second and third order differential invariants 
of C, known as projective curvature and projective torsion. 

7. Differential invariants of a curve on a surface. Fubini’s asymptotic 
curvature and Bompiani’s projective curvature are second order differential 
invariants of a curve C, on a surface S. Bompiani’s projective torsion of C, 
is a third order differential invariant. These invariants have been defined 
analytically by the respective forms 


(7.1) ke = R(dud'v — dvb , 
(7.2) k= ka + 3/262, 

T = [R(dud'v — dvd — 3/2 
(7.3) 


+ 3R(Bdu — ydv — + — 


wherein ¢2=2Rdudv, (p+36V/2) 
du? —(q+3y2/2)dv?, =BRPdu* —yRVdv', V = (log BR)», ®= (log yR).u, dv/du 
R=6y, and 6%u, 6*v, 5°u, represent contravariant differentials con- 
structed with respect to the form(*) ¢e. 

Bompiani(‘) has obtained geometric interpretations for the infinitesimal 
invariants and T7¢}”, where ¢2=28ydudv. However he has given 
no geometric interpretation for k,, x, or T. 

The invariants x,, x, T are special members of the classes which we intro- 
duce and denote by {xa}, {«}, {7}, particular members of which may be 
obtained by selecting R from among al! of the functions for which (2RA)*/*du 
is an absolute invariant of C,. In this section a general member of each of the 
classes {x,} and {x} will be characterized geometrically, and a general mem- 
ber of a new class of projective torsions { 7} will be introduced and charac- 
terized geometrically. Each of these general invariants will be designated by 
the name of its corresponding original invariant together with the added 
phrase “with respect to the form ds =(2Rd)‘/*du.” The members of the class 
{7} will be shown to be very closely related to corresponding members of 
the class { 7}. However, a purely geometric interpretation for a general mem- 
ber of {7} has not been discovered by the author. 


(*) It should be observed that these differential invariants are not the usual ones unless 
R=68y. If this restriction is removed they become extensions of the usual ones. 

(*) See E. Bompiani, “I fondamenti geometrici della teoria proiettiva delle curve e delle 
ra i Appendix II of Geometria Proiettiva Differenziale, G. Fubini and E. Cech [1, pp. 
691-697 |. 
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Consider the conic @ whose equation is (3.5) referred to the triangle whose 
vertices are x, p, ¢. The lines which are tangent to ( at the points in which the 
tangent to C, at x intersects (@ will be called the (@)-associates of the line 1 
joining p, o and will be denoted by /,,, and /,,_. Their respective equations 
referred to the triangle whose vertices are x, p, o are easily found to be 


(7.4) + (2RX)"/2x_ + = 0, 
(7.5) — (2RA)"/2x_ — (2R/d)*/2x3 = 0. 


The crossjoins of the intersections of the lines /,,, and J, with the u- and 
v-tangents of S at x will be called the ()-associates of 1 and will be denoted by 
and [,,_. Their respective equations are 


(7.6) — (2RX)"2x_ + = 0, 
(7.7) + — (2R/d) "2x5 = 0. 


Let /{ denote the line joining the points x and x’’ and let J, denote its 
reciprocal with respect to S at x. The R,-correspondent(®) of the tangent to C, 
at x intersects the R-harmonic line, the @, associates of the R-harmonic line, 
and the line /, in the points which we denote by Ki, Ki, Ke, respectively. 
Referred to the triangle whose vertices are the points x, x., x», the equations 
for the above named lines are, respectively, yA*x3+$x2=0, x1=0, (7.6) and 
(7.7), and x1-+dx2-+-cx3;=0 where c and d are given by (4.3). The local coordi- 
nates of K,, K_,K:zare easily found to be (0, yA?, —8), +B] /A, 
[2Rd ]*/2 +B] yr’, (—dyh?+cB, yr, —B), respec- 
tively. Since 

— + cB = + — OA) + B)/42, 


the cross ratios (x, Ki, Ki, Kz) may be found by evaluating (, 0, + [2RA]*/?, 
to be But the expression 
for the asymptotic curvature of C, at x with respect to the form (2RA)/%du 
becomes 


(7.8) + — log R, 
when « is regarded as the independent variable. Thus we have proved 


THEOREM 7.1. The asymptotic curvature of C, at x with respect to the form 
ds = (2Rd)/*du is characterized by the cross ratio equations x,=2(x, Ki, K+, Ke) 
= —2(x, Ki, K_, K3). 


The expression for the projective curvature of C, at x with respect to fhe 
form ds = (2Rd)/*du becomes 


(7.9) + B — Oud + — 


(®) See P.O. Bell [2, p. 392] and The Ry-correspondent of the tangent to an arbitrary curve of 
a non-ruled surface, Bulletin of the American Mathematical Society, vol. 47 (1941), pp. 509-511. 
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when u is regarded as the independent variable. To characterize this invariant 
let Mi, Ms, Mz denote the intersections of the tangent to C_, at x with the 
R-harmonic line, the (,-associates of the R-harmonic line, and the line h, 
respectively. The local coordinates of M,, Ms, M2 are readily found to be 
(0,1, —A), (+2[2RA]"2, 1, —d), 1, —A). Hence 
the values of the cross ratios (x, M;, Ms, Mz) are equal to +(\’+8—@,A 
/44(2RA)"/2. Therefore 


THEOREM 7.2. The projective curvature of C) at x with respect to the form 
ds =(2Rd)*du is characterized by the cross ratio equations x=2(x, Mi, M., Mz) 
= —2(x, Mi, M_, M2). 


The curvilinear differential equation for the extremal curves of the in- 
tegral invariant {(2RA)"%du is easily found to be 


(7.10) 6 =logR. 


We shall call these curves the projective geodesics of the surface with respect to 
the form ds =(2Rd)/*du. The projective geodesics of Fubini are obtained by 
putting R=7 in (7.10). 

The curvilinear differential equation for the union curves of the R-con- 
jugate congruence is found by analogy with (7.10) to be 


(7.11) N + B— Or + Or? — yA? = 0, 6 = log R. 


If we consider the forms (7.8) and (7.9) in connection with equations 
(7.10) and (7.11), respectively, we have at once 


THEOREM 7.3. A curve C) is a projective geodesic of S with respect to a form 
ds =(2Rd)*du if and only if at each of its points its asymptotic curvature with 
respect to the same form vanishes. 


THEOREM 7.4. A curve C) is a union curve of an R-conjugate congruence if 
and only if at each of its points its projective curvature with respect to the form 
ds =(2Rd)"/*du vanishes. 


Let i, , denote the reciprocals with respect to S of the @)-associates of the 
line J,, and lf denote the line joining the points x and x’’’. Let 72,4 and 73 
denote the planes which pass through the respective lines 2, and J and 
which have the tangent to C, at x as common intersection. Let 7 and 72 de- 
note, respectively, the tangent plane to S at x and the osculating plane of 
C, at x. The expression defined by the cross ratio equations 


(7.12) T = (m2, ©, 3, = — (42, 3, 


is an absolute differential invariant of C, of the third order. Because of the 
suitability of this invariant as a projective substitute for torsion, the author 
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proposes that it be called the projective torsion of C, at x with respect to the 
form ds 

The polar reciprocals of the planes 7, 7, 13, 72,1 with respect to a quadric 
of Darboux are the points Mz, x, Ms, Mz, all of which lie on the tangent to 
C_, at x. The points M2, Ms; are the intersections of this tangent with the 
lines J, 1; which are the reciprocals of J, 1/{ with respect to a quadric of 
Darboux, and the points M;,4 are the intersections of this tangent with the 
(°,-associates of Jz. Since the cross ratio of four planes is equal to that of the 
four points which are their polar reciprocals with respect to a quadric of Dar- 
boux, the expression for T may be obtained by evaluating the cross ratio 
(Mz, x, Ms, M2,,). Making use of the local coordinates of M2, x, Ms, M2,+, 
respectively, (M/2d, 1, —A), (©, 1, —A), 
1, —d), 1, —A), wherein M=)’ 
+8 T=p+80,+6., 9=log R, we find 


T = [2(M’ + 211A — 2xA?) 


7.13 
— M(3N’ + B + Oud + + + 8). 


The invariant T given by (7.3) with By replaced by a function R may be 
shown to be related to the author’s invariant T by the simple formula 


Tdo = Tas, 


in which do is the projective linear element defined by do = (Bdu*+-ydv*) /dudv 
and ds is the generalized element of projective arc length defined by ds = (2Rd)'/*du. 

If at a general point x of a curve C, the osculating plane of C, contains 
the point x’’’, the osculating plane is stationary and the curve C) is a plane 
curve. In this case the planes 72 and 7; coincide at every point of C,; and T, 
therefore, vanishes identically along C,. Moreover, equation (7.13) shows that 
if C, is not an asymptotic curve, T can vanish identically along C) only if its 
numerator does. If the numerator of T vanishes identically along C,, the 
points Mz, M; which correspond to a general point of C, must coincide. Hence, 
their polar reciprocals 72, 73 must also coincide and the osculating plane 7: is, 
therefore, stationary. To summarize: 


THEOREM 7.5. A curve C, is a plane curve if and only if at a general one of 
its points its projective torsion with respect to the form ds =(2Rd)!*du is equal to 
zero. 


The equation obtained by setting the numerator of the expression for T 
equal to zero is the curvilinear differential equation for all of the plane curves 
of S. 

It may be observed that although all of the results up to this point have 
been developed in association with a general form ds =(2RA)*/*du, a consid- 
erable number of them are, clearly, independent of R. 
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8. Special conjugate congruences. In a recent paper [1, p. 681] the author 
has shown that the R-conjugate line may be characterized geometrically in 
association with the curves which a pair of covariant points a, w. describe 
as x moves along C,. To complete this characterization for special cases of the 
R-conjugate line, corresponding pairs of points w:, w. must be located. 

The projective normal is the special case of the R-conjugate line which may be 
defined in association with the points w, we given by 


(8.1) w, = t — 2a’by, we = t + 2a’by 


wherein TF = Yu» —ayu —By, +aBy. Geometric determinations, which do not de- 
pend on the definitions of the quadrics of Wilczynski and Lie, have been given 
by the author [2, p. 392] for these points. These determinations supplement 
the method of [1, p. 681] to complete a simple geometric determination of 
the projective normal. 

The following considerations serve to introduce another important special 
case of the R-conjugate line. Let /, denote a general line of the first canonical 
pencil. The line J; intersects the tangents of S at y to the asymptotic u- and 
v-curves in the points p, o defined in (2.2) where 


B = (log a’*b),,/k — (log a’b),/2, 
a = (log b?a’),/k — (log a’b),/2. 


(8.2) 


The lines /s, /3, 4 and /,, are the first directrix of Wilczynski, the reciprocal of the 
axis of Cech, the first canonical edge of Green, and the reciprocal of the projective 
normal, respectively. As y moves over S the points p, o of /, generate trans- 
versal surfaces S, and S, of the congruence described by /,. The v-tangent at p 
to S, intersects /;', the reciprocal of J,, in the point which we denote by 7; 
whose coordinates are given by 7. =7 —8,y, where a, B are the functions (8.2). 
Likewise the u-tangent at o to S, intersects /; in the point which we denote 
by & whose coordinates are given by &=7T—a,zy. If welet w:= 7x, w2=£&:, we 
have w; (log b/a’)uwy/k. Hence we have 


THEOREM 8.1. If the fundamental points a, @, are chosen as the points nx, 
—, on a canonical line lf of the second kind, the associated R-conjugate line is 
independent of k and joins the points y, r defined by (2.2) wherein the asso- 
ciated functions a, B are given by a=—(log R),/2, B=—(log R)u/2 with 
R= (log b/a’) uv. 


Consider the following problem. Find an integral of the form {(2Rd)*/*du 
with the following properties: (i) it is absolutely invariant under the most general 
transformation of variables which maintains the parametric character of the as- 
ym ptotic net of Sand the metric properties of any orthogonal cartesian coordinate 
system to which S may be referred, (ii) the normal is the cusp axis of x with re- 
spect to the extremal curves of the integral. 
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This problem is found to possess a unique solution (except for an unessen- 
tial arbitrary constant factor). Let any orthogonal system of cartesian co- 
ordinates be established in ordinary metric space. Let x denote a vector from 
the origin to a point on the surface S wherein the coordinates x‘, (¢=1, 2, 3), 
are measured with respect to equal units on the three axes. Let the asymptotic 
net be parametric. Let X denote the unit normal to S at x. The first funda- 
mental form is given by Edu?+2Fdudv+Gdv? where E, F, G are defined by 
the scalar products 

E= (xu| Xu); F= (x. | Ze), G= (x» | Xy). 


The second fundamental form is given by 2D’dudv where D’=(X | Xuv). The 
fundamental differential equations which are satisfied by x‘, X“ are known 
to be 

tuw = {11, {11, 


= {21, + {12, + D’X, 
(8.3) toy = {22, 1} + {22, 
X, = FD'x,/H* — ED'x,/H?’, 
X, = —GD'x,/H* + FD'x,/H?, = EG — F?, 
where {ik, /} denote the Christoffel symbols(*) of the second kind for the 


first fundamental form. 
The equation of Gauss, 


(8.4) HK = (H{11, 2}/E), — (#{12, 2}/BE)., 


where K is the total curvature defined by K = —D’?/H?, and the equations of 
Codazzi, 


(8.5) DJ — ({11,1} — {12,2})D’=0, Df — ({22,2} — {21,1})D’ =0, 


are the three integrability conditions of (8.3). 
By means of the definitions of the Christoffel symbols it is easy to show 
that 


(log H)u = {11,1} + {12,2}, (log D’), = {22, 2} — {21,1}. 


Making use of these identities and the Codazzi equations (8.5) to solve for 
{11, 1}, {12, 2}, {22, 2} and {21, 1} in terms of H and D’, we obtain the 
following form for the first three differential equations of (8.3): 


Suu = + {11, 2}, Luv = Votu + Yur, + D’X, 
too = {22,1} + 

where 06=log (HD’)'/?, y=log (H/D’)"?. 

(®) See, e.g., E. P. Lane [1, p. 222]. 
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The homogeneous cartesian coordinates x, x‘), x, 1 of x may be re- 
garded as special projective coordinates of x which are referred to the tetra- 
hedron of reference whose faces are the three cartesian coordinate planes and 
the plane at infinity. The unit point must, of course, be properly selected so 
that the system is cartesian. Let us determine the transformation ux = # which 
converts homogeneous cartesian coordinates x into coordinates # which satisfy 
the differential equations in the unique R-canonical form whose associated 
R-conjugate line is the normal to S at #. Differentiating the equation =x we 
in such a way that #,, lies on the normal to S at x. The point Xu.—?%u—PuxX» 
is the point at infinity on the normal to S at x, for its fourth coordinate is, 
clearly, zero and the second equation of (8.6) shows that its first three coordi- 
nates are direction numbers of the normal to S at x. The coordinates of any 
selected point on the normal to S at x may be represented by a’suitably chosen 
linear combination of the corresponding coordinates of the points x and 
Xuv —VeXy—VyxX». The point £,, will therefore lie on the normal to S at x if and 
only if u satisfies the equations (log u), = —»,, (log uw). = —vu. Integrating these 
we obtain u=k(D’/H)*/?, k=arbitrary constant. The effect of the transforma- 
tion #=k(D’/H)**x on the first and third equations of (8.6) is to produce a 
system of the form (2.4) wherein 


6 = log B= {11,2}, y= {22,1}, 

= [(H./H)? — (DJ + {11, 2} [log H/D’]./2 
— 

q = [(H./H)* — /D’)*]/ 4+ {22, 1} [log H/D’]./2 
— 


The normal is therefore the R-conjugate line for which R=k(D’*/H)*?, k =arbi- 
trary const. Since, moreover, K = —D’?/H*, we have R=cK"‘D’, c=arbi- 
trary const. The differential form 2K'/*D’dudv is absolutely invariant under 
all transformations which maintain the orthogonal cartesian properties of the 
coordinate system and the parametric character of the asymptotic net. Both 
the total curvature K of S at x and the second fundamental form 2D’dudv 
are intrinsically connected with S at x. Let us recall that if we consider a 
point x(s+As) near to x(s), where s denotes length of arc along a curve C), 
for an arbitrarily selected parametric net, the associated second fundamental 
form of S is equal in absolute value to twice the principal part of the distance 
from the point x(s+As) to the plane which is tangent to S at x(s). 

The above results in combination with Theorem (2.3) [1, p. 681] yield the 
following 


THEOREM 8.2. If the surface S is referred to its asymptotic net as parametric, 


i! 
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the normal to S at a non-parabolic point is the cusp axis of x with respect to the 
extremal curves of the integral invariant 


f 


where 2D'dudv is the second fundamental form of S and K is the total curvature 
of S at x. 
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